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Preface 



The conference on Fractal Geometry and Stochastics which took place at Priedrich- 
roda, Germany, from March 17 to 22, 2003, was the third in a series. The previous 
conferences were held in 1994 and 1998, and their main lectures were published 
by Birkhauser, Progress in Probability, Volumes 37 and 46. During recent years 
the interest in the subject has still been growing, and more profound results were 
obtained. The size of the conference also increased, with 119 participants from all 
over the world. 

Abstracts of most of the contributions, a list of e-mail addresses and some photos 
can be found on the web page www.minet.uni-jena.de/fgs3/. For this volume, 
we have asked only the 16 main speakers of the conference to work out their 
contributions carefully, for a large audience. In order to present new facets of 
the subject, and new experts working in the field, we decided not to include any 
authors of the 1994 and 1998 volumes. The papers were chosen to represent the 
main directions of contemporary research in the area. Most of them are surveys, 
written in a comprehensible style. A few also contain original results. We hope 
that non-experts as well as specialists will benefit from the presentations in this 
book. 

We would like to express our gratitude to the Deutsche Forschungsgemein- 
schaft for their financial support which was essential for organizing the conference. 



The Editors 




Introduction 



Fractal geometry is known for its applications. Irregular phenomena in physics and 
material science, in biology and medicine, in economy and finance can be described 
by fractal dimensions and multifractal spectra. 

In recent years it turned out that fractals are also at the core of several deep 
and intricate problems of analysis, mathematical physics and probability theory, 
as for instance renormalization in dynamical systems and conformal invariance 
of percolation. Thus some concepts of fractal geometry have been successfully 
exploited in purely mathematical research. On the other hand, fractal geometry 
benefitted from the use of analytical and probabilistic methods. Among others, 
random walks and diffusion processes on fractals are studied by means of Laplace 
operators and Dirichlet forms. This development is documented in the present 
book. Fractal analysis and the use of function spaces will be central themes. 

Let us briefly review the contents of this volume. Already in the first chapter 
on general fractal sets and measures, linear spaces play a role - as a tool and also 
as a subject where fractals come in. A. Lasota, J. Myjak and T. Szarek put the 
well-known construction of self-similar measures into the general setting of Markov 
operators and derive conclusions for the large class of semifractals. In the paper 
by Z.-Y. Wen it is shown that the spectra of certain Schrbdinger operators are 
Cantor sets with general self-similarity properties. Methods for determining the 
dimensions of such sets are worked out. J. Levy-Vehel and C. Tricot study mul- 
tifractal spectra arising from Hausdorff dimension and from the principle of large 
deviations in probability. They define modified spectra which can be estimated 
more easily in an experimental framework. 

Most fractals come from dynamical systems. There are many classes of dy- 
namical systems, each working with specific methods, and Chapter 2 will high- 
light some important directions. K. Simon clarifies the difficulties of the structure 
of hyperbolic attractors of differentiable maps and shows how to estimate their 
Hausdorff dimension. In the case of Kleinian groups acting on hyperbolic space, 
the Hausdorff dimension of the limit set is better understood. A fundamental the- 
orem says that it coincides with the exponent of convergence of the group. B. 
Stratmann presents a simplified proof of this basic result. A.M. Fisher describes 
an approach from ergodic theory to Kleinian limit sets as well as to many other 
fractals. He studies the magnification flow which arises when we zoom in at a 
certain point of the fractal. Self-similarity of the fractal implies ergodicity of the 
flow, and the entropy of the flow equals the Hausdorff dimension of the fractal. A 
special random walk constructed by A. Ambroladze and J. Schmeling shows that 
a dynamical system can have positive Lyapunov exponent while the exponent is 
zero on each arithmetic subsequence. 

Random fractals and stochastic processes are studied in Chapter 3. A.H. Fan 
describes the theory of multiplicative chaos which originated in a model of turbu- 
lence, as well as applications to covering and percolation problems. Recent exciting 
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work on the intersection exponents for Brownian paths is reviewed by P. Morters, 
who points out the relations to the multifractal structure of certain measures on 
the paths. D. Koshnevisan and Y. Xiao study the potential theory of additive Levy 
processes. They find the Hausdorff dimension of the range of the process and of 
the sets of multiple points. 

There are two chapters on fractal analysis. In Chapter 4, the fractals are 
subsets of Euclidean space, and function spaces on the surrounding are used. 
H. Triebel studies the fractal Laplacian of a Radon measure in the plane, and 
its eigenfunction corresponding to the largest eigenvalue, called Courant function. 
Connections between the multifractal and Besov characteristics of the given mea- 
sure and the properties of the Courant function are discussed. In a more abstract 
approach, J. Harrison considers fractal measures as currents and proves a geomet- 
ric representation theorem for currents. M.A. Vivaldi investigates transmission 
problems with fractal layers. 

Chapter 5 deals with the analysis on fractal structures without reference to 
the surrounding space. T. Kumagai studies Dirichlet forms which connect function 
spaces with diffusion processes on fractals. Heat kernel estimates are given in a 
very general setting. A. Jonsson considers a special Dirichlet form on the Sierpihski 
gasket function spaces, and the connections between the corresponding Lipschitz 
and Besov spaces. The paper by A. Teplyaev also starts with the gasket, observing 
that the spectrum of the Laplace operator is obtained from a quadratic function. 
Spectral zeta functions of similar examples are discussed. 




Part 1 

Fractal Sets and Measures 
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Markov Operators and Semifractals 

Andrzej Lasota, Jozef Myjak and Tomasz Szarek 



Abstract. We show a relationship between the supports of invariant mea- 
sures with respect to Markov operators and fractals and semifractals defined 
for Iterated Function Systems (or more generally for suitable multifunctions) 
without any use of probability theory. 

Mathematics Subject Classification (2000). Primary 28A80, 26E25; Secondary 
28A78, 60J05. 

Keywords. Markov operators, iterated function systems, fractals, semifractals, 
invariant measure, asymptotic stability. 



1. Introduction 

Fractals can be obtained as the supports of measures invariant with respect to some 
asymptotically stable Markov operators acting on the space of Borel measures. 
Classical results in this area for the case of Markov operators generated by iterated 
function systems with probabilities were proved by Hutchinson [7] , Barnsley et al 
[2]. The class of sets which can be obtained as supports of invariant measures of 
asymptotically stable Markov operators contains not only fractals. This fact leads 
to the notion of semifractals. Roughly speaking, a semifractal is the support of the 
measure invariant with respect to an asymptotically stable Markov operator. 

It is interesting that semifractals can be also constructed by a use of topo- 
logical limits without any probabilistic tools. What is more, under some natural 
assumptions both definitions are equivalent. 

Since the existence of invariant measure and asymptotic stability of Markov 
operators are essential for our theory, we start with some results concerning the 
existence of an invariant measure for Markov operators. Using these general re- 
sults we will give some criteria for existence of invariant measure and asymptotic 
stability for Markov operators generated by iterated function systems. 



Andrzej Lasota and Tomasz Szarek were partially supported by the state Committe for Scientific 
Research (Poland) Grant no. Z P03A 031 25. 
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However, even if a Markov operator P is asymptotically stable, i.e. for every 
choice of the initial probability measure /i the sequence converges weakly to 

a unique invariant measure /i*, the corresponding sequence of supports (supp P'^fi) 
needs not converge to the support of fi^. To study this problem we will introduce 
the notions of condensing Markov operator and Markov set function. We will show 
that if P is asymptotically stable, then the sequence of sets (supp P^fx) converges 
topologically to supp fi^ if and only if P is condensing. We will also show that the 
classical operators appearing in the fractal theory are condensing. 

We adjoin to an arbitrary Markov-Feller operator P a Markov set function 
r which maps closed sets into closed sets. This functions has many properties 
of an iterated function system. In particular, under appropriate assumptions, the 
iterates T^(A) (A a closed set) converge to the support of a measure invariant 
with respect to P. 

The asymptotic stability of Markov operators is a quite strong condition. We 
will see that Markov operators having unique invariant measure have also some 
interesting properties. In particular we will prove that every subinvariant with 
respect to Markov set function closed set has measure fx^ either zero or one. 

Finally, it should be noted that all the theorems are stated under quite general 
assumptions concerning the phase space A, namely X is assumed to be separable 
(or complete separable) metric space. Thus no compactness conditions are assumed 
and the theory presented can be applied to systems acting on infinite dimensional 
phase spaces. 



2. Notation and auxiliary results 

Let (A, p) be a metric space. By H(x, r) (resp. B^{x, r)) we denote the closed (resp. 
open) ball with center at x and radius r. For a subset A of A, cl A, diamA, and 
1a stands for the closure of A, the diameter of A and the characteristic function 
of A, respectively. By M we denote the set of all reals, by N the set of all positive 
integers and by T the family of all closed nonempty subsets of A. Finally, let 
= [0, +oo) and T\J {0}. 

By B we denote the a-algebra of Borel subsets of A and by M the family 
of all finite Borel measures on A. By Ali we denote the space of dll p G M such 
that p{X) = 1 and by Als the space of all finite signed Borel measures on A. The 
elements of M\ are called probability measures or distributions. 

Given p G M the support of p is given by the formula 

supp/i = [^x G X : p{B{x,r)) > 0 for every r > O}. 

As usual, by B{X) we denote the space of all bounded Borel measurable 
functions / : A — > R and by C(A) the subspace of all continuous functions. Both 
spaces are considered with the supremum norm. 
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For / G B{X) and fjL G Ms we write 

= [ fix)^i{dx). 

Jx 

is endowed with the Fortet-Mourier norm given by 

ll^ll =sup{|(/,/i)| : / G £} for fi£Ms, 

where C is the set of all / G C{X) such that \f{x)\ < 1 and \f{x) - f{y)\ < p{x, y) 
for x,y e X. 

We say that a sequence Pn ^ M, converges weakly to a measure jj, e M 
if 

lim (/,/in) = (/,/i) for every / G C{X). 

n^oo 

It is well known (see [ 3 ]) that the convergence in the Fortet-Mourier norm is 
equivalent to weak convergence. 

An operator P : M ^ M is called a Markov operator if 

H" ^2/^2) — for Ai,A 2GK-|- and /ii,/i2^Af 

and 

Pp{X) = /i(X) for /i G M. 

A Markov operator P is called nonexpansive if 

||P/X1 - P/J.2W < IIpi - fi2\\ for Pi,M 2 e Ml 

and it is called essentially nonexpansive if there exists a metric p' equivalent to p 
such that P is nonexpansive with respect to Fortet-Mourier norm corresponding 
to the metric p'. 

A Markov operator P is called a Markov-Feller operator if there is an oper- 
ator U : B{X) B{X) such that: 

(i) (Uf,p) = if.Pp) for f e B{X) and p e M; 

(ii) UfeC{X) for feC{X). 

The operator U is called dual to P. 

It can be proved that every nonexpansive Markov operator is a Markov-Feller 
operator [ 14 ]. 

A measure p is called invariant (or stationary) with respect to P if Pp = p. 
A Markov operator P is called asymptotically stable if there exists a stationary 
measure p^ e Mi such that 

lim P^p = p^ for every p e M\. 

n— »oo 

Obviously the measure p^ satisfying the above condition is unique. 

A family of distributions M d M\ is called tight if for every 5 > 0 there 
exists a compact set A C X such that p{K) >1 - e for every p e M. 

It is well known (see [ 3 ]) that every tight sequence of distributions contains 
a weakly convergent subsequence. 

We say that a Markov operator P : M ^ M is tight if for every p e Mi the 
sequence of iterates {P"^p) is tight. 
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It is easy to prove the following 

Lemma 2.1. Every tight Markov-Feller operator admits an invariant probability 
measure. 

Given a set A C X and a number r > 0 we denote by r) (resp. Af{A^ r)) 

the open (resp. closed) r-neighbourhood of the set A, i.e. 

M^{A,r) = {x e X : p{x,A) < r} and M{A,r) = {x G X : p{x,A) < r}, 

where 

p{x,A) ^ inf {p{x,y) :yeA}. 

We denote by 5 > 0, the family of all closed sets C for which there exists 
a finite set {xi, X 2 , • • • , x^} C X (e-net) such that 

n 

Cc[jB{xi,e). 

i=l 

Lemma 2.2. Let {pn) be a sequence of distributions such that for every e > 0 there 
exists a set C e Ce with Pn{C) > 1 — e for all n G N. Then (pn) i'S tight. 

An operator P is called semi-concentrating if for every e > 0 there exist 
C eCs and a > 0 such that 

lim inf P"^p{C) > a for p e M\. (2.1) 

n—*oo 

By (P) we denote the family of all C ECe such that 

inf liminfFXC) >0. 

n-^oo 

Let A e B. We say that a measure p e M is concentrated on A if p{X\ A) 
= 0. By Mf we denote the set of all distributions concentrated on A 

Lemma 2.3. Let P be a nonexpansive Markov operator and let e > 0. Assume that 
A ^ B is such that diamA < e/16. Moreover, assume that there exists p £ A4i 
such that 

lim inf P^p{A) > 0. 

n—^oo 

Then there exists C such that 

P'^p{C) > 1 — e/2 for all n eN and p G M^. 

Lemma 2.4. Let P be a nonexpansive and semi-concentrating Markov operator. 
Then for every e > 0 there exist a finite sequence of Borel sets A\,. . . ,Ak with 
diam A^ < e, i = 1, . . . ,k and a measure po G M.\ such that 
k 

\\AieC^ and lim inf P^pQ{Ai) > 0 for i = 1, . . . ,k. 

i=l 
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The proofs of these lemmas can be found in [16] and [ 18]. 

A multifunction F : X X is a. subset of X x X such that for every x e X 
the set F{x) = {y : (x, y) G F} is nonempty. For A C X we define 

F~{A) = {xeX :F{x)nA^(D}. 

A multifunction F is called measurable if the set F~{A) is Borel for every 
open subset A of X and it is called lower semicontinuous (shortly l.s.c.) if the set 
F~{A) is open for every open subset A of X. 

In the next lemma we recall some known properties of l.s.c. multifunctions. 

Lemma 2.5. The following conditions are equivalent: 

(i) F is l.s.c.; 

(ii) F(clA) C cl F{A) for every A C X; 

(hi) for every sequence {x^), Xn E X, we have 

limxn = X implies F{x) C LiF(xn); 

(iv) for every sequence {xn), Xn E X, we have 

limxn = X implies F{x) C Ls F{xn). 

A set A C X is called subinvariant (resp. invariant) with respect to a multi- 
function F if F{A) c A (resp. F{A) = A). 

Let {An) be a sequence of subsets of a metric space X. The lower bound 
Li An and the upper bound Ls An are defined by the following conditions. A point 
X belongs to Li An if for every e > 0 there is an integer no such that Anfl B(x, e) 7 ^ 0 
for n > no- A point x belongs to LsA^ if for every ^ > 0 the condition An H 
B{x,e) 7 ^ 0 is satisfied for infinitely many n. If Li A^ = LsA^, we say that the 
sequence (An) is topologically convergent and we denote this common limit by 
Lt An • 

Observe that Li An and Ls An are always closed sets. We recall that Li An = 
Li(cl An), Ls An = Ls(cl An) and that Li An C B provided that An C B for 
sufficiently large n and B is a closed set. Moreover, Lt An = cljj^i An if An is 
an increasing sequence. 

In the case when X is a compact space, Lt An = A if and only if the sequence 
(An) converges to A in the sense of the Hausdorff distance. 

3. Existence of invariant measures for Markov operators 

The classical proof of the existence of an invariant measure for Markov operators 
defined on compact spaces goes as follows: first we construct a positive invariant 
functional defined on the space of all continuous and bounded functions / : X M 
and then using the Riesz representation theorem, we obtain the desirable invariant 
measure (see [4], [ 6 ]). The first existence result in the case of locally compact 
spaces was given in [14] by using the concept of nonexpansiveness and lower bound 
technique. The existence of an invariant measure for Markov operators on Polish 
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spaces has been established quite recently (see [15-18]). The proofs of the last 
results are based on the concept of tightness and suitable concentration properties 
of Markov operators. Here we give some examples of such results and we will use 
these results for proving the asymptotic stability of iterated function systems. 

Theorem 3.1. Every nonexpansive and semi-concentrating Markov operator P ad- 
mits an invariant measure. 



Proof. Fix e > 0 and set e = e/16. By virtue of Lemma 2.4 there exists a sequence 
of Borel sets Ai, . . . , with diam A^ < 6 for i = 1, . . . , fc, and a measure po e Mi 
such that A = Ai belongs to Cf and 

lim inf P'^iio{Ai) >0 for z = 1, . . . , fc. 

n— >oo 

By Lemma 2.3, for every z G {1, . . . , fc} there exists a set Ci G such that 
P'^i/{Ci) > 1 - e/2 for all n G N and v G 
Evidently the set C = |jt=i belongs to C^. Moreover, we have 



P'^u{C) > 1 - e/2 for all rz G N and u G U^i‘- 



(3.1) 

(3.2) 



i=l 

Since A G there exists d > 0 such that 

lim inf P^fj>{A) > a for all p G M\. 

n—^oo 

Define 

r] = sup I 7 > 0 : lim inf P^p{C) > 7 for all p G | . 

L n-^00 ) 

We claim that rj > 1 — e/2. To see this, assume that on the contrary r] < 
1 - e/2. Set a = a/ k. Clearly 

V 



7] a e\ 



Choose 7 > 0 such that 

rj a / e\ 

By the definition of rj we have 

lim inf P’^n{C) >7 for /i £ Mi. 



(3.3) 



Fix p G M\. From (3.2) it follows that there are no G N and z G {1, . . . , fc} such 
that 

P^^p{Ai) > a. 

Define 



and 



Ji{B) = A— - av{B)) for BeB. 

1 — a 
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Observe that v G Ujt=i jJL £ Ml and 

= (1 - a)Ji + av. 

By the last equality and conditions (3.1) and (3.3) we obtain 

lim infP”«+"^(C) > (1 - a)lim inf P"/I(C) + alim inf P"i/(C) 

n^oo n—^oo n—^oo 

> (1 - a)j + a(l - e/2) > rj. 

Since fx E M\ is arbitrary, we have 

lim inf P"/x(C) > (1 - a )7 + a(l - e/2) > ?7 for/.te7\4i, (3.4) 

which contradicts the definition of r]. Finally, one can easily check that for every 
fi G Ml the sequence is tight. An application of Lemma 2.1 completes the 

proof. □ 

Remark 3.2. Prom condition (3.4) and the fact that rj > l-e/2 it follows that if P 
is a nonexpansive and semi-concentrating Markov operator, then for every e > 0 
there exists C e Ce such that 

lim inf > 1 - e/2. 

n— »oo 

A nonexpansive and semi-concentrating Markov operators can have a lot 
of invariant measures. However, the family of all invariant measures is tight. To 
formulate this result we need the following notation. 

For fi G Ml we set 

= {u e Ml : — u\\ 0 for some {rik) C (n)}. 

Theorem 3.3. Let P : M M be a nonexpansive and semi-concentrating Markov 
operator. Then 

(i) 0 for every fi G Mi, 

(ii) = UfieXi ^(/^) i'i-aht- 

Proof, (i) Fix £ > 0 and // G A4i. As in the proof of Theorem 3.1 one can verify 
that there exists a set C G Ce such that 

lim infPXC) > l-e/2. 

n— +00 

By the Ulam theorem we can find a compact set X C X such that 
P^p{K UC)> 1-6 forn G N. 

Since AT U C G C^, by Lemma 2.1 the sequence (P’^/i) is tight. Prom this and the 
Prokhorov Theorem it follows that ^ 0. 

(ii) To prove the tightness of fi fix e > 0. By Remark 3.2 there exists a 
sequence {Cj)j>i of subsets of X with Cj G C^/ 2 j such that 

lim inf P'^p{Cj) >1 — e/2^ for p G Mi and j G N. 

n^oo 
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Define 

OO 

K=[\N{C^,el2i) 

J = 1 

and observe that K is compact. We are going to show that Ji{K) > 1 - e for 
all J1 e Q.. Fix ju G and let /i G M\ be such that Ji G Let {rik)k>i be a 
sequence of integers such that ^ 0 as fc ^ oo. Then by the Alexandrov 

theorem we have 

M {Af{Cj,e/2^)) > J1 {M°(Cj,e/2^)) > lim supP^'^fx (V°(C^-,e/2^)) 

k—^oo 

> lim supP’^^/i (Cj) > 1 — e/2^ for j G N. 

k-^oo 

Hence 

OO OO 

]l{X\K)<J2i^{X\ V(C,, e/2^)) < 

j=i 

which completes the proof of (ii). □ 



4. Iterated Function Systems 

An Iterated Function System (shortly IFS) is given by a family of continuous 
transformations 



Further, let 



Wi : X X, i e I. 



Pi: X X, ie L 
be a given family of continuous functions such that 

Pi{x) > 0 and = 1 for 

iei 



X G X, 



where I = ,N}. The family : i G /} is called an iterated function 

system with probabilities. 

We consider some special Markov operators describing the evolution of mea- 
sures due to the action of randomly chosen transformations. A simple but some- 
what unprecise description of this process goes as follows. Choose xq e X. When 
an initial point xq is chosen, we randomly select from the set I an integer i in 
such a way that the probability of choosing i is Pi{xo)> When a number io is 
drawn we define xi = WiQ{xo). Having xi we select ii according to the distribu- 
tion pi(xi), . . . ,Pn{xi) and we define X 2 = Wi^{xi) and so on. Denoting by pn, 
n G N, the distribution of Xn, i.e. Pn{A) = prob(xn G A), we define P as the 
transition operator such that pn+i = Ppu- It is easy to verify that this operator 
must be of the form 

Pp{A) = V / pi{x)p{dx). 



(4.1) 
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Moreover, P is a Feller operator and its adjoint operator U is given by the formula 

Uf{x) = '^Pi{x)f{wi{x)). (4.2) 

i€l 

Now assume that 

Y^\Pi{x) -pi{y)\<(j{p{x,y)) foTx,yeX, (4.3) 

iei 

where (x; : R-i- R_|. is a continuous function. The function uj is called a modulus of 
continuity. Further, we assume that cu satisfies the Dini condition, i.e. a; : E+ 
is a nondecreasing and concave function such that 

r , 

/ dt < 00 for some a > 0. 

Jo ^ 

We will assume the average contractility condition 

N 

^Pi{x)p{wi{x),Wi{y)) <rp{x,y) for x,y e X, (4.4) 

i=l 

where r < 1. 



Lemma 4.1. Assume that an iterated function system {{Si,Pi) : z G /} satisfy 
conditions (4.3) and (4.4). If the modulus of continuity u defined by (4.3) satis- 
fies the Dini condition, then the Markov operator P given by (4.1) is essentially 
nonexpansive. 



Sketch of the proof If uj satisfies the Dini condition then 

oo 

'^^uj{r^t) < oo 

n=l 

for r < 1 and t > 0. It is easy to check that the function 

oo 



n=0 



is a solution of the inequality 

Lo{t) + ip{r{t)) < 

Moreover is a nondecreasing and concave function, (/?(0) = 0 and ip{t) > 0 for 
t > 0. Set p^{x,y) = Lp[p{x,y)) for x,y e X and observe that {X,p^) is a Polish 
space. To prove the nonexpansiveness in the new space it is enough to show that 
U{C(p) C C(p, where denotes the family of all continuous functions / such that 
|/(x)| < 1 and \f{x) - f{y)\ < p^{x, y) for all x,yGX. □ 



Theorem 4.2. Let an iterated function system {{Si,pi) : i E 1} satisfy conditions 
(4.3) and (4.4). Assume that there exists J > 0 such that 

Pi{x)Pi{y) >S for x, ye X, 

ieJ{x,y) 



(4.5) 
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where J{x,y) is the set of alii e I such that 

p{wi{x),Wi{y)) <rp{x,y). (4.6) 

Then the Markov operator P given by (4.1) is semi-concentrating. As a conse- 
quence, P has an invariant distribution. 

Proof. Fix xq e X and define V{x) = p{x,xo)- We have 

UV{x) = ^pi{x)p{wi{x),xo) 
i€l 

= ^Pi{x)p{wi{x),Wi{xo)) +'^Pi{x)p{wi{xo),Xo) 

iel IGI 

< rV{x) + b, 

where b = maxi^j p(wi{xQ),xo). Prom [18, Corollary 2.4.1] it follows that there 
exists a bounded Borel set F C A such that 



lim inf P'^p{Y) > 1/2 for p G M\. (4.7) 

n— +00 

To show the semi-concentrating property for P, fix e > 0 and choose an integer 
m such that 

diamF < e. 

Now fix c G X and define 



where 



Let 5 > 0 be such that (4.5) is satisfied and let 5^ = 6/N. Further, for arbitrary 
^ 1 , • • • , ^ I denote by the set of all x G F such that 

€ B(w;i„„..,H(c),r™/9(x,c)) (4.8) 

and 

Pii (a;) • . . . • Pi^ (x)) > C- (4-9) 

By an induction argument, using (4.5) and (4.6), one can verify that 

^1 V 

We claim that P satisfies condition (2.1) with a = 5'^/{2N'^). For this, fix 
p G M\. According to (4.7), we may choose an integer no such that 

P'^piY) >1/2 for n > no- 

Thus, for every n > no there exist , . . . , G / such that 

P^p{Yk^,...,knJ > 1/(2AT-). 



(4.10) 
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On the other hand, for arbitrary n > no we have 

JY^un un 

Now, by (4.8), (4.9) and (4.10) we obtain 

P^+^/i(C) > 5T/{2N^) = a for n > no, 

whence condition (2.1) follows. Since e > 0 is arbitrary, this completes the proof of 
the semi-concentrating property. The existence of an invariant distribution with 
respect to P follows immediately from Lemma 4.1 and Theorem 3.2 □ 



To prove the next result we need the following 

Proposition 4.3. Let P be a nonexpansive Markov operator. Assume that for every 
e > 0 there is a number a > 0 with the following property: for every Mi,/i 2 ^ 
there exist a Borel set A with diam A < e and an integer uq such that 

P'^^jj,j{A) >a for j = l,2. (4.11) 

Then 

lim ||P^(/xi -/i 2 )|| =0 for pi,p 2 eMi. (4.12) 

n— >oo 

Proof. See [18, Theorem 5.4]. □ 



Theorem 4.4. Under the hypotheses of Theorem 4.2 the Markov operator P given 
by (4.1) is asymptotically stable. 

Proof. Fix £ > 0. According to Theorem 3.2 there is a compact set A" C X such 
that 

p{K) > 4/5 for p eQ. (4-13) 

Choose an integer m such that 

diam AT < e/3 (4.14) 

and for arbitrary i\, . . . ,im E I and x e K define 

Pim ( 2 ;)) • 

Now, for every x ^ K and zi,...,z^ G / we define the open neighbourhood 
Oii,...,i^(x) of X in the following way: 

If > 0, we set 

= {j/ € X : p{wi^^...^i^{x),Wi^^,„^i,{y)) < e/3 
and 



(4.15) 
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If = 0, we set 

= {yeX: < e/sj 

Now, for X e K we define 
Ox = 

^1 5 • • • 

Clearly {O^ : a: G K} is an open covering of K. Since is a compact set, there 
are x\,. . . ,Xq ^ K such that 

Kc\jO,,. (4.16) 

k = l 

Set G — Ufc=i Oxk- Let 5 > 0 be such that (4.5) holds and let <5* = 5/N, We claim 
that P satisfies condition (4.11) with a = S^/{Aq). In fact, let ^ A^i- Set 

Mo = (Mi + M2)/2. By Theorem 3.3 the set 0 (mo) is nonempty. Let fl G fi(//o) and 
let {nk)k>i be such that 

lim \\P^^fio-fl\\=0. 

k—^oo 

Since G is open, the Alexandrov theorem implies 

lim inf P"'‘/io(G') > HG)- (4-17) 

k—^oo 

From conditions (4.13), (4.16) and (4.17) it follows that for n sufficiently large 
P>o(G) = (P>i(G) +P>2(G))/2 > 3/4 

and consequently 

P>^ (G) > 1/2 for j = 1,2. (4.18) 

Prom the last inequality and (4.16) it follows that there exist n G N and ki^k 2 G 
{1, . . . , g} such that 

> l/(2g) and > l/(2g). (4.19) 

Write for simplicity Oi = Oxj,^ and O 2 — Ox^^- By an induction argument, using 
(4.4) and (4.5), one can show that there are ii, . . . , G / such that 

p(w'i„„..,ii(a;fcj,wi„....,ii(a;fcj) < r^p{xk^,Xk^) < e/3 (4.20) 

and 

> C for j = 1,2. (4.21) 

Define 

A = AiUA 2 where Aj ^ j = 1,2. 

According to (4.15), (4.20) and (4.21) we have diamA < e and 

ni,_i^{x)>5T/2 



(4.22) 
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for arbitrary x G Oi U Now, using (4.19) and (4.22) we obtain 

> 5TP^^H{Oj)/2>ST/{^q) 

for j = 1,2, which proves condition (4.8) (with uq = m + n). Since, by Theorem 
4.2, the operator P admits an invariant distribution, an application of Proposition 
4.3 completes the proof. □ 



5. Markov set function 

Using the Alexandrov Theorem it is easy to verify the following 

Proposition 5.1. Assume that a sequence of measures {/an), fjin ^ M, converges 
weakly to a measure fa E M. Then 

Li supp fin X supp fl. 

A sequence of measures (/in), fin ^ M, is called condensed at a point x G X 
if for every e > 0 there is r/ > 0 such that 

inf : n e N^} > 0, 

where 

Nrj = {n eN : B{x,rf) Pi supp /i^ / 0}. 

We say that a sequence (/in) is condensed on X if it is condensed at every point 
X G X. 

Proposition 5.2. Assume that a sequence of measures (fin), fin ^ M, converges 
weakly to a measure fi ^ M. Then the following conditions are equivalent: 

(i) (/in) is condensed on X; 

(ii) Lt supp /in = supp/i. 

Sketch of the proof, (i) (ii). By virtue of Proposition 5.1 it is sufficient to verify 

that Ls supp fin C supp fi. For a contradiction, suppose that x G Ls supp /in \supp fi 
and let 6 > 0 be such that fi{B{x,e)) = 0. Since the sequence (/in) is condensed 
on X and x G Ls supp /in, there exist a > 0 and no such that /in(B(x,r/)) > a for 
n> no . Now the Alexandov Theorem leads to a contradiction. 

To prove (ii) => (i), fix x G X and ^ > 0. If x G supp/i, then fi{B^{x,e)) > 0 
and by the Alexandrov Theorem fin{B^{x,e)) > fi{B^{x,s))/2 for n sufficiently 
large. This implies that (/in) is condensed at x. If x ^ supp /in, then condition 
(ii) implies that x ^ Ls supp/i. Thus there exist g > 0 and no G N such that 
supp /in n B{x,g) = 0 for n > no, which again implies that (/in) is condensed at 

□ 



X. 
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Proposition 5.3. Let P be a Markov-Feller operator and ^ M. Then the 

following implications hold: 

supppi C supp/i 2 implies suppP/xi C suppP/i 2 

and 

supp Pi = supp p 2 implies supp Ppi = supp Pp 2 - 
Proof. The inclusion supp pi C supp p 2 is equivalent to the following condition 
(/,/ti) > 0 implies (/,At 2 ) > 0, 

for every / G C{X), / > 0. Prom this observation and equality {f,Pfj) = {U f,n) 
the first implications follows. The second one is an immediate consequence of the 
first. □ 

Let a Markov-Feller operator P : M M he given. We adjoint to P a 
function T : Pq ^ohy the formula 

r(A) = suppP/i, (5.1) 

where p e M he sn arbitrary measure such that supp p = A. 

According to Proposition 5.3 the function F is well defined. It is called a 
Markov set function corresponding to P. If A = {x] for simplicity we write T{x) 
instead of F({a:}). Evidently 

r{x) = SUppPJa:- 

Some simple properties of F are summarized in the following 

Proposition 5.4. The Markov set function F corresponding to the Markov-Feller 
operator P has the following properties: 

(i) r(0) = 0; 

(ii) T{A) C T{B) for A,B€P, Ac B; 

(iii) r{A) = d[j^^^T{x)forAeP; 

(iv) If the sequence {x^) converges to x then 

LiF(xn) D F(x). 

Moreover, using the induction argument, it is easy to prove 

Proposition 5.5. Let P be a Markov-Feller operator. Then for every p ^ M and 
n eN we have 

suppP'^p = r'^{su.ppp). (5.2) 

In particular, if p is invariant with respect to P then 

F(supp p) = supp p. (5.3) 
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Theorem 5.6. Let P be a Markov-Feller operator and F be the corresponding 
Markov set function. Assume that P is asymptotically stable and is the in- 
variant measure with respect to P. Then 

LiF^(^) D supp/x* for every A e P (5.4) 

and 

LtF’^(A) = supp^:^ for every A e P, A C supp (5.5) 

Proof Let A G P and p ^ Mhe such that supp p = A. Using (5.1) and (5.2) it is 
easy to verify that 

F’^(^) = suppP^p for n gN. (5.6) 

Since {P^p) converges weakly to p^^ Proposition 5.1 and relation (5.6) imply (5.4). 
For A C supp p^ by Proposition 5.4 (ii) and equality (5.3) we have 

r""(A) C r""(supp/i*) = supp/x*. 



Consequently 



LsF^(A) C supp/x^, 



which proves (5.5) and completes the proof of Theorem 5.6. 



□ 



Theorem 5.7. Let P be a Markov operator and F the corresponding Markov set 
function. Assume that P has an unique invariant probability measure p^ . Then 

p^{D) = 0 or p^{D) = 1 

for every closed set D C X such that T{D) C D. 

Proof. Let D he a, closed set such that T{D) C D. From Proposition 5.3 and the 
definition of F it follows that supp Pp C D for every p G M with supp p C D. Let 
po be a measure given by formula 

po{A) = p^{An D) for A gB. 

Observe that suppPpo C D. For A G B we have 

IJ.oiA) =/i*(^nL>) = Pfi^{AnD) = {lAnD,P^J■*) = {UlAnD,fJ'*) 

> {UIaod, fJ'o) = (1/1 - 1a\d>-P/^o) = (Ia)-Pmo) = PfJ'o{A) 

This means that po is invariant with respect to P. Since p^ is the unique invariant 
probability measure clearly po = cp^ for some c > 0. By the last relation and 
the definition of po we have p^{D) = Po{P) = cp^{D). It follows that either 
p^(D) = 0 or c = 1. If p^{D) = 0 The statement of Theorem 5.7 is obviously 
satisfied. If p^{D) > 0, we have p^{D) = Po{P) = Po{X) = p^{X) = 1, which 
completes the proof. □ 
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6. Semifractals 

Given an IFS {wi : z G /} we define the corresponding Barnsley- Hutchins on oper- 
ator (or multifunction) H by formula 

H{A) = c\[J Wi{A). (6.1) 

iei 

A set Aq such that H{Aq) = Aq is called invariant with respect to IFS 
{wi : z G /}. If there exists a set Aq e T such that LtH^{A) = Aq for every 
bounded set A G then IFS {wi : z G /} is called asymptotically stable and the 
set Aq is called attractor or fractal corresponding to the IFS {wi : z G /}. 

If H is defined on the class of compact sets, this definition of fractals coincides 
with the classical definition used by Barnsley (see [2]). It is well known that if all 
Wi, i e I, are strictly contractive then IFS {wi : z G /} is asymptotically stable. 

We say that an IFS {wi : z G /} is regular if there is a nonempty subset Iq of 
I such that IFS {wi : z G /q} is asymptotically stable. The attractor corresponding 
to the system {wi : z G /q} is called nucleus of the system {wi : z G /}. 

Note that regular IFS in general need not to be asymptotically stable and it 
may have more that one nucleus. 

Proposition 6.1. Let {wi : z G /} be a regular IFS and let Aq be a nucleus of this 
system. Let H be given by (6.1). Then the set 

oo 

A.{Ao) = cl U H^{Ao) 

n=l 

has the following properties: 

(i) A4Ao) = UH-{Ao); 

(ii) H{A,{Ao)) = A,{Ao); 

(iii) A^{Aq) C a for every A e T such that H{A) C A. 

Proof The condition (i) is obvious because the sequence {H^{Aq)) is increasing. 
Using relation cl{wi{c\A)) = cl Wi{A) we have 

oo oo 

i/(A*(Ao)) = cl(Jwi(cl IJ H^{Ao)) = |Jclwi( U H'^iAo)) 

iC:I n=\ iEl n=l 

oo oo 

= clU U = cl U H{H^{Ao)) = A^{Ao). 

n=l n=l 

Finally, let B be a bounded nonempty subset of A and Hq be the Barnsley- 
Hutchinson multifunction corresponding to IFS {w{ : z G /q}- From inclusions 
Hq{B) C H'^{B) C H'^{A) C a it follows that Aq = Lt Hq{B) c A. Consequently 
H'^(Aq) c a for n G N, whence (iii) follows. □ 

From Proposition 6.1 it follows that for given regular IFS {wi : z G /}, the 
set A*(Ao) does not depend on the choice of the nucleus Aq. 
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The set 

A. = AMo) = l^tH^{Ao)^ (6.2) 

where Aq is an arbitrary nucleus of an regular IPS {wi : z G /}, is called semifractal 
or semiattractor corresponding to IPS {wi : z G /}. 

Using Proposition 6.1 we can prove the following 

Theorem 6.2. Let {wi : z G /} be a regular IFS and let A^ be the corresponding 
semifractal given by (6.2). Then 

(i) A^ is the smallest nonempty closed set such that c\H{A^) = A^; 

(ii) Li H'^{A) = A^ for every A C A^, A^^. 

The semiattractor of an IPS is strictly connected with the invariant measure 
with respect to this system. Namely we have 

Theorem 6.3. Let X be a Polish space. Assume that IFS {{wi^Pi) : i e 1} is 
asymptotically stable and that IFS {wi : z G /} Z5 regular. Then 

A^ = supp/i*, 

where is the semiattractor corresponding to IFS {wi : z G /} and /z+ is the 
invariant measure with respect to IFS {{wi,pi) : z G /}. 

Proof. Let u ^ A^ and let Su be the 5-Dirac measure supported at u. Simple 
calculation shows that suppP’^^^i = n G N. Since the sequence {P'^Su) 

converges weakly to by Proposition 5.1 and Theorem 6.2 we have 

supp/i* C Li H'^{u) = Lt H^{u) = A^. (6.3) 

Now, let u G suppjLz*. By (6.3) we have u e A^ and from Theorem 6.2 it 
follows that Lt H'^{u) = A^. On the other hand, since if(supp/i*) C supp/z*, 
hence H{u) C supp/z^^. Consequently Ls H'^{u) C supp/z*. Prom this and the first 
inclusion in (6.3) we have Lt = supp/z^c, which completes the proof. □ 

The concept of fractal and semifractal defined for Barnsley-Hutchinson mul- 
tifunction can be introduced in a natural way for a large class of multifunctions. 

We say that a multifunction F is asymptotically stable if there is ^ P such 
that clF{Ao) = Aq and LtF^(^) = Aq for every nonempty bounded subset A of 
X. 

Given a multifunction F : X — > X we consider the set 

C= Pi LiF”(a;). (6.4) 

If the set C is nonempty, then the multifunction F is called asymptotically semi- 
stable and the set C is called semifractal or semiattractor of F. 

Theorem 6.4. Assume that F is an asymptotically semistable l.s.c. multifunction 
with the semifractal C. Then the following conditions hold: 

(i) C C LiF'^{A) for every A C X , A ^ 

(ii) cl F(C) = C; 
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(iii) Lt F^{A) = C for every AcC, A 

(iv) C C A for every nonempty closed subset A of X such that F{A) C A. 

Proof Condition (i) is obvious. 

To prove (ii) fixy e F{C) and choose x G C such that y e F{x). Let z e X. 
Clearly x G Li F'^{z). Let Xn G F'^{z) for n G N be such that Xn x. By Lemma 
2.5 we have F{x) C Li F{xn) and so y G Li F{xn) C LiF{F'^{z)) = LiF^(z). 
Since z e X was arbitrary, this implies y ^ C. Thus cl F{C) C C. To prove the 
opposite inclusion observe that F'^{C) C F{C), n G N, which, in turn implies that 
Li F'^{C) C clF(C). Since C C Li F'^{C), this completes the proof of (ii). 

To verify (iii) observe that F{C) C C implies LsF’^(C) C C. Thus, for an 
arbitrary nonempty set A C (7 we have 

C C LiF^{A)cLsF^{A) c LsF^(C) C C, 

whence (iii) follows. 

Finally, the inclusion F{A) C A implies that F'^{A) C A, n G N, and conse- 
quently C C LiF^(A) c A. □ 

Theorem 6.5. Let F : X ^ X be a l.s.c. multifunction. Assume that there exists a 
l.s.c. and asymptotically semistable multifunction Fq : X ^ X such that Fq{x) C 
F{x), X G X. Then F is asymptotically semistable and its semifractal C is given 
by the formula 

oo 

C = LtF"(Co) = cl U F”(Co), (6.5) 

n=l 

where Co is the semifractal of Fq . 

Proof. Let C be a semifractal of F. Since cq C C, the first equality in (6.5) follows 
from condition (iii) of Theorem 6.4. The condition (ii) of Theorem 6.5 implies that 
F’^(Co) C C for n G N and consequently 

oo 

cl U F"(Co) c a 

n=l 

On the other hand, using the first equality in (6.5) we obtain 

oo 

C = LtF”(Co)C ljF"(Co), 

n=l 

which completes the proof. □ 

Theorem 6.6. Let P be an asymptotically stable Markov-Feller operator. Then the 
corresponding Markov set function T is asymptotically semistable and 

C = supp/i*, 

where C is the semifractal ofT and /i* is the measure invariant with respect to P. 
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Proof. Fix X e X. Since (P^(5x) converges weakly to /i*, by Propositions 5.1 and 
5.6 we have 

supp/i* C Lisnpp P^Sx = LiP’^(x) C C. 

To prove the opposite inclusion, fix a point 2 : ^ supp and choose an c > 0 such 
that 

B{z,e) risupp/i„. = 0. 

Let X G supp/i*. By Proposition 5.3 and 5.5 we have 

P’^(x) = snppP'^5x C supp = supp/i* for n G N. 

Thus T^{x) n B{z, e) = 0. This means that z ^ LiP^(x) and so z ^ C. The proof 
is completed. □ 
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On Various Multijfractal Spectra 

Jacques Levy Vehel and Claude Tricot 



Abstract. We introduce two classes of multifractal spectra, called respectively 
dimension and continuous spectra. Dimension spectra offer an interesting al- 
ternative to the classical Hausdorff spectrum: They are much easier to es- 
timate yet still give relevant information about the geometry of the Holder 
function. Continuous spectra are a generalization of the large deviation spec- 
trum that allow to obtain partition free results. Both classes of spectra allow 
to perform efficient multifractal analysis in an experimental framework. 

Mathematics Subject Classification (2000). Primary 28A80; Secondary 28A75, 
28A78. 
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1. Background and Notation 

Multifractal analysis has developed in many directions since its introduction. 
Progress has been accomplished concerning the domain of validity of the mul- 
tifractal formalism, both in the deterministic and random frameworks [1, 2, 3, 8]. 
The analysis has been extended to functions [7] or sequences of capacities [12] in 
addition to measures. The paper by P. Morters in this volume gives an account 
on the multifractal analysis of certain measures related to Brownian paths. More 
refined spectra and estimation procedures have been defined [4, 9]. 

The numerical computation of a multifractal spectrum on sampled data re- 
mains however a challenging task. We introduce in this work two new classes of 
spectra, called dimension spectra and continuous spectra. Our aim is to facilitate 
the estimation problem, so as to obtain meaningful numerical results even when 
no assumption on the data structure is made (z.e., in a non-parametric frame). 

It is well-known that the Hausdorff multifractal spectrum fh (see section 2 for 
definitions) is very hard to calculate in general. Apart from very restricted classes 
of mathematical models, the exact value of the Hausdorff dimension is difficult 
to obtain theoretically, and almost impossible to estimate on experimental data. 
The sets Ea which form a partition of the support are practically inaccessible in 
a discrete framework. To the contrary, the box dimension A can be estimated in 
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experimental situations. But A is of no use here since in all interesting situations 
the Ea are either empty, or dense in an interval: In this case A{Ea) = 1, and 
the spectrum /a is trivial. One can try to estimate fh with the help of the large 
deviation spectrum fg, which is most of the times easier to work with. The in- 
equality fh < fg is always true. However, fg measures an information which is 
essentially different from fh- The Hausdorflf spectrum is defined as a dimension 
function which emphasizes the geometric structure of the singularities of a func- 
tion or measure, whilst fg yields statistical information. We introduce in this paper 
two spectra, denoted and where d is any dimension. As is the case 

for fh or /a, they are defined by using set dimensions. On the other hand, they 
share many properties with fg. For instance, and are upper semi- 

continuous functions, and, conversely, every upper semi-continuous function is the 
fhm Qj, yhmsup £qj. gome signal. The major motivation for defining these 

dimension spectra is that is both easy to evaluate in practical situations 

and “more precise” than fg, i.e. one always has fh < < fg. 

Another path consists in focusing on the large deviation spectrum fg. Al- 
though originally introduced as a way to estimate fh^ it has soon been realized 
that fg is of independent interest, specially in applications (see for instance [10, 11] 
for applications in image processing and Internet traffic modelling). A drawback 
of the large deviation spectrum is that its very definition relies on an arbitrary 
partitioning of the support of the signal. Different partitions will in general lead 
to different spectra. We introduce two variants of fg. Both are continuous spectra, 
and thus allow to get rid of the discretization. As a consequence, these partition- 
free spectra contain a more intrinsic multifractal information. Moreover, one of 
them, denoted fg, is defined using only one limit {rj 0), instead of the two 
limiting operations (n — > oo and 5-^0) used for fg. We define the corresponding 
continuous Legendre spectra, and show that they are, under mild conditions, the 
concave envelopes of the continuous large deviation spectra. 

To gain generality, we introduce our spectra for abstract set functions, rather 
than for Hdlder exponents of measures or functions of a real variable, as is done 
classically. More precisely, let A([0, 1]) be the metric set of all closed sub-intervals 
(including the singletons) of [0, 1] (the extension to M and is straightforward). 
We shall base our multifractal analysis on the study of a function A : X([0, 1]) — ^ 
U {+oo}. The interpretation of A in the classical frame is as follows (the length 
of an interval u is denoted by |u|): 

• For the analysis of a Borelian measure fi, take A{u) = log/i(u)/log |u|; 

• For the analysis of a function 2 , take A(u) = \ogVz{u) / log\u\, where Vz{u) 
measures the “variation” of z in u. Common choices are the increment 
k(iAmax) - z{umin)\ (where u = [^/min,'?^max]), the oscillation sup^^^z(^) - 
inft^uz{t), or, when u = is the dyadic interval [k2~'^,(k -h 1)2“’^], the 
wavelet coefficient of z at scale n and location k^. 



^This choice requires care, since the resulting spectra will depend on the analyzing wavelet. 
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Section 2 defines the dimension spectra and We study their main 

properties in Section 3: Domain of definition, relationships, maximum. The inverse 
problem (given an upper semi-continuous function F, find A whose spectrum 
or is equal to F) is solved in Section 4 in two cases: d is a-stable (like 

the Hausdorff dimension), or d = A. Section 5 shows explicit computations of 
dimension spectra. Finally, we define and study the continuous spectra fg and fg 
and the corresponding Legendre spectra in Section 6. 



2. New dimension spectra 



For X G [0, 1], Un{x) denotes the dyadic interval = [fc2“^, {k -h 1)2“’^] which 
contains x (take the right one if there are two such intervals). For any real number 
a, Na{s^n) denotes the number of 2“’^-dyadic intervals such that \A{u) — a\ < 
and Ia{s,n) their union. Recall the definition of the large deviation spectrum fg: 



fg{a) = lim(limsup 



logNg{e,n) 

nlog2 






( 1 ) 



with the convention that logNa{s,n)/n\og2 = — oo if Na{s,n) = 0. 

Prior to defining the dimension spectra, let us clarify our notion of a dimension. 



Definition 1. We call dimension a function d : ^([0, 1]) ^ EA U {— oo}, such that 

(i) EcF^ d{E) < d{F) 

(ii) d(0) = — 00 , d{{x}) = 0 for any x, and d{E) = 1 for any E such that \E\ > 0. 



A dimension may have the following properties: 



Definition 2. The dimension d is stable if 

d{E UF)= max{d(F) , d{F ) } 
for all sets E, F in [0, 1]. It is a-stable if 

d{[jEn) = sup{d{En)} 

n 

for any countable set family (F„). 

Let us now define our new spectra. For any real number x in [0, 1], set an{x) = 
A{un{x)). For any real a, let 

Ea{e, N) = {x,n > N ^ |o^n(^) - < ^}- 

Note that Ea{s,N) increases with V, so that \Jj^ Eo,{e,N) may be written as 
Ea{e,N). Also, Ea{s,N) = Let 

Ea{s) = supEa{e, N) = {x, 3ATsuchthat n> N ^ |o;n(^) - 

N 

= lim inf / q,(^, TV). 

AT— >oo 
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Since the sets Ea{s) decrease with e, one may define 

Ea = lim Ea(e) = {a;,Q:„(x)-»„_ooQ:}- 

Definition 3. For any dimension d and any real a, define the following spectra: 
/d(a) = d{Ea) = rf(lim supJ5„(e, N)) (2) 

e-»0 

= lim d{Ea{e)) = lim d{s\ipEa{s,N)) (3) 

£— >0 £— >0 jY 

^hmsup(^) ^ lira sup d{Ea{e,N)). (4) 

e-^0 TV 

When d is the Hausdorff dimension h, fd = fh is the usual Hausdorff spectrum. 



3. Properties and relationships 

Let us describe a few basic properties verified by dimension spectra. 

3.1. Domain of definition 

It is clear that the spectra defined above all range in [0, 1] U {— oo}. Let D = Im(A) 
be the closure of the image of the function A. For every a ^ D, there exists eo such 
that 6 < eo Ea{e,N) = 0. Therefore fd{a) = = -oo. 

Also, Na{e,n) = 0, so that fg{a) = -oo. Thus, while all the spectra are defined 
on R, their ’’support” (i.e. the set of a for which the spectrum belongs to [0, 1]) is 
included in D. 



3.2. Inequalities 

Since E^ C Ea{s)^ we have 

fd{a) < fr{a) (5) 

for all a. Also, d{Ea{e,N)) < d{supj^ Ea{e, N)) implies that 

( 6 ) 

We will see that there is no relationship in general between fd and If d is 

(7-stable, then d{supjg Ea{e,N)) = sup jg d{Ea{e,N)), so that is identical to 
yhmsup inequalities (5) and (6) reduce to 

U{a)<fr{a) = f^^^'^^{a). (7) 



The spectra fd and fg cannot be compared without specifying the dimension d. 
Let us take for d the box dimension^ which is defined for any bounded set E as 

loga;(2^,F;) 

A(£^) = hmsup ^ — - — 

n-.oo nlog2 

where E) denotes the number of 2’^-dyadic intervals covering E. This dimen- 

sion is stable, but not (j-stable. For all n> N, cu{2'^, ^a(^, N)) < Na{e, n), so that 
for all a, e, AT, A{Ea{£,N)) < fg{a). Therefore 



( 8 ) 
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There is no relationship in general between fg and f]^. 

Lemma 1. Let di, d 2 , be such that for all E C [0,1], di{E) < d 2 {E). Then for 
every A and a: 

< fM , < fti^) > 

We leave the proof to the reader. 

If h denotes the Hausdorff dimension, it is well known that h{E) < A{E) for 
all E. Gathering previous results, we get the following sequence of inequalities: 

Proposition 1. For any set function A, 

Ma) < = /^(a) < < rmn{ft{a), f,{a)). (9) 

When the (strong) multifractal formalism holds, A (a) = fg{(^) for all a, so that 
all the above spectra coincide, with the possible exception of Incidentally, this 
result explains the a priori unexpected fact that a naive numerical estimation of 
fh on a multinomial measure yields acceptable results: Indeed, estimating simply 
the box dimension of the sets Ea{e, N) gives a correct approximation in this case. 

More generally, i.e. without assuming the multifractal formalism, (9) shows 
that is always a better approximation to fh than fg. In addition, it is 

not more difficult to estimate. 

3.3. Maximum of a spectrum 

Since d([0, 1]) = 1, every spectrum has a maximum not larger than 1. In general, 
the upper bound depends on A and d. To make this precise, let us introduce new 
sets. Let 

S{e,N) = {x,m> N,n> N \am{x) - o;n(x)| < s}. 

Note that S{s, N) increases with V, so that |J^ 5(s, N) = sup^y S{e, N). Let 
S{e) = sup S{e,N) = {x,3ATsuchthat m > N,n > N - Q!n(^)| < ^}- 

N 

Since the sets 5(e) decrease as e — > 0, one may define 

5= lim 5(e). 

£—>>0 

These constructions are similar to those of Ea{e, V), Ea{e), E^, except that 
they are independent of a. Note that for all e' < e, 

S{e) C {x, lim sup an (x) -liminfan(x) < 5 } C 5(s') 

and 

S = {x,an(x) converges}. 

Now define the dimensional indices: 

do = d{S) = d{lim sup 5(s, N)). 
d^^ = limd(5(s)) = lim d(sup 5(s, TV)) 

£— >0 £^0 jy 
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^hmsup _ sup d{S{e,N)). 
e^O ^ 

Proposition 2. For every a, 

fd{a) < do , /^“(a) < (10) 

Proof. Use the inclusions C 5, Ea{s) C 5(26:), Ea{e,N) C S{2e^N). □ 

Proposition 3. If the set D is bounded, and d is a stable dimension, then 
and reach the above upper bounds. In other words, 

^Umsup g ^Um ^ 

Proof. 1. We first show that there exists ai E. D such that 

Let N e N, e > 0. For any x e S{s, N) and any n> N, \an{x) — a{x)\ < e, 
where a{x) = ^ (lim inf (x) + limsup^ an(x)). Therefore x G N). This 

implies that S{e,N) C \J^^^Ea{e, N). 

For every a there exists A: G Z such that [a—e, a-\-e] C [2(A:— l)e, 2(^+1)^], so 
that UaGM U UfcGZ N).UD is bounded, then all sets E 2 ke{‘^^, N) 

are empty but a finite number of them. Using the stability of d, we deduce that 

d{S{s,N)) < maxd{E2ke{‘^^,N)). 

k^Z 

From this inequality it follows that for all e, N there exists a real number f3{e, N) 
such that 

d{S{e,N))<d{E^(,^r,pe,N)). 

Since the distance from f3{€, N) to D is not more than 2e, the sequence {(3{s, N))n 
has a limiting value (3{s) (for instance /3(e) = limsup^v /3{s, N)). Let Nk be a sub- 
sequence such that (3{e, Nk) /3{e). If k is large enough, [f3{e, Nk) - 2e, l3{e, Nk) + 
2e] c [/3(e) - 3e,/3(e) + 3e], so that 

^/3(e,iVfc)(2e, ATfc) C E’/3(e)(3e, A^fc)- 

Therefore d{S{e,Nk)) < d{Ep(^^>^{3e, Nk)). Since the two sides of this inequality 
increase as k +oo, we obtain 

supc!(5(e, A^)) < supd(£'^(e)(3e, A^)). 

N N 

The function /3{e) has a limiting value a\ in D (for instance ai — limsup£_,Q /3(e)). 
Let €i be a sequence such that /3(e^) converges to ai. Let rj > 0. For i large enough, 
€i <T]and \l3{ei)-ai\ <rj. Therefore [^(e^) -3ei,^(e^) +3ei] C [ai -4r/,ai +4ry]. 
This implies that for all N eN, 

E0^,.){SSi,N))cEa,{Ar],N), 

SO that 

sup d{S{si, N)) < sup d(Ea^{4rj,N)). 

N N 

When i tends to oo, the left hand side tends to When rj tends to 0, the 

right hand side tends to This proves the required inequality. 
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2. Let us now show that there exists 02 £ such that dg™ < /^™(a 2 ). The 
proof goes along the same lines, but it is somewhat simpler. 

First check that S{e) C Ufcez ^ 2 fce( 2 e). Deduce that 

d{S{e)) < maxd{E 2 ks{‘^e)). 

k 

Now choose 7 (e) such that d{S{s)) < d{E^(^^j{2e)), and a limiting value 02 G D 
of 7 (e). Let £i ^ 0 be such that 7 (ej) ^ 02 . Let j? > 0. If i is large enough, show 
that £^g,(£,)(2ei) c Ea^i^rj). This implies that d{S{Si)) < d{Ea 2 i^'n))- Deduce that 

□ 

Particular cases. 

1. If d is (j-stable, then the spectra and are the same and 

2 . If |5| > 0, then \S{s)\ > 0 for all £ and S{£,N)\ > 0 for A/' large enough. In 

this case, do = d^^ = = 1. Both and reach the value 1. This 

is also the maximum of fg. 

Remark. Regarding the spectrum fd^ one can show the following: If fd denotes the 
spectrum 

fd{o^) = lirnd{{x/an{x) converges and | liman (x) — o;| < ^}), 

then 

sup fd{a) < do < sup/rf(a). 

Oi a 

This result is less precise than those of Proposition 3. The following example shows 
that the difference between fd and the other spectra may be as large as possible. 

Example. Consider the generalized Weierstrass function 

oo 

W{x) = sm{\^x), 

k=l 

with A > 1 and x G [0,1]. It is proved in [13] that a{x) = x for all x. Setting 
A{u) = log?;vv(^)/log |r^|, where vw{u) is the oscillation of W in u, it is easy to 
check that the support of all spectra is [0, 1]. Since contains only one point for 
every a G [0, 1], /^(a) = 0 identically in [0, 1]. On the other hand, an{x) — > x for 
all X G [0, 1], thus do = 1 and = /“"“(a) = fg{a) = 1 for all a in [0, 1], 

3.4. Semi-continuity 

We show in this section that and fg share a semi-continuity property. 

Once again fd does not have this property in general (for a study of the structural 
properties of fd with d = see [ 12 ]). 

Recall that a function / : T) C M M is upper semi- continuous if for all 
X G iA, for all sequences (x^) of D converging to x, 

limsup/(xn) < /(x). 



( 11 ) 
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Another way to express this property is as follows: 

Vx G > 0,3r/(x,e) :\x-y\<r]=^ f{y) < /(x) + e. 

Proposition 4. The functions fg, are upper semi- continuous. 

Proof. 1. Let (o^) be a sequence in D converging to a. Let 6: > 0. For any r/, 
0 <rj < e, there exists K{rj) such that k > K{rj) => [ak-rj,ak + rj] C [a-e,a-\-e], 
so that for any n, ^ Therefore, 

k > KM ^ limsup 

n —*’00 ^ log 2 n— >oo ^ log 2 

This gives 

logNa„{n,T]) logNa{n,e) 

limsup(limsup — -) < limsup . 

k—^oo n— >oo ^ log 2 n—^oo n- log 2 

Since (n, rf) decreases as rj tends to 0, we deduce that 



k — ^OO Tl — ^oo 



n- tv log-^afc(n,ry) \ogNa{n,£) 

lim supf hm (hm sup ^ ) ) < hm sup — . 

k—^oo n— ^oo ri log 2 72— >C5o n- log 2 



Let s tend to 0 to get 



limsup /g(afc) < fg{a). 

k—*^oo 



2. Similarly, for any N: 

k>K{ri)^Ea,{v,N)cE^{s,N). 
Letting N tend to oo, and using the increasing property of d: 
k>Kirj)=^d{E^,{rj))<d{E^{e)). 



Therefore, 



limsupd(£'afc(»7)) < d{Ea{e)). 

fc— >oo 



Since d{Ea^{rj)) decreases as 77 ^ 0, 



limsup(lim d{Ea^{r]))) < d{Ea{s)). 

k^oo 

Let s tend to 0 to get limsup^_oo /^™(afc) < /^‘“(a). The same type of arguments 
hold for □ 



Notation. For any / : E ^ M, we denote by / the upper semi- continuous envelope 
of /, that is 

/(a) = lm(sup{/(/?), 1/3 - a| < e}). 

Inequality (5) and Proposition 4 imply that for all a: 

Ma) < fric^). 

In particular, one always has fh(ct) < ^ fg- 



( 13 ) 
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3.5. Spectrum of a maximum 

Proposition 5. Let A, B be two functions : X([0, 1]) R, and C = maxjAjB}. 
Let fg{a,A), fg{a,B), fg{a,C) be the corresponding spectra. Then, for all a, 

fg{a,C) < max{fg{a,A),fg{a,B)} (14) 

Proof. Let a„(a;) = A{un{x)), (5n{x) = B{un{x)), ^„{x) = C'(u„(x)). The relation 
| 7 „(x) -a\<e ^ either |a„(x) - a| < e or |/3„(a;) - a| < e, 
valid for all a, n, x, implies the following (with obvious notations): 

•/Vf(n,£) <N^{n,e) + N^{n,e), 

hence relation (14). □ 

Proposition 6. If d is stable, the same result as (lA) holds for fd, fd"^, 

Proof. Using similar notations, we observe that 

E^{e,N)cE^{e,N)uE^{e,N). 

The stability of d implies 

d{E^{e,N)) < mBx{d{E^{e,N)),d{E^{e,N))}, 

SO that 

/“■"^“P(a,C) < max{/i™^"P(a, A),i)i“"-’(a,B)}. 

The proof for the other spectra uses similar arguments. □ 

4. The inverse problem for spectra 

We have seen that the three spectra fd^^^^, fd^ and fg are upper semi-continuous. 
It is natural to enquire whether the converse holds, i.e. whether any u.s.c. func- 
tion F is the spectrum of some function A. The main result of this section answers 
by the affirmative for and The case of fg is treated in [5]. 

4.1. Generalities on u.s.c. functions 

Let us recall some well-known facts. For E cR, one has: E is closed 1^; is u.s.c, 
where 1^; is the characteristic function of E. If / is an upper semi-continuous 
function defined on a compact set D and ranging in R, then: 

• / is bounded from above and reaches its maximum. 

• / can be written as / = inf{^ > /,g continuous on D}. 

We shall need the following result: 

Lemma 2. The function f : D ^ R is u.s.c. iff there exists a countable set E dense 
in D such that 

1. The restriction f\^ is u.s.c. 

2. In D — E, f can be obtained by semi- continuity: 

VxeD- E, f{x) - lim sup{/(j/) : \x - y\ < s,y e E}. 
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Proof. Assume that / is u.s.c.. Construct E as follows: In every dyadic interval 
(fc 4- 1)2“’^], choose a point Xk^n where / reaches its maximum. Take E = 
{xk^n : k ^ ^ N}. The restriction is u.s.c.. Let x ^ D — E. For every n, 

there exists Xk,n in the interval Un{x) such that f{x) < /(x/e,n)* Therefore f{x) < 
s\ip{f{y)/y £ E,\x - y\ < 2~^}. Letting n ^ +oo, we obtain 

f{x) < \imsup{f{y)/y eE,\x-y\< s}. 

e^O 

Since / is u.s.c., we obtain an equality. 

4= It suffices to show that, if (x^) is a sequence of D — E converging to x 
(which is necessarily in D), then relation (11) is verified. For all x' £ D and 6: > 0, 
let: 

s{x',e) = sup{/(j/)/|a;' -y\<e,y€ E}. 

The function e s{x\e) is non decreasing by construction. Using Assumption 2, 
s{xn^s) converges to f{xn) as e ^ 0. Thus, for all n, there exists e small enough 
to ensure that f{xn) < s{xn,e) < f{xn) + l/2n. There exists yn ^ E such that 
\xn - yn\ < min{£,l/n} and /(y„) < ${xn,s) < /(j/n) + l/2n. Then \f{y„) - 
f{xn)\ < V”- The sequence (y„) tends to x.lix & E, then f{x) > limsup„ f{yn) 
from Assumption 1. If x £ D — E, the same result stems from Assumption 2. Then 
f{x) > limsup„ f{yn) = limsup„ /(x„). □ 

Lemma 2 shows that, as is the case for continuous functions, a u.s.c. function 
/ is fully determined by its values on a countable set E. However, contrarily to 
continuous functions, the set E here depends on /. 

4.2. Construction of A when d is a-stable 

Let a compact set D C M, and a semi-continuous function F : D — ^ [0, 1] U {— oo} 
such that sup£) F = 1, be given. We want to construct a function A, the or 
yiimsup gpectrum of which is equal to F. By semi-continuity, the set F“^([0, 1]) 
is closed. Then we may assume that F{D) C [0, 1] without loss of generality. The 
function F can be extended to E by defining F{x) = — oo if x ^ D. 

Lemma 2 shows that it suffices to match the values of F on a countable 
set E = {ak} dense in D. On D - E, F is obtained by semi-continuity. We 
can assume that F(o:o) = U l^hat 7^ aj if i ^ j. We will construct a 
function A : X([0, 1]) — > E such that 

Uak) = friak) = = F{ak) (15) 

for all k > 0. This implies that 

fr{a) = fr^'^^a) = E{a) (16) 

for all a £ D. 

Let (Ik) be a family of closed, non degenerate, disjoint intervals in [0, 1]. For 
all A: > 1, let Ck C /fc be a compact set such that 

d{Ck) = F{ak). 
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Let Co = [0,1] - Since Co contains an open set, d{Co) = 1. For any 

dyadic interval u, define 



A{u) = 



where 



f 0 if u C Co 

^ min{fc > 1/u n Cfc 7^ 0} otherwise 



Since the intervals Ik are disjoint, there exists for every fc > 1 an integer Nk such 
that for all n > iV^, for all x G C^, Un{x) C Co U C^. Then A{un{x)) = 
Therefore = Ck and 

fd{oLk) = F{ak). 



For all £ > 0, 

Ea^i^) = [j{Ci:\ai-ak\<e}, (17) 

SO that 



d{Ea^{s)) > snp{d{Ci) :\ai~ak\< e). 
Since d is cr-stable, this is an equality, so that 



= lim supjf (oi) : \ai - ak\ < ff}. 

The right hand side member is equal to F(pik)- Finally, the set Ck is included in 
Eai^{e,N) for all N > Nk, so that F{ak) < Using (6), we obtain (15) 

for fc > 1. For fc = 0, /“"'(oq) = = F{ao) = 1. 

4.3. Construction of A when d = A 

We will use the same A as before, with extra conditions on the sequences {Ik) and 

(Ck). 



Lemma 3. Given a dyadic interval [0,2 ^], and a real number 6 G (0,1), there 
exists a compact set C such that A(C) = 5, and for all n > N: 

u;(2^,C) < (18) 

Proof. For any sequence (a;^) of integers such that 

CJiV = 1 , < ^n+1 < (19) 

there are infinitely many ways to construct a compact set C as the limit of em- 
bedded coverings by ujn dyadic intervals; such a set verifies o;(2’^, C) == ujn> Let us 
define 

a;n = 

where E[.] denotes the integer part. It is clear that uJn < ^n+i- On the other hand, 
S<l=^{n-N-\-l)5<{n-N)S-\-l, 

so that 

E[{n - V + 1)6] < E[{n - V) J] -h 1, 

which gives cOn+i < Then the conditions given in (19) are fulfilled. This 
proves the existence of the set C. Finally, (18) is also verified, and 

A(C) = limsup =6. □ 

^ ^ n log 2 




34 



Jacques Levy Vehel and Claude Tricot 



Lemma 4. Let Ik — [2 ^^,2 ^ [0,1]^ and Ck he a compact set included 

in Ik such that A{Ck) = Sk and for all n>2^^, 

uj{2^,Ck) < (20) 

Then for any strictly increasing sequence (fc^) of integers: 

A(|JCfcJ = supA(C'fcJ. (21) 

i 

i 

The existence of Ck is proved in Lemma 3. 

Proof. Let 6 = sup^A(CfcJ. The inequality A(|J.(7fcJ > J is trivial. For the 
reverse inequality, choose for any n the integer in such that 

2ki^ <n< 2ki^^i. 

Then Ui>i^^iCki C [0,2“’"], and 

w(2",lJC'fcJ<l + y;a;(2",CfeJ. 

i i=l 

Using (20), 

i<in^ w(2",CfcJ < < 2"^ 

Since in < n, 

a;(2”,|JCfcJ < l + n2"^ 

i 

Thus 

A(U Ck, ) < lim sup ^ ° 

Let us now take {Ik) and {Ck) as in Lemma 4, with 5k = F{ak)^ and come 
back to Equation (17). Using (21) we obtain: 

A(J5a,,(e)) = sup{A(C'i)/|o!i - 0:^1 < e}, 

SO that 

fr'io^k) = liin sup{F(ai)/|o;j - ak\ < e} = F{ak). 

£—>•0 

We conclude as before. 



5. Examples of spectra 

In this section, we provide various examples of computation of the new spectra. 
They are meant to show that the inequalities between the spectra may be strict. 
We choose for d the box dimension, as it is the one most often used in applications. 
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Example 1. /a ( a) < /a“(«) for all a. Let Ai[a, 51) = a for all [a, b] C [0, ll. Then 
D = [0, 1 ], and for all a; € [0, 1], a{x) = x. For all N, 

Ea{e,N) = Ea{e) = [a - e,a + s] , Ea = {a}. 

Therefore A(£;„) = 0, A(£:„(e)) = A(£?„(e, V)) = 1 . Finally, V„(e,n) ~ 2e/2"”. 
For all a G D, we obtain 

/a(«) = 0 , fria) = = 1 , f,{a) ^ 1. (22) 

It is not possible to find a function or a measure whose Holder regularity 
is exactly A above. However, it is easily checked that the set function defined on 
intervals by C([a, b]) = \b — a\^ extends to a Choquet capacity on the Borel subsets 
of [ 0 , 1 ], to which a multifractal analysis may be applied (see [ 12 ]). Alternatively, 
one may relax the condition A{[a,b]) = a. Indeed, the computations above still 
apply when, for all u C [0, 1], 

uniformly with respect to j-uj. This situation is illustrated by the generalized Weier- 
strass function W (see Section 3.3), with A{u) = logvw{y')/log \u\ and vw{'^) the 
oscillation of W in u. There exists constants Ci ^ 0 and C 2 such that: 

V It = [a, 6], Ci\u^ < v\y{u) < C 2 \u\^. 

Then (23) is verified, and the spectra take the values shown in (22). 

Example 2 . < /a”^(<^) for some a. This example shows that 

may be different from when d is not a-stable. 

Let 7 > 0 and F = {k~'^ : k >1}. Then A(F) — 1/(7 + !). The left extremity 
of u is denoted by itmin- Let p : [0, 1] — > E be a strictly increasing, continuous 
function such that p(0) = 0. For all it € X([0, 1]), let 

4 / N / 0 if It n F ^ 0 and p{\u\) < Umin 
I 1 otherwise 

If X G F, Un{x) n F ^ 0. There exists a smallest integer N{x) such that n > 
N{x) ^ p(2~'^) < Un{x)uiini SO that an{x) = 0. For all e = 2“^, the set Fo(e, N) = 
{k~^ /N{k~^) < N} is finite, and Eo{e) = F. If x 0 F, and n is large enough, 
<^n{x) = 1. Let us take two real numbers c < d and an integer K such that 
2“^ < c — 2~^ < d + 2~^ < 1. For all x G [c, d\ and n> then Un{x) fl F = 0, 
so that an{x) = 1. Therefore [c, d] C Fi(2“^, A") for all N > K. We deduce that 
for all e < 2“^, sup^^ A(Fi(e, A')) = 1. Therefore, 

rlimsup/ \ / ^ if Of = 0 

and 

fUmt ^ ^ if a = 0 

/aW = AW = |i'' 

These results do not depend on the function p. 
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To illustrate this case in the frame of classical multifractal analysis, we deal with 
a slightly more complex but similar situation, and consider the measure defined as 

oo 

fi = £ + 

fc=i 

where C is the Lebesgue measure on [0,1], 5x is the Dirac mass at x and (a^) 
is a sequence of real numbers decreasing to 0 and such that converges. 

Let A(u) = log//(^x)/log |n|. If X = ^ then ^[un{x)) = 2“^ + a/c if n is large 

enough. Since > 0, a(un{k~'^)) 0. But this convergence is not uniform with 

respect to fc, so that for every N the set N) is finite as before. If x ^ F, and 
X ^ 0, then fi{un{x)) = 2~'^ when n large, so that a{un{x)) 1. The results on 
the spectra are the same. 

Example 3. ^ fg{(^) for some value of a. We need to show that there 

is no general relationship between these two spectra. Let /?, 7 , 5, u be such that 
0 < < min{/3, 1} and 0 < a; < 7/(7 + 1). Let F = {k~^} as in Example 2. For 

alUGX([ 0 ,l]),let 

r 0 if \u\^ < Umin < \u\\ 

A{u) = < or 1^1^ < Umin and -u fl F / 0 
[ 1 otherwise. 

The function p{x) of Example 2 is replaced by x^. Results on the spectra /a, /a"^, 
yhmsup unchanged. Let us compute fg. 

The number of dyadic intervals which do not meet F is of the order of 2'^. 
Therefore fg{l) = l. 

Let us evaluate the number Kn of dyadic intervals Un such that ^nHF ^ 0 and 
(^n)min > 2~'^^ . Notc that the minimum distance between two points of F in [x, 1] 
is p{x) k~^ - (fc + 1)“'^ where k~^ x. Therefore p{x) ^ 

Letting x = 2“^"^, is equivalent to which is larger than 2“^ 

since 00 < 7 /( 7 +!). We deduce that Kn Card(Fn[2“’^^, 1]). Since 2“’^^, 

then Kn ^ Since 5 1 , the number of dyadic intervals Un such that 

2~^^ < K)min < 2-^^ is F; - 2 ^( 2 -^^ - 2 -^^) - 

The number of Un verifying A{un) = 0 is equivalent to Kn + Therefore 

^ f max{ — ,1-5} if a — 0 

[1 if a = 1 . 

This result does not depend on /?. 

For a numerical application, take 7 = 1 , cj = l/3, 5 = 2/3: Then /^(O) = 1/3, 
/a"( 0) = 1/2. Let now 7 = 1, a; = 1/3, 5 = 1/3: Then /,(0) = 2/3, /^-(O) = 1/2. 
The spectrum can thus be larger or smaller than fg for some values of a. 

To exhibit a function whose Holder regularity is similar to the above function 
A^ we shall use a technique based on wavelets. Fix a wavelet xp in the Schwartz 
class such that the functions t ^ = 2^^‘^'ip{2H — k), j,k e Z form an 
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orthonormal basis of and define a function 2; by its wavelet coefficients in this 
basis, Cj^k = 2-^ f (note that we use here an normalization rather 

than an one). We set: 

( 1 if 2-^^ < fc2-^ < 2-^^ 

Cj^k = < or 2-^^ < k2~^ and n F ^ 0 

[ 2 ~'^ otherwise 

where = [fc 2 ~^, (fc + 1 ) 2 “’^]. One immediately checks that 2: is in if /? < 7. 
Choose now as is usual A{u^) = \ log(cn,fc)|/n. This yields the desired behaviour. 
Note that 2: depends on the wavelet 'ip. 



6. Continuous spectra 

The definition of the large deviation spectrum fg has two drawbacks: First it 
depends on the choice of the interval partitions (usually the dyadic intervals), 
and second it uses two limiting operations (n tends to +00, then e tends to 0) 
which makes it difficult to evaluate from a given set of data (see [ 9 ] for more 
on this topic). This section introduce variants of fg, denoted by fg and fg, and 
called the continuous large deviation spectra. They are independent of any interval 
partition. Moreover fg uses only one limiting operation. These spectra are helpful 
in numerical applications of multifractal analysis. 

As before, A is a function A([ 0 , 1 ]) — ^ U {+00}. Recall that for any set 

family T, UF denotes the union of all sets in T. For any measurable set E of the 
line, \E\ is its Lebesgue measure. Let r] e ( 0 , 1 ). We introduce families of intervals: 

TZg = {u ^ -^([O? 1]) such that \u\ = rj} 

TZrj{ot) = {u E V([ 0 , 1 ]) such that \u\ = r] and A{u) = a} 

TZg{a) = {u e V([0, 1]) such that \u\ = r] and \A{u) - a\ < e}. 

By convention log 0 / log 77 = +00. 



Definition 4. The continuous large deviation spectra 



f^{a) = lim limsup 



£—>0 



77— »-0 



log(IU^^(o:)l/^) 

|logr/| 



lim lim sup ( 1 

£-►0 V 



log|U 7 l^(a)| 
log 77 



/g(<^) = limsup 



77— >0 



iog(IU^»(g)l/??) 

ilogTjl 



limsup ( 1 — 
T7-.0 V 



log|UF,(g)| 
log 77 



The integer Na{s^ n) used in the definition of fg has been replaced by a mean 
number | |j7^^(a)|/r7 in the definition of fg. In many applications, A is continuous 
and TZrj{a) is non empty for a whole range of values of a: This allows to define the 
spectrum fg, which avoids the use of the “s-tolerance” . 
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Recall that, when the so-called weak multifractal formalism holds, fg can be 
obtained as the Legendre transform of the following function: 

n— >-oo —n 

where, for all ^ G E, Sn{q) is defined with dyadic intervals as follows: 

2^-1 

s„{q) := (24) 

k=0 

with the convention 0^ = 0. One denotes by // the Legendre transform of r: 
fi{a) := T*{a) = inf (ga - r(g)). 

qE:K 

The function fi is called the Legendre multifractal spectrum^ and the equality 
fi = fg, when it holds, is essentially a consequence of Ellis theorem (see [ 6 ]). 

Let us introduce similar notions in a continuous framework. An interval family 
is a packing if all of its intervals are disjoint. For any g G K and for any interval 
family TZ, let 

H^{TZ) = sup{ ^ C TZ, TZ' is a packing}. 

By convention H^{^) = 0. Here are some basic properties of H^{TZ): 

Lemma 5. Let TZ\ , 72-2 families of interval 

1 . 7^l C 7^2 => 7^"(7^l) < /^"(7^2). 

2. H^{1Zi U 7^2) < i^^(7^l) + H^{n2). 

3 . If \u\ = rj and a < A{u) < j3 for all u ^IZ, then 

Zi 

Proof. Property 1 comes from the fact that for any packing 72-3 C TZ\ we have 
7^3 C 72-2. For Property 2, take a packing 72-' in 72-i U 72-2- Let TZ^ =TZ' C\TZi and 
72-2 ~ ^2 • Then 

uew uen[ ueu'^ 

For Property 3, it suffices to consider the case where |J 72- is an interval. Let Mg 
be the maximum number of intervals of TZ covering (J TZ. Show that 

nMr, < Ilj7l| < 2r]Mr,. 

Then use the inequalities < 77 “^ for all u G 7?. and q> 0. □ 

To define a continuous counterpart to Sn{q), we simply take := H^{TZg). 
It can be written as 

= sup{ ^ rf^^'^\TZ' is a packing of [ 0 , 1 ] by intervals of length r/}. 
uen' 




On Various Multifractal Spectra 



39 



The relevant quantity that corresponds to fg is: 

= supF«(7^,(a)) 

a 

= supsup{ ? 7 "^, VJ is a packing such that \u\ = rj and A{u) = a}. 



ueii' 



Definition 5. Let 



and 



r^(g) = liminf 

rj -^0 logr] 



f^{q) = liminf 






T]^o log rj 

The continuous Legendre spectra are defined as ff — {r^y and fi = 



Here are some obvious properties of fg,fg, f\-> /f • 

Proposition 7. 

1. and fi are concave. 

2. V a,f^{a) < f^{a) and fg{a) < f^{a). 

3. If n is a multinomial measure, fg{ot) = fg{(y) = ffiot) = fi{(^) = 

A fundamental property of the continuous spectrum is that, under a mild 
restriction, /f is the concave envelope of /^: 

Proposition 8. 

1. Foralla,f[{a)>{rg{a)r and ft(a) > {f^{a))** . 

2. Assume that fg = -oo outside a compact interval. Then: 

Va, /f (a) = (/;(a))-. 

For part 2, we will need a corollary of the next Lemma, which is of independent 
interest: 



Lemma 6. Let A'(R) be the family of all closed intervals in R. Let F : A'(M) ^ 
M U {— oo} be such that 

I C J F{I) < F{J). 

For any a G M, define f{a) = lime_,o-F([a — e,a e]). Then, for any compact 
interval J and for any real q, 

lim inf {a q - F{[a - s, a e])} = inf {aq - f{a)}. (26) 

e—^Oa^J aeJ 

Proof. Fix q gR. Let L = inf aej{q^ ~ — e,a-{- e])}, I = infc^^ — f{a)}. 

Since F{[a — e,a e]) decreases to f{a) as 6: 0, increases and is bounded 

by 1. Therefore we must show that I < lim^ L. For all e > 0, there exists o;(£) G J 
such that 



q a{e) - F([a(^) - e, Fe]) <lsFe. 



(27) 
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Let /? be a limit value of the sequence (a(l/n)) in the compact J, and r > 0. Let 
N > 2/r. There exists n> N such that \a{l/n) — /3\ < rl2. Since 1/n < r/2, 

n n n n 

so that F{[a{l/n) - l/n,a{l/n) + 1/n]) < F{[p -r,(3 + r]). We obtain 

,/>-F(|/)-r,/3 + r|) < «Wj) + J) - Wi) “ + ^1) (28) 

< ^1/n H ^^ 0 ' 

Th Zl 

Since n can be taken to be arbitrarily large, inequality (29) implies 
qp- F{[P-r,p + r]) < lixah+q^. 

e^O Z 

When r 0, F{[P -r,P + r]) tend to f{P), so that qP~ /(/?) < lim£_»o h- □ 



This result may be applied directly to fg{a,s) or to fg{a,e), when these 
functions have compact support. Therefore: 

Corollary 1. If there exists a compact interval J such that fg{a,e) = — oo for all 
J and e < 1, then 

liniinf{gQ; - fg{ot,e)} = inf{ga - fg{a)}. 

£— j’O a a 

If there exists a compact interval J such that fg{a^s) = — oo for a ^ J and e < 1: 

liin inflq'a - fg{a,s)} = infjga - /g(a)}. 

£—>0 a ^ a ^ 

Remark. The corollary remains true even when fg{(^) (resp. fg{a)) does not have 
a compact support (see [5]). 



Proof of Proposition 8. We treat the case q>0. 

1. We shall prove the equivalent statements: 

T=(9) < inf(qra - fg{a)) and f‘=(g) < inf {qa - fg{a)). 

a ^ a ^ 

For all a and £ > 0, TZg{a) C so that 



Relation (25) implies that 



For all J > 0, there exists £o > 0 such that for all e < eo? 

^ Ml («)!/»?) , 

M — *2- 



,g(a+£)-l 



(30) 

(31) 
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For all ryo > 0, there exists rj < rjo such that 



fa (a) < 



logdU^^WI/^) 

|log7?l 



+ 



SO that 






(32) 

Gathering (30), (31), (32), we get: Taking the logarithm 

on both sides and using the definition of as a liminf: 

T^{q) <qa- fg{a) + qe + 5. 

Let £ 0, then ^ 0 to obtain T^{q) < Maiqa - f^{a)). 

Let us now consider fg{a). For all a, > ^H‘^{TZg{a)) > || \}'R,g{a)\rf°‘~^ . 
We deduce that for all (5 > 0, r/o > 0, there exists rj <rjo such that 

Zi 

Therefore f^{q) <qoL — fg{a) + S. 

2, Let e > 0. Let L^{q) = infa{^a; - fg{a,e)}. For every a there exists r]{a,e) < 1 
such that 

/ r ^ _ log(IU^^(»)l/0) ^ N, 

V < q{a,£) => < fg{a,e) + e. 



|logT/| 



Using (25): 



< j^QOc-f^{a,e)-£{l-\-\q\) 

< ^Le{q)-e{l-j-\q\) ^ 

Let cki, aK be a finite sequence such that J C — e^ai e\. For rj < 

mini {??(«,,£)} : 

Taking logarithms: 

'^>L,(9)-s(1 + M) + ^. 

Now let rj and e tend to 0 to get r^{q) > lime_o Le{q). Use corollary 1 to conclude. 
The case ^ < 0 goes along the same lines. □ 

Remark. The same technique shows that fi = (fg)** when fg has compact support. 



We end this section with some easily proved properties of and f^. 

Proposition 9. 

1. and are increasing and concave. 

2. T^(0) = f^(0) = — A(Supp(A)), where 
Supp(A) = R- U{?/, |^z| > 0, A{u) = +oo}. 
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3. If A{u) = log Ijl{u) / log \u\ with /x a probability measure, then r^(l) = t^(1) = 

0 . 

4. For any sequence (rjn) tending to zero such that linin^oo log r/n/ logrjn+i = I, 

T'^iq) = liminf„^oologi?^„/logr/„ and T'^{q) = lira inf„^oo log log ? 7 „. 

The last property is important for numerical applications, since it allows to 
evaluate and using discrete sequences such as rjn = 2~'^. 
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One-Dimensional Moran Sets and the 
Spectrum of Schrodinger Operators 

Zhi-Ying Wen 



Abstract. We study the structure and dimension of the spectrum of one- 
dimensional Schrodinger operators with Sturmian potentials. For this purpose 
we introduce the class of recurrent Moran sets which are generalizations of 
the well-known self-similar fractals. 
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1. Structure of Moran sets 

In this part we consider some general classes of geometrical constructions and dis- 
cuss the dimension properties of the resulting sets. First we recall some properties 
of the classical self similar sets, and then consider some possible generalizations. 

Let F C be a closed set. A finite family of similarity contractions consists 
of a family of similarity contractions {^i, . . . , Sm} on that is, 

|5j(x) - 5i(y)| = Ci\x - y\ where 0 < < 1. 

Denote by K(W^) the class of non-empty compact subsets of Let S{A) = 
UiLi for ^ ^ K{R^). Then 5 is a contraction mapping on K{R^) [13]. 

Theorem A. [13] Let {5i, . . . , Sm} be a family of similarity contractions on R^. 
Then there exists a unique, non-empty compact set E cR^ such that 

m 

E^\JSi{E). 

i=l 

Moreover, for any A G K{R^) such that Si{A) C A for all i, 

oo 

E=f] S^A), 

k=0 



where is the k-th iterate of S. 
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This set E is called the self- similar set (SSS), or attractor, or invariant set of 
the family of similarity contractions {Si,. . . , 5m}- The sets 5^^ o • • • o Sij^{A), 1 < 
i\,‘ •• ,ik < m are called the basic elements of A of order k. 

We say that the family of similarity contractions {Si,. , 5m} satisfies the 
open set condition ( OSC) if there exists a non-empty open set U such that 
UHi ^i{U) ^ U where the union is disjoint. 

For s > 0 and E C R^, we use W{E), V^{E), dimnE, diuipE, dim ^JS 
and dim^E^ to denote respectively the s-dimensional Hausdorff measure, packing 
measure, Hausdorff dimension, packing dimension, lower and upper box-counting 
dimension of the set E. 



Theorem B. [13] Let E be the attractor of a family of similarity contractions 
{5i, . . . , 5m} where Si has similarity ratio C{. If the open set condition is satisfied 
then 

dim// E = dimp E = dim ^E = dimpE = s 



and 

d<W{E),V\E)<oo, 
where s is the unique positive solution of 






So far we assumed that 

1"" All Si{l < i < my are similarity contractions. 

2"^ The family of similarities is finite. 

3° At each step, the position of basic elements are completely determined. 

4° At each step, the contraction ratios keep unchanged. 

5® The open set condition holds so that Theorem B is true. 

There are many possible ways to generalize the SSS by modifying some of 
the above conditions. Replacing similarities by conformal mappings but keeping 
the other conditions unchanged, we get a Cookie-cutter set, which is the nonlinear 
analogue of SSS. For Cookie-cutter sets the conclusions of Theorem B are still 
valid , but the dimension is presented by a variational principle, see Bedford [1] 
and the references therein. If we consider self affine mappings instead of similar- 
ities, we will get a self-affine set. In this case the conclusions of Theorem B are 
false in general, and it is extremely difficult to calculate the dimensions. For a 
typical case see McMullen [20] . The extension of SSS to the case of infinitely many 
similarity contractions has been studied by Feng De-Jun [7] and Mauldin and Ur- 
banski [24]. Without the OSC, the dimensions also coincide but the other parts of 
Theorem B will be false in general. A typical case has been studied by Rao and 
Wen [26]. As a generalization of SSS, Pesin and Weiss [25] considered a rather 
large class of Cantor-like sets. For the geometric constructions of this class, the 
placements at each step can be arbitrary, and they need not be disjoint in some 
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sense, but the contraction ratios are not changed. Using uniform and non-uniform 
mass distribution principles, they searched for the conditions guaranteeing the 
coincidence of the Hausdorff and Box-counting dimensions. Feng, Wen and Wu 
[8], introduced one- dimensional homogeneous Moran sets. At each step, both the 
placement of basic elements and the contraction ratios may change. They studied 
how these changes influence the dimensions of the resulting set. Hua [10], Hua and 
Li [11], and Marion [21] studied a kind of generalization of SSS which they called 
generalized self-similar set and ensemble a similitude interne, respectively. They 
considered a sequence of families of similarity contractions, and in each step of 
their construction, they applied different contraction ratios, but the placements of 
the basic elements are determined completely by the contraction schedules. More- 
over they both required the lower limit of contraction ratios to be strictly positive. 
Marion discussed the Hausdorff dimension and Hua Su discussed both Hausdorff 
and packing dimension. 

We shall present the dimensions and measures of the following generalization 
of SSS: 

1) The placements of the basic sets at each step of the constructions can be 
arbitrary; 

2) The contraction ratios may be different at each step; 

3) The lower limit of the contraction ratios permits zero. 

As we will show, the requirements 1) and 2) can lead to differences between 
Hausdorff dimension and packing dimension. If the lower limit of the contraction 
ratios is positive, then the packing and upper Box-counting dimensions coincide. 
Otherwise the situation becomes rather complicated. 

We introduce now one-dimensional Moran classes and Moran sets, the higher- 
dimensional cases can be treated similarly. Let J C K be a closed interval; {nk}k>i 
a sequence of positive integers; and ^ = {^k}k>i n sequence of positive real 
vectors, where = (c/e,i, • • • ^Ck^uk), 0 < Ck^j <1, /c G N, 1 < j < rifc. For any 
k eN, set Dk = {(ii,...,z/e); 1 < ij < Uk, I < j < k}, and D = \Jk>o^k- By 
convention, take Z>o = 0. 

Let a = (cTi,...,afc), r = (ri,...,r^) € D, denote a * r = (cri, ..., cr^, ri, 

• • •? '^m)' 

Let J :={Ja CJ;<JGD}bea family of closed subintervals of J, J' is called 
to form a Moran structure if 
r j0 = J. 

2° For any fc > 0 and any a G Dk, • • • , C and for any i ^ j, 

in^( n int{J(j*j) = 0, i.e., the structure satisfies the open set condition. 
3° For any fc > 1, cr G Dk-i and 1 < j < Uk, 



Let J^k '= ^ Dk), then T := Ufc>o^A: = {Ja\ cr e D} = J, any set in J^k is 

called a basic interval of order k oi E. 
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Now let Ek = Ucre£>fc ^ = rifc>o Then E := E{J, J, {rife}, {$fc}) 

is called the Moran set corresponding to the structure ( J, {rik}, Let M := 

M{J, {rik}, {^fc}) be the class of all Moran sets corresponding to (J, {n^}, {^fc})- 
Then M is called the Moran class associated with the structure ( J, {n^}, {^a:})- 

The sequences {rik}k>i and {$fc}/c>i, and the relative positions of basic inter- 
vals play an important role in the study of fractal properties of the Moran classes 
and Moran sets. 

Suppose E,E' e M with J and J' their generating families respectively, 
then the relative positions of the basic intervals of J and that of J' may be differ- 
ent, although but both J and J' satisfy the same conditions of Moran structure 

To discuss the dimension properties of the Moran class M{J, {n/J, we 

define the pre-dimensional sequence {sa:}a;>i, where sa; is the value satisfying 

k rii 
^=l j=l 

Let s* = liminffc-,cx) ^k and s* = limsup;...,^^ sa;. 



The simplest case is inf {c^j} > 0. In this case, we have 



Theorem 1.1. [10, 11, 12, 21] //c* = inf{cij} > 0, then any E G M{J, {n/J, {^k}) 
satisfies 



dimf 7 E = dim ^fE") = dimp £" = dim^(E') = s*. (*) 

Moreover, 0 < H^*{E) < oo and 0 < V^* {E) < oo, respectively, if and only if 

k rii k rii 

0 < lim inf HE < oo and 0 < lim sup HE < oo. 



k -,00 

1=1 j=l 



k^oo 



i=l j=l 



The above theorem, in particular the formula (*), can be seen as the general- 
ization of Theorem B for the SSS, but in the case c* = 0, the formula (*) doesn’t 
hold in general. Additional conditions are needed. 



Theorem 1.2. [8] Let M = M{Jq, {nk}, be a Moran class. 

Condition A. 

1) sup;. Uk := X < oo; 

2) 0 < inf^ maxj{cij} < c* := sup^ maxj{c^j} < 1. 

Condition B. 

Let dk = min {ca;,j}, Mk = max |J^|. Suppose lim = 0. 

cr^Dk k-^oo 

Then under condition A or B, for any E ^ M, 

dimp E = dim ^lE) = s^, dimp E = dimp(E) = s*. 
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For some special structure, we can get some further properties even for c* = 0. 
For any fc > 1, let 1, ...1), i.e. Cfe,i = c/c ,2 = ••• = = Cfe. The 

resulting Moran class A4 (Jq, {n^}, {cfc}) is called a Homogeneous Moran class. 
Put 

logni-*-nA; . .. logni---nfc+i 

= hm mi — ^ , t = hm sup — ^ ^ , 

k-^oo -logCi • • -Cfc+in/c+i k-^oo -logCi • • -C/c + lognjt-i-i 

we have 

Theorem 1.3. [8] For any E e M{Jq, {n/J, {cj^}), 

< dimi/ E < < s* < dimp E < dimsE < t*. 

The following theorem shows a continuity property of the dimensions of the 
sets in A4( Jo, {n^}, {cfc}). 

Theorem 1.4. [8] Let M{Jo^ {^/J? {cfc}) be a Homogeneous Moran class. 

1 ) Suppose < s^ and < a < s^, then there exists E e M, such that 
dimp E = a; 

2) Suppose s* < t* and s"^ < (3 < F , then there exists E e M, such that 
dimp E = /3. 

Above four parameters t*,s*,5*,t* can be attained by the following Moran 

sets: 

Homogeneous uniform Cantor set C:C G M{Jq, {n^}, {c^;}), and for any a G Dk-i, 
the subintervals Jo-*i, • • • , Ja*uk c>f Ja satisfy 

• The left end point of the subinterval J^-*! and the right end point of the 
subinterval Ja^uk coincide with the respective points of the interval J^^; 

• Any two adjacent subintervals have the same distance, i.e., the distance of 

J(T*i ? J(T*z+i is eQual to ci * • • c/-_ i (1 nj^cj ^ ) j {ri^ 1 ) ? 1 ^ ^ ^ 1 • 

Homogeneous partial Cantor set C*: C* G Al(Jo, {c/J), and for any a G 
Dk-i, the subintervals J^r*i, • • • , Ja*uk satisfy 

• The left end point of the subinterval coincides with that of the interval 

JcT5 

• the distance of any two adjacent subintervals is 0. 

Proposition 1.5. ([8]) With the above notation, we have 

dimpC* = t*, dimpC = s*, dimpC* = dimpC* = s*, dimpC = dimpC = t*. 

2. Spectrum of quasi-crystals 

The studies of the spectrum of general one-dimensional Schrddinger operators has 
a long history. For a survey, we refer to Siito [29]. In the 1980’s many people 
studied difference and differential Schrddinger operator with random potential. 

In 1984, Shechtman et. al. found a new kind of alloy phase in sharp cool- 
ing Al-Mn alloy, it’s crystallogram is distinct, and moreover, the crystallogram 
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have not only order 2,3 rotational symmetry, but also order 5 rotational symme- 
try, which had been excluded by classical crystal diffraction theory. On one hand, 
the existence of distinct crystallogram implies that the lattice of sharp cooling 
Al-Mn alloy is orderly, on the other hand, the existence of order 5 rotational sym- 
metry implies that the lattice of the alloy it is not periodic. This new kind of 
crystal is called quasi-crystal now. After the discovery of quasi-crystal, people be- 
gan to study Schrodinger operator with quasi-periodic potential. One-dimensional 
Schrodinger operators with Sturmian potential or substitution potential are two 
classes of closely studied operators. In this article we consider operators with Stur- 
mian potential. 

Let /? G (0, 1) be irrational. We define 

Sn{P) [(^ + - [n(3] for n G Z. 

Then the 0-1-sequence {sn}nez is called a Sturmian sequence with slope (3. Let 
Hi 3 be the self-adjoint operator on P defined by 

= 'Ipfi—i “h '0n+l ^ 'Ip = ^ ^ ? 

where the sequence Vn = Vsn{l3) is called the potential of and Y > 0 is called 
the potential strength. is usually called a Schrodinger operator with Sturmian 
potential {s^jnez- We shall discuss the structure of the spectrum oi 

a{Hf^) = {x G K; x — has bounded inverse}. 

Casdagli([3],1986) proved that the pseudo-spectrum Bqo of Schrodinger op- 
erator for Hj 3 is a Cantor set, where (3 = (\/5 — l)/2 is the golden mean, and 
potential strength V > 24. The role of B^o is to construct a bridge to apply 
trace map theory. By establishing a relation between and cr{HpP) and using a 
method of periodical approach, Siito [28] obtained the same result for the typical 
case y > 4. By using some techniques on random Schrodinger operator [16, 23], 
Bellissard, lochum, Scoppola and Testart [2] proved 1989 that cr{Hp) is a Cantor 
set of zero Lebesgue measure for any irrational (3 and V > 0. In 2002, the same 
result for the substitution potential was independently obtained by Lenz [17] and 
by Liu, Tan, Wen and Wu [18] with different methods. The question whether the 
Hausdorff dimension of cr{Hi 3 ) for irrational (3 is strictly less than 1 and strictly 
greater than 0 has absorbed a lot of attention. The first step was done by Raymond 
[27] in 1997, using the continued fraction expansion of /?. He exhibited a key idea: 
the recurrent structure of the spectrum. For Y > 4 and the golden mean, he gave 
an upper bound of the Hausdorff dimension of the corresponding spectrum, which 
is strictly less than 1. He also gave a conjecture on the lower bound of Hausdorff di- 
mension. On the other hand, Damanik, Killip and Lenz [4], by applying the theory 
developed by del Rio, Jitomirskaya, Last and Simon ([5], [14], [15], 1995-99), proved 
that if (3 has bounded density (this means if [ai,a 2 , . . .] is the continued fraction 
expansion of /?, then limsup ^ < oo), then the Hausdorff dimension of 

k—^oo 

the spectral measure of is strictly greater than 0. Since the spectral measure 
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is supported by the spectrum cr{Hi 3 ), the HausdorfF dimension of the spectrum is 
bounded away from zero. Note that the set of irrational numbers with bounded 
density has Lebesgue measure zero, so their result is only valid for a set of /?’s of 
Lebesgue measure zero. 

Based on the observation of Raymond [27], we will show a recurrent structure 
of Moran type of the spectrum and develop some techniques for Moran sets 

presented in §1 (see also [8, 12]). 

2.1. Spectral structure 

It is well known that if the potential sequence of the operator H is periodic, then 
the spectrum of is a finite union of some intervals. To get the spectrum of 
the operator with non-periodic potential {vn}nez, one adopts often the truncat- 
ing technique, consider a sequence of positive integers {rik}k>u for each fc, take 
subsequence {vi}\i\<nk^ extend it to be a periodic sequence Sk- Let 

be the operator with Sk as its potential, then its spectrum cr{Hk)^ we call the 
approximate spectrum of order k of cr(i7fc), will be a finite union of some inter- 
vals, the spectrum of the original operator will be the limit in some sense of the 
family of {a{Hk)}k>i- A way for determining the spectrum a{Hk) is the method 
of transfer matrix, see for example [29]. The advantage of this method is that the 
structure of the a{Hk) is much simpler than cr{H). But there are some difficulties: 
(1) How to choose the sequence {rik}k>i^ (2) For each k, we wish to know the 
explicit structure of (j{Hk), in particular, the main difficulty is to estimate the 
length of the intervals in the construction of a{Hk); (3) The relations between the 
approximate spectra of different orders. 

By this way, we are going to analyze the spectrum of the operator Hp. 

Let (3 = [ai, tt 2 , . . . , a^, . . .] G (0, 1) be an irrational, and let Pk/qk{k > 0) be 
the fc-th asymptotic fraction of /?: 

P-i = 1, Po = 0, Pfc+i = CLki-iPk +Pk-i, k>0, 
q-i =0, qo = 1, qk-\-i = ak^iqk + qk-i, k>0. 



Let fc > 1 and x G M, we define the transfer matrix Mk{x) over qk sites by 



Mk{x): 



X-Va 



-1 

0 



X-Vq,-l 

1 





1 

to 


r— 1 
1 




1 


-1 ■ 




1 


o 




1 


0 



By convention, take 

M_i(x) 

Let t(^k,p){x) = trMfc. 



-V 



Mo(x) = 



-1 

0 



i(a:)M^(a;) and a(^k,p) = {x € M : |i(fc.p)(x)| < 2}, 



where trM stands for the trace of the matrix M. With these notations, the fol- 
lowing facts have been found in [2, 27, 29, 30] which can be used to estimate the 
length of the intervals of approximating spectra. 

(A) Renormalization relation: for any fc > 0, 



Mfc+i(x) = Mk-i{x)(Mk{x)) 






^(fc+2,0)(x) — t{k,ak+i){^)- 



( 2 . 1 ) 
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(B) Trace relation: for any A: > 0,p > -1, 

^(fc+i,o)W + *(fe,p)(^) + i^fe,p+i)(a;)-«(fe+i.o)(a:)^(fc,p)(a:)i(fc,p+i)(x) ^V'^ + i. (2.2) 

(C) Let degt(^k,p){^) denote the degree of the polynomial then for 

Y > 4, (T(^k,p) is composed of deg {x) pairwise disjoint closed intervals which we 
call the bands of (T(k,p)i we note B(^k,p) these bands. Moreover t(^k,p){x) is monotone 
on each band ^(/e,p)- 

The following proposition shows the relations between different approximat- 
ing spectra and the original spectrum. 

Proposition 2.1. [2, 27] With the notation above, we have 

(1) <^(/c+2,0) LI ^ ^(fc+1,0) 

(2) = nfc>o(^(fc+l,0) LI 0)); 

(3) For any ken and p > -1, a(/,,p+i) C (T{k-^i^o) U o-(fc,p); 

(4) For any k en, p>0 andV > A, ^(^+ 1 , 0 ) H a(^k,p) H (T(k,p-i) = 0- 

By Proposition 2. 1.(3), 2. 1.(4) and the fact that cT(^k,p) is a finite union of 
bands, we have that 

Corollary 2.2. For any k eN andp > —l,any band of(T(^k,p-\-i) contained entirely 
either in a band 0 ) or in a band of a(^k,p)- 

Raymond found that different bands of the same order may play some differ- 
ent roles. He distinguished these bands by introducing the notion of types. 

Definition 2.3. [27] Let A; € N, we define three types of bands as follows: 
(A:,I)-type band: a band of CF(^k,i) contained in a band of (T(k,o)'i 
(A;,II)-type band: a band of CT(^k-\-i,o) contained in a band of a(^k,-i)'i 
(A;, III)-type band: a band of o-(fc+i,o) contained in a band of cr^k^o)- 

These three kinds of types of bands are well defined [27] because of Propo- 
sition 2.1, (3) and (4). We call these bands spectral generating bands of order k. 
Denoted by Qk the set of all spectral generating bands of order k. Note that for 
A; = 0, there is only one (0,I)-type band <j(o,i) = [Y - 2, Y -h 2] and only one 
(0,III) type band ct(i^o) = [-2,2]. Notice that all bands of cr(k-{-i,o) is either (A:, II) 
or (fc,III)-type (see Lemma 2.5), but there exist some bands of (T(^k,i) which are 
not generating bands. 

The following lemma 2.4 shows us some recurrent relation between spectral 
generating bands of order k and order A: + 1, which concludes any spectral gener- 
ating bands of order k contains certainly some spectral generating bands of order 
fc+l; and the lemma 2.5 determines completely the recurrent relation of successive 
spectral generating bands and establishes the relation with the spectrum. 

Lemma 2.4. [27] Let k eN, 

(1) A {k,l)-type band contains a unique band of a(^k-\- 2 ,o) which is a {k+l,ll)-type 
band: 
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(2) A (k,U)-type band contains a^+i + l bands i) which are o/(fc + l,I)- 

type bands; and contains a^+i bands o/(j(/e^_ 2 ,o) which are o/(fc + l,lll)-type 
bands; 

(3) A (fc,III) type band contains bands o/ (7(^+1 1 ) which are of {k+ 1^1) -type 
bands, and contains ak-^i - 1 bands o/<j(fc_^ 2 ,o) which are of {k l,lll)-type 
bands. 

Lemma 2.5. [19] 

(a) Given k > Q, let Gk = ^ union of all the spectral generating 

bands of order k, then cr{H( 3 ) = ri/c>o 

(b) Let k > 0, then any spectral generating band of order k-\-l is contained in a 
spectral generating band of order k. 

We find that for V > 4 the structure is more complex but still a little analo- 
gous to Moran structure. So on one hand we define a new kind of set class-recurrent 
Moran class, on the other hand we apply a lot of techniques used in study of Moran 
class. 

2.2. Recurrent Moran structure of the spectrum 

Last section shows some information on the recurrent structure of the Schrodinger 
operator with Sturmian potential. It seems to have some similarities with the 
structure of Graph-directed sets and Moran sets, as we will see that, it is much 
more complex than both classes above, for further discussion, we recall first the 
definition and properties of Graph-directed sets which we copy from [6]. Let V be 
a set of Vertices’ which we label {1, 2, . . . , g}, and let £* be a set of ’directed edges’ 
with each edge starting and ending at a vertex so that {V, E) is a directed-graph. 
We write Ei^j for the set of edges from vertex i to vertex j, and E^j for the set of 
sequence of k edges (ei, . . . , e^) which form a directed path from vertex i to vertex 
j. For each e G let Fg : be a contracting similarity of ratio rg with 

0 < Tg < 1. Then there exists unique Gi, . . . , G^, such that 

= u u 

j — 1 6 ^ E-i ^ j 

The sets {Gi, . . . , G^} are called a family of graph-directed sets. We assume 
that the unions above are disjoint for all i. 

For any s > 0, we associate a g x g matrix with (i, j)-th entry A[^j = 

^eeEij 

is primitive (that is , there exists an integer p > 1 such that all entries 
of the matrix {A^^^y are strictly positive), and if s > 0 such that the largest 
eigenvalue of A^^^ is 1, then 

diuiH Gi = dim ^Gi = dim^G^ = s, for i eV. 
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By comparing the definitions of Moran sets, graph-directed sets and the struc- 
ture of the spectrum described above, we introduce the following recurrent Moran 
structure for the spectrum. 

Keeping the notations above, let Q = Ufc>o ^ spectral 

generating bands. We introduce now a kind of matrices for describing the structure 

oig. 

Let A = {1,11,111} be an alphabet. Let T = (Tn}n>i be a sequence of non- 
negative 3x3 matrices 

0 10' 

ttn + 1 0 an , n > 1, 

an 0 an 1 

where is the n-th partial quotient of the continued fraction expansion of j3. 

Intuitively, tij{n) represents a (n — l,z)-type band which generates tij{n) 
bands of (n, j)-type, where z, j € A. 

Let /c > 0 be an integer. Then from Lemma 2.5, for any spectral generating 
band B G Gk, there exists a unique word zoZiZ 2 ' ^ such that B is a 

(fc,Zfc)-type band which is contained in a (i,z/)-type band for any 0 < / < fc, we 
call ioi\i 2 * • • U the type index of B. With these notations, we see that 

Dk := \ io,k,. . . ,ik & A, io = I or III, > 0, 1 < j < k} 

is the set of all possible type indices of bands in Gk- Set D = Uk>oDk, by convention 
we assume Dq = (I, III}. Note that two different bands of order k may have the 
same type index. In fact, for any fc > 0 and r = zozi -ik ^ D, let 

(l)^iiZ2 (2) ‘ ‘ ‘ ^ik-iik (^)’ 

then there are just Kr bands in Gk with type index r. 

G has the following recurrent Moran structure: for any B £ Gi there exists 
fc > 0 such that B G Gk-, l^t r = ‘ - ik be the type index of B, then by 

Lemma 2.4, for any s e A, B contains U^^sik + 1) bands in Gk-\-i with type index 
r*s G Dk-j-i (where stands for the concatenation of words), and all the spectral 
generating bands of order fc + 1 contained in B are mutually disjoint. 

For estimating the Hausdorff dimension of the recurrent Moran structure, we 
need to estimate the length of bands in G (this is difficult because even the bands 
in Gk with the same type index may have different length), so we introduce two 
auxiliary sequences of matrices V = {Pn}n>i and Q = {Qn}n>i as follows: 

0 0 

Pn ■“ ■ ^ij^n 0 ) 

0 0 

Qn • (.Qijkij^A ' 2) 0 U^(^CLji “1“ 2) 

_ Usian + 2)~^ 0 U3(a„ + 2)“^ 

where ui = 
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The following two propositions will be used to estimate the length of the 
bands, which play an important role in the estimating of the dimensions of the 
spectrum. 

Let W = {Wn = {wij{n))ij^j\}n>i be a sequence of matrices with Wij{n) > 
0(i, j G v4, n > 1), then for any r = ioii • • • define 

Tr(W) = (^) ‘ * ■ (fc)- 

Proposition 2.6. [19] Let (3 = [ai,a 2 ,...j G (0,1) be an irrational and V > 20. 
Then for any spectral generating hand B ^ Q with type index r, 

4L,(Q) < |B| < ALr{V). 



Now we introduce two other auxiliary sequences of matrices T' = {T^}n>i = 
and Q' = {Q^}„>i = {%(n))i,je^}n>i as follows. 

If < 3, define 



t; = t„, q; = 



and if a„ > 3, define 



U2{a, 

U2{a, 



0 

^ + 2)-^ 
^ + 2)-^ 



^2(^n 2) 

0 
0 



U2(a, 

U2{a, 



0 

f + 2)-i 
f + 2)-i 





■ 0 1 0 ■ 




0 U 2 ^ ^ o' 


T' = 

n 


bfi 0 bn 


II 


U2{an~\-2) ^ 0 U2{On 2)~^ 




0 bn 




U2(cLn + 2) ^ 0 U2(Un + 2)~^ 



where U 2 = and bn = max{2, [(a^ - l)/2]}. 



Proposition 2.7. [19] With the notations and the hypotheses above, there exists Q' C 
Q such that f]Go = Go, for each band B e G' of type index r = ioii • "ik{k>l) 
contains at least t[^g{k 3-1) bands in G' H Gk-\-i of type index r * s, and 

\B\ > 4L,(Q'). 



2.3. Dimensions of the spectrum 

Keep the definitions and the notations introduced in the previous sections, by 
using Propositions 2.6 and 2.7, we can estimate the dimensions of the spectrum 
of one-dimensional Schrodinger operator with Sturmian potential, we summarize 
some results here, for more details, we offer to [19]. 



Theorem 2.8. [19] Let [ai,a 2 , . . .] be the continued fraction expansion of the irra- 
tional number (3 G (0, 1) and let M(/3) := limmfk^oo{oia 2 • • • Ok)^^^. Let P > 20 
and U\ — g , Uj 2 — , then 

(1) If M {(3) < 00 , then 



In 2 lnM(/3)-ln3 

101n2 - 31nu2 ’ lnM(/3) - ^(^ 2 / 3 ) 
(2) If M{/3) = 00 , then 



} < dimH{cr{II(3)) < 



21nM(/?) + ln3 
21nM(^)-lnui* 



= 1 . 
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Prom the above theorem, we get immediately 

Corollary 2.9. IfV> 20, then for any irrational (3 G (0, 1); 

(i) dimff ((r(iJ/3)) > 0. 

(ii) Let [ai,a 2 ,...] he the continued fraction expansion of f3, then 

dim//((j(i?/ 3 )) < 1 if and only if liminf(aia 2 • • * ak)^^^ < oo. 

k—^oo 

Remark 2.10. Let 

T :-{l3 = [ai,a 2 ,..] G (0,1); liminf(aia 2 • • • < oo, } 

/e— >oo 

then by the metrical theory of continued fractions, the set P has Lebesgue measure 
one ([16]). Consequently, if P > 20 then dim//(cr(iir^)) > 0 for all /3 G (0, 1), and 
1 > dimnicriHfs)) > 0 for almost all j3 G (0, 1). 

Remark 2.11. Here is an example such that the Hausdorff dimension of the spec- 
trum is 1: Take (3 = l/{e- 1), it is known that (3 = [1, 1, 2, 1, 1,4, ... , 1, 1, 2fc, . . .], 
thus dim// er{H^) = 1 for F > 20 by Theorem 2.8. (2). 

Remark 2.12. Let M(/3) < oo, then for any e > 0, there exist V large enough, 
such that dimn (r{Hj 3 ) < e. 

Acknowledgement. The author thanks Dr. Qin-Hui Liu for the helpful 
discussions and support in the preparation of the article. 
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Abstract. We study the small scale of geometric objects embedded in a Eu- 
clidean space by means of the flow deflned by zooming toward a point in 
the object. For Fuchsian and Kleinian limit sets this “scenery flow” corre- 
sponds naturally to the geodesic flow. We explore this analogy in a variety of 
examples, coming from dynamics, geometry and probability theory. 
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1. Introduction 

Suppose we center a mathematical microscope at some point of a fractal set, and 
turn the knob continuously; as we zoom down toward smaller scales, ever-changing 
scenes go past us, as if we were riding on a train taking us deeper and deeper into 
the heart of the fractal landscape. Let us try to model such a fractal excursion 
mathematically. The continuously changing nature of the process suggests that 
a precise description will involve a continuous-time dynamical system, in other 
words a flow. In this article, we shall sketch how such a flow (the scenery flow of 
the fractal set) can be defined, and indeed, constructed rigorously for a variety of 
examples, and we shall see how the scenery flow can be usefully applied in studying 
the fractal geometry. We shall, moreover, see that this flow of magnification, and a 
related translation flow, provide close analogues of two familiar flows: the geodesic 
and horocycle flows of a Riemann surface. 

To begin our story, we shall recall some basic properties of these classical 
flows. 
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2. Geodesic and horocycle flows 

In the complex plane C, let M. = {z = x iy : y > 0} denote the upper half 
plane. The interior of H, those points with y > 0, is given the hyperbolic met- 
ric, defined by = (dx^ + dy^)/y^, which makes it isometric to the Poincare 
disk A. The orientation-preserving isometries for this metric are the real Mobius 
transformations Mob(E), with 

fA{z) = (az + 6 )/(cz + d) 



for A 



where a, 6 , c, d G R and det(A) = ad-bc = 1; that is, A G 5L(2, ] 



a b 
c d 

the special linear group. 

The matrices A and 7 A for 7 7 ^ 0 give the same Mobius transformation, and 
this is the only such identification, so M 6 b(R) = P5L(2,R), the projective special 
linear group. Let T C Mob(R) be a discrete subgroup. Then the identification 
space r\M is a Riemann surface; this may be compact, or be noncompact with 
either finite or infinite area. The unit tangent bundle of IHI can be identified with 
PSL{2, R). This correspondence is easily described. We will associate (arbitrarily) 
the identity matrix I to the vector ii which is located at the point z G IH and points 
in the vertical direction; then, given A G S'L(2,R), let fXiU) be the image of this 
vector by the derivative map of /^, that is, it is the vector located at the point 
which has been rotated appropriately by the argument of the complex derivative. 
This image vector also has hyperbolic length one, as Mobius transformations are 
isometries for the hyperbolic metric; so this defines a map from PSL{2,R) to the 
unit tangent bundle Ti(M). The group T acts on PSL{2,R) by left multiplication 
and one sees that F\PS'L(2, R) is the unit tangent bundle of the surface r\H. 

The geodesic flow on the surface is by definition the flow on this unit tangent 
bundle which moves a vector along its tangent geodesic at unit speed. Algebraically, 

e^ 0 

this is given by right multiplication by Et = ^ _i 

[0 6 2 

understand this, note that this matrix is equivalent as a Mobius transformation to 
which dilates the plane by the factor and hence moves the vector ii up 



on r\P5L(2,R). To 



0 

0 1 



the imaginary axis at unit speed in the hyperbolic metric. The action on a general 
unit vector is then given by the conjugation by f\ which is a hyperbolic isometry, 
so this is indeed the geodesic flow. The unstable horocycle flow is given by the 



right action of = 



1 0 
t 1 



; the stable flow acts by its transpose. As the names 



suggest, these preserve the unstable and stable horocycles. Recall here that the 
stable set of a point x in a flow rt is the set of all y which are forward asymptotic 
to X, i.e. such that d{rt{x) , Tt{y)) 0 as t ^ +00, while for the unstable set we 
trade + for —00. The stable set of the point U for the geodesic flow is the set of all 
vertical unit vectors based on the line y — I, see the right side of Fig. 2. This line 
is a “circle” tangent to 00. Therefore by conjugation, stable sets of the geodesic 
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Figure 1. Covering space for punctured torus; the geodesic flow 

flow are one dimensional, and are exactly the orbits of the stable horocycle flow, 
which are carried by those circles classically known as horocycles: those tangent to 
the boundary M of H. 

For the simplest example of a noncompact, finite area surface, see Fig.l; here 
(depicted in the disk model) F is a free group on two generators, these being two 
hyperbolic Mobius transformations, one which shoves the interior of the disk to the 
right and one which moves everything up; the curved quadrilateral in the center 
is a fundamental domain for this action. The left side is glued to the right, and 
the bottom to the top, so the resulting surface is a torus, just like for the usual 
gluings of a square, to get the quotient space except that now the corner 

point gives a cusp, as it goes out to oo in the hyperbolic metric: this is a punctured 
torus (Fig. 1). Classical results are: 



Theorem 2.1. The geodesic and horocycle flows gt,hf,h^ preserve Riemannian 
volume of the unit tangent bundle of the surface M. This measure is finite iff the 
surface area is finite. For this case, if M is compact ( equivalently has no cusps ) 
then: 

(i) gt is ergodic, indeed is measure-theoretically isomorphic to a Bernoulli flow 
of finite entropy (= 1); 

(ii) h^,hl are uniquely ergodic, with entropy zero. 

In the finitely generated, finite area case with cusps, all this is true except that 
hi are only nearly uniquely ergodic; normalized Riemannian volume is the only 
non-atomic invariant probability measure if we disallow measures which give mass 
to horocycle orbits tangent to cusps. 

More interesting for us will be the infinite area case, where the cusp opens 
up to flare out in a hyperbolic trumpet. Fig. 3, we return to this below. 




62 



Albert M. Fisher 



T\M) T\M) 

9a 1 



9a 



T\M) > T^{M) 



hi) 



Figure 2. A commutative diagram, seen in the upper half plane; 
hyperbolic distances = flow times. 




Figure 3. After opening the cusp; gluing, we now have infinite area. 

The flows Qt and hf = do not commute, but do satisfy the following 
commutation relation: 

^b9a — 9a^e~°'h' 

In other words, the diagram in the left part of Fig. 2 commutes. One can prove 
this algebraically, or see it geometrically in the upper half plane, as illustrated in 
the right-hand part of the figure. 

Remark 2.1. Because of the commutation relation, the pair (geodesic flow, horo- 
cycle flow) gives an action of the {ax -h 6)-group (the real affine group) on T^(M). 
This already hints that there might be a relation with fractal geometry, as fractal 
sets generally exhibit symmetries with respect to both dilation and translation. 

Observation. The commutation relation tells us that ht = hf is isomorphic to a 
speeded-up version of itself. An ergodic theorist immediately will recognise that 
this is very special, as the entropy of a sped-up transformation or flow multiplies 
by that factor, so in this case: 

entropy (ht) = • entropy(ht). 
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There are, thus, only two possibilities for the entropy of the flow (or h'^): 0, 
or oo! 

We have already seen an example of zero entropy (the finite area Riemann 
surface case); next we shall see a situation where infinite entropy occurs, and this 
example will lead us into the fractal realm. 



3. Brownian motion and stable processes 

Let Q be the space of continuous functions from M to E, with the topology of 
uniform convergence on compact sets. This makes Q into a Polish space, that is, a 
complete separable metric space, which is ideal from the point of view of measure 
theory. 

Let jji denote Wiener measure on fi, conditioned to be 0 at time 0, and defined 
both for future and past times. Then the scaling property of Brownian motion says: 
for B e Q and a > 0, 

is “distributed like” B(t). What this probability language means to an analyst is: 
the transformation B ^ Aa(B) defined by 

{Aa{B)){t) = B{at)/V^ 

preserves Wiener measure. To an ergodic theorist this suggests the following: defin- 
ing 

9t = Ag-t, 

the action ^ f] is a measure- preserving flow! Next question: what flow is it? 
Answer: up to measure theoretic isomorphism, it is (the) Bernoulli flow of infinite 
entropy. (See [Fis87], and see [Fis04] for related work.) Call this the scaling flow 
of Brownian motion; geometrically it dilates time and rescales space appropriately 
to give another Brownian path. 

Next, consider the increment flow, 

{{h^)a{B)){t) = B{a + t)-B{a). 

This simply shifts the origin point (0,0) along the graph of B{t), and since the 
process B{t) has stationary increments, again preserves the measure p. 

Now comes the magical part: these two flows satisfy the same commutation 
relation as the geodesic and horocycle flows of our surface! But what is (/i^)t, 
measure-theoretically? Answer: it is now infinite entropy. (One way to see this is 
to note that the increment flow is naturally isomorphic to the shift flow on white 
noise, which is an infinite entropy Bernoulli flow; the isomorphism is given by 
integration). So we have our “infinite entropy horocycle flow” example. 

It is clear that the same commutation relation holds for any self-similar pro- 
cess with stationary increments; examples are the stable processes, see [FL02]; see 
[Za91] for closely related work. 
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4. Brownian zero sets 

This study of Brownian motion gives us almost for free another example, which 
will make the link to fractal subsets of the line. As is well known, the zero set of a 
Brownian path, Zb ^ K, has Hausdorff dimension 1/2, and for the gauge function 
(j) = (2noglog(l/t)) 2 , has positive locally finite Hausdorff measure H(f). Now define 
the map from Q to itself by B{t) Tb( 0 where Lsit) = H(I){Zb H [0, t]), the total 
measure up to time t (and similarly for t < 0, but with negative sign). Write 
for the image measure on path space fi; this is Paul Levy’s local time. (Note: to 
visualize the local time LB{t) of a Brownian path B, it helps to know - by a 
theorem of Levy - that local time paths are exactly maximum paths M^{t) = 
sup{B{s) : 5 G [0, t]} for a different Brownian path B.) The flow gt preserves these 
correspondences, hence the scaling flow on (fi, gz) is also a Bernoulli flow of infinite 
entropy (being a factor of the flow on (fl, g)) [BF92]. But what about the increment 
flow? Here things change: we slide into the gaps of the local time; the appropriate 
measure has become infinite. We shall return to examine the consequences of this 
in §11. 



5. The extended Cantor function (or Devil’s Staircase) 

The graph of Brownian local time is a continuous, nondecreasing function with a 
dense set of flat spots, reminiscent of the Cantor function- which suggests to us 
that we study that non-random example in a similar way. In [Fis92] we see an ex- 
tended version of the usual Cantor function as depicted, say, in Mandelbrot’s book 
[Man]. Note the upper and lower envelopes of the form ct^ for d = log 2/ log 3, the 
Hausdorff dimension of the Cantor set. Now this extended function L(t), defined 
to be identically 0 for ^ < 0, satisfies 

L{3t)/2 = L{3t)/3^ = L{ty, 

this means that for the scaling flow gt of exponent d, gto(L) = L, where to = log 3; 
in other words, the scaling flow of this graph is a single periodic orbit! 

Rescaling this path represents zooming down toward the point 0 in the Cantor 
set. But though the set C is, as we all know, “the same everywhere”, on closer 
inspection this isn’t quite so true. What do we see, for instance, if we slide the 
graph of / over to the point 1/4 (which happens to be in C) by the increment 
flow, and then begin rescaling? In this case, the orbit is no longer periodic, but will 
converge asymptotically to a different periodic orbit, one with twice the previous 
length: 2 log 3 = log 9. But now differently from the point 0, there is asymptotic 
scenery on both sides of the point 1/4 [Fis92j. 

And this is still very special: what happens when a general point of C replaces 
the number 1/4? Answer: after taking the forward orbit closure, we get a mixing 
ergodic flow! This will be naturally isomorphic to the scenery flow of the fractal 
set C, with which we began the article. So now it is time to give some precise 
definitions. 
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6. The scenery flow 

Let n = be the collection of all closed subsets of topologise this by 

taking first the Hausdorff metric on closed subsets of the one-point compactifica- 
tion and then taking the relative topology on this subset Q. This topology (the 
Attouch-Wetts or geometric topology, see §2 of [BF96]) makes compact; for an 
example consider Fn = {n}; this sequence of subsets of R converges in ^(R) to 
the empty set. 

Define the magnification fiow on by A • A. Choose a closed subset 
F C R’^, choose a point z e and define Q.(f,z) be the omega-limit set of 
(F — z), the set translated so as to place 2 : at the origin. Thus, 

^F,z = P) closure{^t(F - z) : t> T}. 

T>0 

The fiow 9t) is the scenery fiow of the set F at the point z. 

Example. Let C be the Cantor set C C [0, 1]; define C = U^qS^C, so 3 • C = C. 
Then 

5iog3(c) = . a = a, 

so the scenery flow of (7 at 0 is {e^C : t G [0,log3]}, and this is a single periodic 
orbit of length log 3. The total Hausdorff measure L(t) = Hd{Cr\ [0, t]) gives a non- 
decreasing continuous function, the extended Cantor function, and this produces 
a flow isomorphism to the scaling flow of the Cantor function, described before. 

Definition 6.1. The scenery flow of the set F is the flow of magnification by e^ on 
the union of the scenery flow spaces of each point z e F {so Qf = ^^f,z)- 

One can show [Fis92] that the scenery flow of the set C is naturally isomorphic 
to the following special flow: the height log 3 suspension of the natural extension 
of the map 3x( mod 1) on C. As a first consequence, since this flow is recurrent, 
a.e. orbit is dense and so the landscape encountered while zooming down toward 
a general point passes through all possible limiting scenes; the orbit closure is the 
whole space. Moreover, the flow is ergodic, so, by the Birkhoff ergodic theorem, the 
scenes will be encountered with the right frequency. So in particular this proves 
that the order- two (average) density exists and is a.s. constant. See [BF92] for a 
slightly different proof. 

But what else can one say about this flow? The base map is isomorphic to the 
Bernoulli shift a with weights (1/2, 1/2) on E = H?°^{0, 1} via ternary expansion, 
and this map has entropy log 2. Now we see something interesting. By Abramov’s 
formula, flow entropy = (base entropy) / (expected return time), so we conclude: 
entropy (^t) = log2/log3 = d = dim(C)! This gives us a formula for dimension: 

The Hausdorff dimension of C equals the entropy of the scenery flow. 

This formula is not always valid: a counterexample is a Brownian zero set; the 
dimension is 1/2 but the scenery flow is isomorphic to the scaling flow on local 
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time, which, as we have seen, has infinite entropy. Nevertheless, we wonder: is it 
possible that this formula is valid elsewhere? 

7. The Fuchsian case 

In fact we shall find just such an example in Fuchsian limit sets. Recall our modified 
punctured torus, where we opened up the cusp into a trumpet. The limit set A of 
the group F is now a Cantor subset of the boundary (Fig. 3 ; all the open intervals 
which are unions of the closed interval where the fundamental domain meets the 
boundary are removed, leaving a topological Cantor set). So, what is its scenery 
flow? Well, first of all, the Cantor set is a subset of the circle, and zooming down 
toward this we see a tangent line: the infinitesimal scenery of a circle is a line. 
That’s rather boring! But if we consider the scenery flow of the limit set, things 
become much more interesting. What we will see asymptotically is a collection of 
fractal subsets of the tangent space to the circle (the real line) which is invariant 
under dilation. But what are these sets? The answer is satisfyingly simple: they 
are the limit set A moved to the boundary R of H, the upper-half space model of 
the hyperbolic disk. Here we have to allow all possible correspondences via Mobius 
transformations from A to H such that a point of the limit set occurs both at 0 and 
00. Next, what can we say about the dynamics or ergodic theory of this scenery 
flow? We find: 

Theorem 7.1. Let A be the unit disk with Poincare metric, with boundary dA = . 

Let r be a finitely generated Fuchsian group of second type ( that is, the limit set 
A is not all of the boundary). Then the scenery flow of A is a finite-to-one factor 
of the geodesic flow of the surface M = T\A, and the limiting scenes are images 
of A inR with respect to Mobius transformations from A to H. 

Proof. We construct the factor map directly. Let Vp be a unit tangent vector based 
at the point p e A. Consider the geodesic tangent to Up; this is a circle which meets 
5 A orthogonally in two points 77,^ in the past, future directions respectively. Since 
a complex Mobius transformation is determined uniquely by where it sends three 
points, there exists a unique Mobius transformation a = ay^ such that a takes 
Vp to the unit vector —L which points in the direction —i at the location z G IH, 
taking p to z, r/, ^ to 00, 0 and the geodesic to the imaginary axis. 

More precisely, a{p) — z and a*{vp) = — z^, where a* is the derivative of a. 
Now define a map tt : T^(A) Q = { closed subsets of R} by Vp o^^p(A). 
Claim 1. For 7 G F, tt o 7 = tt. 

This holds since 7(A) = A. 

Now let gt be the geodesic flow on T^(A). 

Claim 2. 7r{gtVp) = 

The reason is that in M, moving along the geodesic tangent to —ii (the 
imaginary axis) toward the point 0 G M is isomorphic by conjugacy to keeping the 
vector fixed at location z and dilating IHI by the factor e*. 
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Claim 1 tells us that tt induces a well-defined map tt : T^{M) ft on the 
factor space M = F\A. 

Claim 3. tt is finite-to-one. 

Proof: Suppose n(vp) = n(wg) for some other vector Wg tangent to A. Then 
o ay^ is a Mobius transformation of A which preserves the limit set A. 
Let r be the subgroup of Mob(r) which has been extended from F by adjoining 
all such elements. Then the limit set of F is also A. Now Margulis’ Lemma implies 
that if Fi C F 2 are groups of hyperbolic isomorphisms of and have the same 
limit set, then Fi is of finite index in F 2 . Hence in the factor space T^(M)there 
are at most finitely many such vectors Wg for a given Vp. □ 

We thank Bernie Maskit and Peter Waterman for their help with this part 
of the proof. 

It remains to show: 

Claim 4. The asymptotic limiting sceneries of the limit set in the circle are the 
images by the stereographic projections. 

Proof: Choose a point z in the limit set and place the circle so this point is at 
the origin, in the upper half space and tangent to the real axis. Zooming toward 
2 : for time t is equivalent to dilating this picture by the factor e^; let us at the 
same time consider the downward-pointing unit vector at Euclidean height 1 in 
each picture. The Poincare disks get larger and larger, approximating H, and our 
tangent vector is moving via the geodesic flow. Now superimpose on this picture 
the stereographic projection determined by that vector, that is, by its image in 
the original Poincare disk. The Mobius transformations converge to stereographic 
projections, proving the Claim. □ 

We mention that the above proof extends immediately to limit sets of geo- 
metrically finite groups of isometries of hyperbolic n- space . There is one main 
change: “geodesic fiow” is replaced by “geodesic frame fiow”. Consider for instance 
n = 3. Then A^ is the unit ball in with the Poincare metric; a frame is an or- 
thonormal set of three vectors, one tangent to the geodesic fiow, and the frame fiow 
by definition simply moves this triple according to parallel transport. The choice 
of a frame defines a unique “stereographic projection” to the upper half-space 
model sending the frame fp to the standard basis frame based at the point 
(0, 0, 1) G C The reason we need frames is that pictures of the scenery fiow 
are different when rotated, and the frame fiow will include this information. 

8. Ergodic theory and Sullivan’s formula 

For the case of a Fuchsian group of second type, the geodesic fiow of the surface 
M = F\A at first glance is not nice from the point of view of ergodic theory: not 
only does (M) have infinite volume (this is not a priori a problem, as infinite 
measure ergodic theory can be brought in) but, much worse than that, a.e. vector 
Vp is non-recurrent, i.e. eventually leaves any compact region. Sullivan’s insight 
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is that interesting dynamics can be recovered if we restrict attention precisely to 
those vectors which are recurrent for positive and negative times; these are exactly 
those vectors Vp for which the endpoints at — oo,+oo belong to the limit set 

A. 

Next question: is there a natural measure to put on this recurrent set, replacing 
Riemannian volume? Sullivan’s answer is a modification of Patterson’s measure 
jji on A. (For nice cases, /i is the Hausdorff covering measure on A; for some 
other cases, as Sullivan showed, it is the packing measure.) Sullivan’s measure 
on T^(M) is described as follows. It is defined first on T^(A), in a F-equivariant 
way; hence it projects to the factor space T^(M). A unit tangent vector Vp is 
parametrized by the two endpoints rj ^ plus a real number (where it is along 
the geodesic). Hence T^(A) can be parameterized by (5^ x — diagonal) x M. The 
recurrent set is represented by (A x A — diagonal) x R. The measure is equivalent 
(shares the same sets of measure zero) with (// x /i) x Lebesgue measure; the 
Radon-Nikodym derivative with respect to this product measure is l/\rj - 
with distance measured in the Euclidean metric on the disk and d the Hausdorff 
dimension of A. 

This guarantees that the resulting measure (known as the Patterson-Sullivan 
measure ) is F-equivariant and invariant for the geodesic fiow. Sullivan then proves 
the following theorem (we state the n-dimensional version); some background ref- 
erences are [Pat76],[Pat87], [Sul84], [Sul70]: 

Theorem 8.1. Let T be a geometrically finite subgroup of Mdb{A'^) . Then the geo- 
desic flow is ergodic for the Patterson-Sullivan measure fi, and ji is the unique mea- 
sure of maximal entropy, with entropy equal to the Hausdorff dimension dim{A) = 
d. 



We can hence conclude: 

Corollary 8.2. The topological entropy of the scenery flow of the limit set of a 
geometrically finite Kleinian group is equal to the Hausdorff dimension of that set. 

Proof. The scenery fiow is a finite index factor of the frame fiow. The entropy of 
the frame fiow equals that of the geodesic flow, since it is an isometric extension. 
Since it is a finite-to-one factor, entropy is preserved. □ 



9. The scenery flow of a Julia set and hyperbolic Cantor set 

The definition of the scenery flow (as an omega-limit set of the magnification flow 
acting on closed subsets of R^) makes sense for general fractal sets; sometimes we 
can identify this flow, constructing it concretely. We have already discussed the 
example of the middle- 1/3 Cantor set; this is a linear Cantor set, and many other 
such linear flows (such as those generated by linear conformal IFS’s with the open 
set condition) can be studied by a straightforward modification of this. The case of 
Kleinian limit sets was also easy, as this is also a “linear” case; the maps are linear 
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fractional transformations, and, as we have seen above, the limiting sceneries are 
just given by stereographic projection. 

We describe next the case of hyperbolic Julia sets; conformal mixing repellors 
and hyperbolic Cantor sets are dealt with in a similar way. 

There is an analogy to the Kleinian case. There we had a homomorphism 
7T from the hyperbolic manifold T^(M) = T^(F\A) to the space Q of scenes, 
conjugating the geodesic frame flow to the magniflcation flow on sets. 

Here we construct a “model scenery flow” which will play the role of T^(M). 

Let / : C ^ C be a rational map which is hyperbolic on its Julia set J. 
Write Df for its derivative, and for the action of the derivative on the unit 
tangent bundle of J (by which we mean the unit tangent bundle of C, restricted 
to J), Let f : J J denote the natural extension of this map. The space J is an 
inverse limit and can be identifled with the space of sequences z = , z-iZqZi . . .) 

where Z{ = (zi,0i) e C x [0, 27t] represents a unit tangent vector and the sequence 
satisfles Zi^i = f^{zi). Write Q for this collection of sequences, with shift map d; let 
Q denote the suspension flow over (iTi, a) with height {= return time) log |D/(2^o)|- 
This is our model flow. 

The flow homomorphism tt from to f] is deflned as follows: on the base, 
tt{z) = Lz= lim^_^oo(-D/’^(^-n) • {J — z-n))- The limit is in the Hausdorff metric 
on closed subsets of C = C fl {oo}; thus the Julia set has been centered at the 
preimage z-n and expanded and rotated by the derivative map. That this always 
converges is a consequence of bounded distortion, see [BFU]. We have: 

Theorem 9.1. (^BFU], [FU]^. For the hyperbolic Julia set of a rational map, there 
is, up to rotation, a unique measure of maximal entropy for the model scenery 
flow. Its entropy satisfies the formula ^‘model flow entropy equals dim(J)”. When 
we include rotations, then for all but a few exceptional cases, there is a unique 
measure of maximal entropy and the model scenery flow is ergodic with respect to 
this measure. 

Remark on proof. We refer the reader to [BFU], but mention two interesting points. 
First, ergodicity for the model flow implies a rotational symmetry for the scenery 
flow; that is, when zooming down toward a.e. point we not only eventually see all 
possible scenes, but they occur at all angles (and with the expected frequency). 
This question can, by a lemma of Furstenberg [Fur61] see [BFU] be formulated 
in terms of the non-existence of a certain circle-valued cocycle or equivalently as 
a problem about the non-existence of Hausdorff measure invariant line fields (or 
cross flelds); so, the hard work in proving ergodicity has been transferred to that 
setting: see [FU] and [May]. 

Second, we sketch here the proof of the entropy formula because it is so 
instructive and works out so nicely. Bowen’s formula for dimension [Bo79] reads: 
there exists a unique d such that P {- log \Df\^) = 0; this is dim( J^). Here P{(j)) is 
the pressure of a function (f), which can be deflned as P(</>) = sup(/i(/i) + J </)d/z) 
where the supremum is taken over invariant probability measures and /i(/x) is the 
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entropy of the transformation {J, /, //). We know from the theory of Sinai-Ruelle- 
Bowen that there exists a unique invariant measure fj, such that the sup is attained. 
So we have for this invariant measure fi\ 

0 = /i(^) + j -\og\Df\^diH 

hence 

h{^i) = J log\Df\^d,i = dj log\Df\dfi 

and so 

/log|D/|d/i 

Now the formula on the left is (base entropy) / (expected return time), hence (by 
Abramov’s formula) equals the special flow entropy. 

The scenery flow is, a priori, a magniflcation flow deflned on sets] however, it 
is natural to carry along more information, given (for the previous examples) by a 
labelling inherited from the Kleinian group or map / respectively. This information 
is provided by the model flows; we call this the labelled or marked scenery flow. We 
conclude with a dimension formula which unites Sullivan’s formula for Kleinian 
limit sets, with Bowen’s for Julia sets and “cookie cutter” Cantor sets: 

Theorem 9.2. For geometrically finite Kleinian groups in dimension n, hyperbolic 
rational maps, conformal mixing repellors, and hyperbolic Cantor sets, we 

have the formula: 

The topological entropy of the marked scenery flow of the limit set 
is equal to the Hausdorff dimension of the limit set. 



10. Doubling maps and the Riemann surface lamination 

The simplest example of a hyperbolic Julia set is for the map f{z) = z‘^ c with 
c = 0; then J is the circle and / restricted to J is the usual doubling map of 
S^, isomorphic to x i-^ 2x{ mod 1) on the unit interval. In this case, the natural 
extension of / is the hyperbolic map on the solenoid / : S ^ S, which in turn 
is an a.s. one-to-one factor of the Bernoulli shift cr : S ^ E for E = Here 

\Df\ = 2 so the model flow is the special flow of height log 2 over the solenoid. The 
base entropy is log 2, so the flow entropy is (by Abramov) log 2/ log 2 = 1, which 
is, indeed, the Hausdorff dimension of the Julia set S^. In this case the model 
flow space is identical to Sullivan’s Riemann surface lamination [Sul92], [Sul91]; 
we thank especially D. Sullivan and J. Kahn for conversations on this point. See 
also Chapter VI of [dMvS] regarding these papers of Sullivan. 

This suggests that the model flow for a general hyperbolic Julia set is, on 
the one hand, a generalization of the Riemann surface lamination and on the 
other, an analogue for rational maps of the recurrent part of the frame bundle 
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of the hyperbolic n-manifold F\A^. Minsky and Lyubich, building partly on our 
construction of sceneries, and extending that to general rational maps, showed 
the following remarkable result: that a rigidity theorem of Thurston for rational 
maps can be proved analogously to Mostow’s rigidity theorem for Kleinian groups, 
replacing the 3-manifold by the “hyperbolic 3-manifold lamination” . See [ML] , and 
[Lyu] for related work. All of this, also [BFU] and [FU], fits the philosophy of the 
Sullivan-Thurston “dictionary” between Kleinian groups and rational maps. 

The Riemann surface lamination is a double suspension: the solenoid is a sus- 
pension of the adic transformation (odometer), giving a flow and the scenery 
flow space is a suspension flow gt over that (now suspending the hyperbolic map). 
This space carries two flows: the flow which spins around the solenoid direction, 
which is just the lift of the rotation flow on the circle, and which preserves each 
level, and the vertical flow. This pair of flows g satisfy the same commutation 
relation as before-which is, indeed, exactly what should happen, since the solenoid 
leaves at a given height are the unstable leaves of the vertical flow. 

11. The horocycle flow: inflnite measures, return times and 
average density 

Let us consider the case of a Fuchsian group of first type (the limit set is the circle); 
here the appropriate measure for the geodesic flow and for the horocycle flows 
is the same: Riemannian volume on T^(M). For a group of second type, 
the situation is radically different: our recurrent measure is Patterson-Sullivan 
measure /i, but this is no longer invariant for or h^. The reason is that any 
given horocycle tangent to the limit set A meets the recurrent set in a fractal 
subset of the horocycle. The natural measure, therefore, is a modification of this: 
it is now equivalent to (Lebesgue measure x /i) x Lebesgue measure. That is, e.g. 
for /i^, the boundary point ^ at -}-oo of a vector Vp in the support of this measure 
is required to be in the limit set, while the infinite past boundary point g is free 
to wander along the real line; these points have conditional measure given by 
Patterson measure fi and by Lebesgue measure on R respectively. 

In nice cases, this measure (which we call Kenny measure), is the unique 
invariant Radon measure up to multiplication by a constant (since it is infinite 
there is always this choice of normalization). See [Ken] for the general no-cusp 
case, [Bur] for the no-cusp case with dimension >1/2. With M. Burger we have 
a proof different from Kenny’s which includes the case with cusps allowed (where 
we rule out atomic measures and measures supported on horocycles around the 
cusps in the statement of unique ergodicity); manuscript in preparation. 

It is natural to wonder what happens for other fractal sets. For instance for 
hyperbolic Cantor sets, one can also prove infinite-measure unique ergodicity, 
using techniques of [BM], combined with [BF96] and [BF97], see also [Fis03a]. 
The philosophy suggested by these examples is: 

For some inflnite measure preserving transformations, 
the returns to a finite measure subset are a fractal-like subset of times. 
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This idea of a “fractal-like” subset of the integers can be made precise by use 
of the scaling flow (as t ^ — oo for the way we have deflned that flow here). The 
notion of average (or order-two) density extends to integer fractal sets, playing 
the role of a flnitely additive Hausdorff measure, see [BF92]. There is another 
interpretation: since the average density can be thought of as a parameter which 
measures the lacunarity of a fractal set, we have here an analogue of Mandelbrot’s 
concept [Man], for subsets of the integers. The integer average density leads to a 
new type of ergodic theorem for certain inflnite measure transformations, given 
by normalization by the “dimension” followed by a log average [Fis92j. Then the 
average density reappears in a different guise: the limiting value of the time average 
is the expected value of the observable times the average density of the fractal 
integer set. The fractal point of view leads to two new isomorphism invariants for 
inflnite measure-preserving transformations: the dimension of return times, and 
the average density (providing the defining limits exist). See [Fis92] and [FisOSbj. 

Further insight is given by examples coming from probability theory. Certain 
countable state Markov chains [Fel] exhibit this type of behavior. This led us to 
an extension of a beautiful but little-known result of Chung and Erdos [CE], see 
[ADFj. 

Now since infinite measure-preserving transformations can have a geometrical 
significance, related to fractal sets, one might wonder whether there might be 
examples of a transition from finite to infinite measure, based on this point of 
view; that might be regarded as analogous to a change of phase in physics. 

Just such a phenomenon occurs for certain maps of the interval with an in- 
different (or neutral or parabolic) fixed point. Here there is a 1- parameter family 
of maps (see [FLOl], [FL02], [FL04a], [FL04b]), related to the Markov chain ex- 
amples just discussed and also to the Manneville-Pomeau maps (see also [Lop]) as 
well as to the interesting counterexamples of Hofbauer [Hof| , which exhibits three 
“phases” of behavior, as the parameter a ranges from 0 to oo. 

We consider the distribution of returns to the right half of the interval. For 
a G (2,oo), the mean and variance are finite; for a G (1,2), variance is infinite 
but mean is finite, while for a G (0, 1), both are infinite. For (1, 2] and (2, oo) the 
unique absolutely continuous invariant measure for the map is finite; for (0, 1] it 
is infinite. The asymptotic return-time behavior for [2, oo) is Gaussian; for (1, 2] it 
is stable, passing through all the completely asymmetric stable laws; for (0, 1) it 
continues on, through all the Mittag-Leffler processes. 

This last region (infinite measure) is the realm of fractal-like return times. 
The Mittag-Leffler paths are similar to Cantor functions. The increment flow along 
these processes has infinite measure (for background see [Aar], [Zwe]), and is a 
horocycle flow for the corresponding scaling flow (which is the “geodesic flow”). 
For all parameters o; ^ 1 the scaling flow on paths is infinite entropy Bernoulli 
(the case a = 1 is handled in a special way as it has an extra drift parameter). 
This example completes a circle of ideas begun in [Fis92] , [ADF] . 
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12. Spaces of tilings 

Fractal sets are but one of the geometric forms with an interesting small-scale 
structure. Other examples are tilings of which have some sort of self-similar 
nesting character. 

The simplest example is the binary tiling of the unit interval; at level n > 0, 
there are tiles given by the intervals of the form (^ + 1) •2“^’^+^^]. 

The tiling structure is generated by the dynamics of the map f : x 2x{ mod 1) 
and can be thought of as a “cookie cutter Cantor set without the gaps”. Spaces 
of nested tilings of are topologized in a natural way related to the Attouch- 
Wetts topology discussed above: the hierarchy of tilings is indexed by Z; two nested 
tilings are close if on a large ball in the boundaries are 5-close in the Hausdorff 
metric, for each index I between —k and k. The scenery flow for this space of tilings 
is modelled by the height log 2 suspension flow over the natural extension of /, 
discussed before, i.e. by Sullivan’s Riemann surface lamination. 

Now the binary tilings are the joins of pullbacks of the standard Markov par- 
tition V = {Pq^Pi} = {[0, 1/2], [1/2, 1]} for this map. This suggests that Markov 
partitions give interesting candidates for a scenery flow. A next example to con- 

[2 ll 

sider is that of an Anosov toral diffeomorphism, such as ^ ^ . Here we will have 

two scenery flows, one for the stable and one for the unstable foliation. The result- 
ing model scenery flow (for the unstable case) is the height log \Df^ \ suspension of 
the Anosov diffeomorphism; the horocycle flows are the translations of the tilings, 
and this is modelled by the unstable flow of the suspension. 

Many fractal tilings associated to “complex number systems” can be treated 
in a similar way, with more complicated Markov partitions. A theorem of Bowen 
[Bo78] says that a Markov partition for an n-toral automorphism for n > 3, or 
toral endomorphism for n > 2, cannot have a smooth boundary. Examples with 
fractal Markov partition boundaries were studied by Bedford [Bed] , see also [Dek] , 
[Pra], [KV], [Ma02]. The scenery flow of the hierarchy of nested tilings generated 
by such Markov partition is constructed in a similar way as for the doubling map 
of the circle, see §10. 

Another class of interesting one-dimensional tilings are those given by the 
renormalization hierarchy of an interval exchange transformation. See [AF03] for 
a development of the basic theory and an in-depth study of the simplest example 
(exchanges of two intervals), and [AFOl], [Fis03b] for more information. 

If all exchanges of k intervals are considered as parameter space, the con- 
struction places parameter space and dynamical space (the interval exchanges 
themselves) in a single unified picture. Following this example, we can return to 
the geodesic and horocycle flows of a Riemann surface, and reinterpret them in 
this new light. The commutation relation now says: The horocycle flow is a fixed 
point of renormalization, as the geodesic flow renormalizes the horocycle flow to 
itself. This may make us think of the scenery flow of the attracting Cantor set C 
of the Coullet-Tresser-Feigenbaum map /, also a fixed point for a renormalization 
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operator. There is a second map g, conjugate to the shift cr, which has an analytic 
extension, and for which (7 is a repellor, see [Fal85], [Ran], [Sul87j. Using this 
hyperbolic map g we construct its scenery as in §9. The maps g and / satisfy the 
commutation relation go = f og^ a, discrete-time version of that for the geodesic 
and horocycle (dilation and translation) scenery flows. 

13, Nonlinear doubling maps and smooth classification 

Now we return to the basic example of the doubling map on the circle, but with 
a twist which makes things even more interesting: we take a nonlinear version, 
given by a degree 2 hyperbolic map f : S^. Using the same machinery 

discussed above for Julia sets, and similar also to the cookie cutter Cantor set 
case of [BF97], one constructs the scenery flow for the space of tilings. This is a 
complete invariant of smooth conjugacy. A closely related invariant is Sullivan’s 
scaling function [Sul87j. We construct a solenoid much as before, but with relative 
lengths of subtiles now given by this scaling function. As Sullivan noted [Sul92] 
there is a correspondence between conformal structures on the Riemann surface 
lamination and scaling functions. See Theorem VI.6.1 of [dMvS] for a proof in the 
analytic case. 

The scenery flow picture helps to make the conformal structure more easily 
understood: for it is just the natural conformal structure on the height log \Df\ 
suspension flow over the solenoid. It turns out that a smooth equivalence class of 
hyperbolic maps is determined by the topological data (degree) plus any 

one of these: a Gibbs measure class, a Holder scaling function, a scenery flow with 
Holder return time, and a conformal structure on the Riemann surface lamination. 

Here is one way of viewing all this. Given a hyperbolic doubling map, Gantor 
set or Julia set, the construction of the scenery is a sort of linearization procedure 
- and the space of scenes is a tangent object, the analogue of a tangent space. As 
such, it is acted on (linearly) by the derivative of the map. This gives the return 
map to a cross-section of the scenery flow. The flow itself is simply dilation, and 
is linear as well; the nonlinearity of the original map has been coded into the flow 
space, by means of the identifications made when defining that space; and that 
information is, in turn, remembered by the conformal structure of the Riemann 
surface lamination. 

14. Further directions of research; Acknowledgements 

Some classes of examples not mentioned so far are self-affine fractals (as for ex- 
ample the graphs (t, B{t)) of Brownian motion paths, see U. Zahle [Za91]), space- 
filling curves (on which the author is currently working with P. Arnoux), and 
spatially inhomogeneous fractals such as the “theater curtain” pictures in [Man], 
which interpolate middle- interval Cantor sets from the whole unit interval to the 
empty set, see also p. 107 of [Fal97] and [PZ]. The holy grail of non-homogeneous 
examples must be the Mandelbrot set boundary M. As Tan Lei showed [Tan], at 
certain points of M the scenery flow can be precisely analysed: for a Misiurewicz 
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point c, the scenery flow of M at c G M is that of the Julia set Jc at c for the 
map z c. However what happens at this set of points, even though it is 

a countable dense subset of M, says next to nothing about the nearby points. 
The limiting scenery there is anybody’s guess (though see [McM] regarding “deep 
points” ) and seems to be a deep and difficult problem. 

Lastly we mention two closely related but quite complementary approaches 
to the study of small-scale structure of fractal sets, each of which is much like what 
we have called the scenery. Furstenberg’s microsets were motivated especially by 
the study of intersections, sums and products of arithmetically derived fractal sets 
see [Fur70]. Preiss’ tangent measures were introduced to study geometric measures 
at small scales [Pre], [Mat]. For certain self-similar measures, the tangent measures 
at almost every point form the same tangent measure distribution [Graj. Mbrters 
and Preiss [MP] have shown that tangent measure distributions are so-called Palm 
measures, and so have connected the geometric study of measures to an important 
series of papers by Ulrich Zahle [Za88], [Za90], [Za91] who studied self-similarity 
of random measures. See Patzschke and M. Zahle [PZ], Moerters (who generalized 
the average density introduced in [BF92]) [M597], [M598], [KM], Falconer and 
Xiao [Fal97], [FX], [Xia] for some related developments. 

Perhaps the future will see a general theory which integrates all these ap- 
proaches. My own sense is that our understanding is still at a very beginning 
stage, and that there is a world of exciting exploring yet to be done at the small 
scales of these remarkable landscapes. 

I wish especially to thank coworkers on these and related projects: Jon Aaron- 
son, Pierre Arnoux, Tim Bedford, Marc Burger, Herold Dehling, Manfred Denker, 
Sebastien Ferenczi, Pascal Hubert, Artur Lopes, Jerome Los, Yair Minsky, Luis 
Fernando Carvalho da Rocha and Mariusz Urbahski. Figures 1 and 3 were made us- 
ing McMullen’s Urn program; Tony Phillips helped with the other graphics. There 
are many more people who should be acknowledged here, see [Fis03b]. I wish to 
add that without the encouragement and participation of these friends, teachers, 
and colleagues, most of this would never have been worked out and in any case 
the process would not have been nearly so much fun. 
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1. Introduction 



In this paper we are always working in where d is usually not bigger than 3. 
The simplest dynamically defined sets are the self-similar ones. It has been known 
since the papers Hutchinson [13] or even Moran [15] that for a self-similar iterated 
function system (IPS) T — {/i, . . . , where 

\fi{x) - fi{y)\= Xi\x -y\, 0 < Ai < 1, 



we can compute the Hausdorff dimension of the attractor A, which is the unique 
nonempty compact set satisfying 



A = U/»(A)- 

2=1 

as the solution s of the equation 



More precisely, 



Xl~\ h - 1. 

dim// (A) = min{s,d} 



( 1 . 1 ) 

(1.2) 

(1.3) 



The research in this paper was supported by OTKA foundation #T32022 . 
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holds if the cylinders := /i(A), i = are pairwise disjoint or, more 

generally, the so-called open set condition holds. However, if we assume only that 
the maps fi above are affine maps (in this case the set defined in (1.1) is called 
self-affine), then the problem is much more difficult. On the one hand, we can 
expect only ‘almost all’ type results, on the other hand, even ‘almost all’ type 
results hold only in the case when \\fi\\ < see [11] and [38]. In this note we are 
interested in the following problem: 

Problem. How can we express the dimension of uniformly hyperbolic (axiom A) 
invariant sets? 

On the line and on a surface this problem has similar flavor to the computa- 
tion of dimension of self-similar sets with disjoint cylinders, and that is why on the 
line and on a surface the answer has been known for more than 20 years. However, 
in space (and higher dimension) the problem has similar flavor to the computa- 
tion of the dimension of self-affine sets, which is much more difficult. That is why 
in space the problem has been open for more than twenty years. In this note we 
would like to provide a gentle introduction to this field for everybody interested 
in fractals but not necessarily having any background in the field of dynamical 
systems. There are at least three other survey papers [28], [2] and [31] of much 
wider scope dealing with (among some other things) the problem above. 



2. The dimension of self-affine sets 



First we study how to compute the dimension of the attractor for a typical self- 
affine IFS if all contractions are ‘stronger’ than 



2.1. Falconer’s Theorem 

The most important result in this field is due to Falconer [11]. This is an ‘almost 
all’ type result in the following sense: 

Let A be the attractor of a contractive self-affine IFS T = {/i, . . . , /m} on 
that is, A satisfies (1.1). For every t = {ti, . . . , t^} G x • • • x we define 
A^ as the attractor of the ‘shifted’ IFS = {/i + ti, . . . , /^ + 1^}. 



Theorem 2.1 (Falconer [11], Solomyak [38]). If \\fi\\ < ^ holds^ for a// z = 1, . . . , m, 
then for Lebesgue almost all t G we have 



dimnA* = dime A* = min{d,a(/i, , (2.1) 

where o;(/i, . . . , fm) is defined via the singular value function s in the fol- 

lowing way: 



:= inf ] s : o • • • o /i J < oo i . (2.2) 



^In Falconer’s paper this bound was 1/3. Solomyak improved it to 1/2. 
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We recall that the singular values 1 > ai > • • • > am > 0 of a contracting 
linear map T : ^ are defined as the square roots of the eigenvalues of the 

symmetric transformation T*T. Equivalently, we obtain the singular values of T 
as the semi-axes of the ellipsoid T(B), where B is the unit ball. Then the singular 
value function s for 0 < s < d is defined as 

= (2.3) 



2.2. The importance of the singular value function in computation of dimension 

We give a very heuristic explanation in the special case when d — 2 and 1 < s < 2. 
Recall that the s-dimensional Hausdorff measure of A is defined as: 



H^(A) := lim inf 



y^diam(/7j)^ : where A c[J Ui and diam(C/^) < 



(2.4) 






i=l 



For simplicity we assume that the unit ball B contains the attractor A . For 
an arbitrary n the cylinder /n o • • • o is an ellipse of semi-axis 

ai , 0 ( 2 , the singular values of T o • • • o . 

Let us call a cover of 5^^. with the minimal number of squares of 

side 2^2. Then consists of aifa 2 squares of side 2^2- Further, IJ.^ . 

is a cover of the attractor A. In (2.4) we take the sum of the diameter of the sets 
in a cover, raised to the power s and take infimum for all covers with sets of 
small diameters. Compute this sum for the cover: |J.^ . The sum in 

(2.4) is 2^ E o--- oh) since ip^{T) = for T = h ° h ■ So, if 

ii .. 

s > o:(/i, . . . , fm) then the sum ^ ^ fik) fends to zero as n ^ oc. 

i\ .. ,ik 

Therefore a(/i, . . . , fm) is an upper bound of the Hausdorff dimension. 

However, there are very natural examples (see e.g. [16] and [25]) showing that 
formula (2.1) does not always hold. Edgar proved that for d > 2 the upper bound 
^ on the norm of the contraction in Falconer Theorem is sharp. In [34] we proved 
with B. Solomyak that one cannot improve this upper bound even if all the maps 
in Falconer’s Theorem are similarities (assuming again that d>2). 



3. Hyperbolic attractors on the line 

Let {/i}™ 1 be a contracting IPS on the line. We assnme that /* e (for simplic- 
ity) and 

0 < inf |/i(a:)| < sup|//(a;)| < 1. (3.1) 

i,x 

The Hausdorff dimension of the attractor A (defined by (1.1)) can be computed 
in a very similar way to the self similar case, if the cylinders are disjoint: 

fiih LI /j(A) = 0 for i 7 ^ j . 



(3.2) 
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For a proof, let / denote the convex hull of A. The most natural cover of A is 
the cover by all n-cylinder intervals some n G N, where Ii^...in •= 

(Throughout the paper we use the notation fi^,.,in fin') 

dn be the exponent that corresponds to the cover {hi... in}’ That is, we define dn 
as the solution of the equation: 



It is well known that 



ii...in 



(3.3) 



dim/^A = lim dn- (3.4) 

n— >oo 

Obviously, in the special case when all the functions fi are similarities, for every 
n we have dn = 5 , the solution of (1.2). In the general case, unfortunately, the 
convergence in (3.4) is slow. Namely, 



|dim^A-4|<^:^, (3.5) 

n 

and in general there is no way to improve this. It is useful to express the Hausdorff 
dimension using topological pressure. Using that the Hausdorff dimension can be 
obtained as the root of some pressure equation, Pollicott and Jenkinson [22] found 
a way to approximate the Hausdorff dimension numerically with much higher speed 
than in (3.5). 



3.1. Computation of the dimension by the pressure formula 

Here we give yet again a very heuristic argument, explaining how the topological 
pressure appears in this field. In this argument we assume that the cover by the 
cylinder intervals is the cover at which the infimum is attained in (2.4). One can 
find detailed proofs in the books [9] and [21]. 

Assume that on the symbolic space E := m}^ we are given a continuous 

function 9 ? : E — > E. Let a : E ^ E denote the shift map and [ii, ..., in] the set of 
all sequences starting with ii, ...,in. 



Definition 3.1. The pressure of (p is defined by: 



n—^00 Tl 



n-1 ^ 


(3.6) 


k=0 ) 

7 


(3.7) 



We use this for the function 

^.(j) := 5 log 14 {U{c 
where 0 < s and H : E ^ A is called the natural projection and is defined by: 

n(i) := lim /u...i„(0). (3.8) 

n— >oo 

By the chain rule we have 

n— 1 

E I4...i„(n(«^”j))| > 

k=0 



(3.9) 
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holds for every j G [ii, . . . , Zn]. Using the so-called bounded distortion lemma and 
Lagrange Theorem we obtain that for all j G [U, . . . , in], 

I4...,j = l/n...„(/)|«|/'...jn(a”j))|, (3.10) 



where means equality up to a multiplicative constant. So, 



exp 



n— 1 

sup (fs 






We see that the topological pressure is the exponential growth rate in n of the sum 
of the s-powers of the diameters of the elements of the cover Assuming again 

that this cover is the most economical cover in the sense of (2.4), we can see why 
the notion of topological pressure is so important in the computation of dimension. 
Namely, one can easily see that the function 5 i-^ P{^s) is a strictly decreasing 
smooth function, which is positive at 0 and negative at 1. So there is a unique t at 
which P{(pt) = 0. When s > t then P{(ps) < 0. This means that the exponential 
growth rate of the sum ^ T negative, that is, from (2.4) we obtain that 

ii ...in 

Ti^{A) = 0. Similarly, if s i then the exponential growth rate of ^ ^ | is 

il ■■■in 

positive. So, assuming that this is the most economical cover in the sense of (2.4), 
we get that the s-dimensional Hausdorff measure is infinity. Therefore we have 



Theorem 3.2. 

dim/f (A) equals the zero of the function: s i— > P{^s)) (3.11) 

where ips defined in (3.7). 



4. Uniformly hyperbolic invariant sets 

The precise definition of an axiom A diffeomorphism can be found in the books 
[6, p.68] and [21, p.228j. An important consequence of the definition is that if A is 
an invariant set for a C^, r > 2 axiom A diffeomorphism f : M where M is 

a smooth Riemannian manifold, then for every x G A the tangent space TxM can 
be written as the direct product 

such that the derivative of f'^ contracts with an exponential speed in direction 
and expands with exponential speed in E'^ direction. That is, there exists A G (0, 1) 
such that for every n > 0: 

||Dr(v)|| < A^||v|| for V G and ||D/-^(v)|| < A^||v|| for v G E^. (4.1) 

Furthermore, the subspaces E'^ and E^ are invariant. That is: 

DfiE^J = and Df{E-) = EJ^,y 
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The local stable and instable manifolds 

-{yeM: d{r{x),r{y)) < £ Vn > 0} , 

and 

:={yeM: d{n{x), /“"(y)) < £ Vn > O} , 
are disks tangent to and E'^ respectively. That is = E'^ and = 

E^. Since locally A is the product of the sets A fl W^{x) and A fl W^{x) the 
Hausdorff dimension of A is 

dimH(A n B{x, e)) = dimi^(A n W^{x)) + dim^(A n W^{x)), (4.2) 

where B{x,e) is the ball centered at x with radius e. This is so, because 
dim// (An 1^7 (x)) = dims(An W7(x)) and dimi/(An W7(x)) = dimB(AnM7(^)) 
Then a well known theorem (see [8], p. 95) says that (4.2) holds. 



5. Hausdorff dimension of Axiom A invariant sets on a surface 

Assume that A is an invariant set of a diffeomorphism on a surface. Then for 
all X G A the local stable and unstable manifolds W^{x) and W^{x) are smooth 
curves. Let A^^) := A fl Wl{x) and A""(x) := A fl W^{x) and write ts and tu for 
their Hausdorff dimensions respectively. Since the Cantor sets A®(x) and A^^(x) are 
constructed in a very similar way to the Cantor set in Section 3, their Hausdorff 
dimension can be computed with essentially the same pressure formulas as in 
(3.11). Namely, the zeros of the functions 



s 1 -^ P(s log |da;/|£;.(j,)|) and s P{-slog\da;f\E’-(x)\) (5.1) 

are equal to tg and tu respectively. Then by (4.2) we obtain the Hausdorff dimension 
of A: 



dim//(A) = ts -\-tu^ (5.2) 

The same result was obtained by McCluskey and Manning [17] for axiom A 
diffeomorphisms. Their result is much more difficult than the argument which 
appears here, since we always assume that our maps are C^, so we have the bounded 
distortion lemma. 



6. Hausdorff dimension of Axiom A invariant sets in space 

We do not know in general how to compute the dimension of an axiom A invariant 
set on a three- (or higher) dimensional Riemannian manifold. Let / be a dif- 
feomorphism on a three-dimensional Riemannian manifold. We may assume that 
the local stable manifolds are two-dimensional and the local unstable manifolds 
are one-dimensional submanifolds. Using (4.2) we can compute the Hausdorff di- 
mension as the sum of the dimensions of the parts of A falling into the local stable 
and unstable manifolds. Since by assumption the local unstable manifold is one- 
dimensional, for any x the dimension dimn (A fl W^{x)) can be computed as the 
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zero of the second function in (5.1). The problem is that, in general, we have a 
difficulty computing dimn (Afl W^{x)). Since is a plane, it can happen that 
there are two directions in with different contraction coefficients. This is the 
non-conformal case, so here a difficulty appears similar to that in Section 2. 

Since we cannot solve the problem in full generality, it is useful to try to give 
an answer in some special cases. The most natural axiom A attractor in space is 
the solenoid. 

6.1. Solenoids with two different constant contracting coefficients 

If in the definition of a solenoid (see below) the two contracting coefficients coin- 
cide, then the problem is easy (see e.g. [8]). Therefore the first non-trivial example 
is the solenoid with two different constant contracting coefficients. Y. Pesin in 1982 
(in the same year when Manning and McCluskey solved the problem on a surface) 
asked the following question: 

Question (Pesin). Let A be the solenoid with two different constant contraction 
coefficients. How can we compute the Hausdorff dimension of A? 

The answer was given independently by Bothe [4] and the author [32]. First 
we give the definition of the solenoid and state the answer for Pesin’s question. 

Definition 6.1. Suppose 0 < A 2 < Ai < |. Let T := x D, where D is the unit 
disk centered at the origin. We define the map (see Figure 1) / : T ^ T by 

/(t, X, z) := ^2t (mod 1), \ix + ^ cos(27rt), X2Z -h ^ sin(27rt)^ . (6.1) 

We assumed that Ai < | to make the map one-to-one on T. We call the attractor 

CX) 

A = n /"(^) 

the solenoid with contracting coefficients Ai, A 2 . 




Figure 1. /(T), the first image of solenoid map on the torus T 
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Obviously, on the map / is expanding with a constant expanding co- 
efficient 2. On both in x and in z direction / is contractive with constant 
contracting coefficients Ai and A 2 respectively. 

Theorem 6.2 (Bothe [4], Simon [30, 32]). We have dim// (A) = 1 + J\ogx^ • 

Here we give a heuristic argument for the proof sketch. For an arbitrary 
^ dyadic interval of 5^, we define 

Then A = p|^ order to understand the structure of the solenoid, 

it is enough to understand the structure of its angular sections. Let us call the set 
Ae := {(t, X, z) G T :t = 9} the 0-angular section of T. We want to study AeCiA 
for an arbitrary 6. To do this, choose a 0 G S^. Let ^ 1,^2 ^ be the inverse 
images of 9 for the function t 2t{ mod 1). Then f{At.) C Ae and /(A^J, 
z — 1, 2, are ellipses with semi-axes Ai, A 2 . In the same way for an n and ii, . . . , in 
lot inverse images of the function t 2^t{ mod 1). Then 

f{At^^ .^) C Aq are 2'^ congruent ellipses with semi-axes A^ , Let us call these 
2^ ellipses the n-cylinders on Aq. Obviously, A fl A^i C .^). Using 

this, we obtain a natural cover of A fl Agi by the n-cylinders on Aq. The most 
natural approach to the computation of the dimension of A is to compute first the 
dimension of Afl by trying to prove that the cover above is the most economical 
one in the sense of minimizing the sum in the definition of Hausdorff measure in 
(2.4). Surprisingly, this most natural approach did not work. Namely, every n- 
cylinder ellipse contains two ‘children’ (n + l)-cylinder ellipses. Unfortunately, 
the relative positions of these (n -f- l)-cylinder ellipses are completely different in 
different n-cylinder ellipses. Therefore the structure of A fl A^ is different from a 
self- affine set and difficult to handle. Still we can see from this angular section 
approach that 

dim^fA < 1 + . (6.2) 

-logAi 

To get the lower estimate, we need a completely different approach. Observe that 
the first two component functions of / in (6.1) depend only on the first two vari- 
ables t and X. (The roles of x and y are different since the contraction in the 
direction of y is stronger than in the direction of x.) We can consider the projec- 
tion A of the solenoid A to the (t, x) plane. Then A is the attractor of 

/(t,x) := ^2t( mod l),Aix+ ^cos(27rt)^ . (6.3) 

That is 

A = fl r (f), 

n>0 

where we denote the projection of T to the (t,x) plane by f (see Figure 2). 



(6.4) 
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Figure 2. /(T) the first image of the plane solenoid map on the 
torus T 

That is, f = X [-1,1]. Clearly dim^fA < dimj^f A. So it is enough to prove 
that dimnA > 1 + -U be a dyadic interval on 5^ We write 

•— Then < > are 2'^ strips; each of them intersects 

every vertical line on the {t,x) plane with 0 < t < 1, in an interval of length 2Ai. 
IF these strips were disjoint (they are not), then we could immediately see that 
the dimension of A must be 1 + -^q^Ai ’ fhat case, every vertical line 

would intersect ^ set which is a union of 2^^ disjoint intervals of 

length A^. This would imply that the Hausdorff dimension of the intersection of A 
with any vertical line would be • However, the strips intersect each 

other. Therefore, the intersection of A with a vertical line consists of 2^ overlapping 
intervals. This causes the difficulty of the problem. 

The solution (see [4], [30]) comes from an idea that is now called the transver- 
sality condition. Some modifications of this idea for iterated function systems were 
used later in several other papers, e.g. [23, 37, 38, 35, 36], or see [20] for further 
applications. To apply this idea we have to check two assumptions: 

(i) the contraction is uniformly stronger than the expansion, 

(ii) for every (ii,i 2 ,.--) ^ {1,2}^ we consider the curve Kuh.... — Cln^h-in' 
If any two of these uncount ably many curves intersect each other, then this 
intersection must be transversal. 

It is proved in [32] that if these two conditions hold, then the overlapping between 
does not affect the calculation of the dimension of the attractor. Condition 
(i) follows immediately from the assumption Ai < ^. Condition (ii) is checked in 
[32]. In this way we can see that dim// A > 1 + which completes the proof 

of Theorem 6.2. 



88 



Karoly Simon 



Bothe [4] considered more general solenoids and proved a similar result as- 
suming that the transversality condition (ii) above holds. 

6 . 2 . Baker’s transformations in space 

The result of this section was motivated by Falconer’s Theorem [12] (see p. 80.). 
Observe that if we add one expanding direction to a self-affine set, then we obtain 
a very special axiom A invariant set. Namely, let .F = {/i, . . . , /^} be a self-affine 
IFS on the plane, as in Section 2.1. Suppose that we are given a partition of 
[0, 1] into closed intervals {h}^=i with disjoint interiors and a strictly monotonic, 
expanding map -0 with derivative separated from zero, such that '0(1^) = [0, 1] 
for every k = 1, . . . , m. We define A, the associated axiom A invariant set, as the 
attractor of the hyperbolic map which is defined for 2: G as 

F{x, y, z) := {fk{x, y),'ip{z)) . (6.5) 

Then the attractor A is the product of the attractor of the self-affine IFS !F = 
{/15 • • • 5 fm} and the unit interval. Let us call Aq := {(x, y, z) G A : z = 6} the 
0 section of A. In our paper with B. Solomyak [33] we considered more general 
baker’s transformations, where the Aq sections are different for different 9 and 
none of the component functions are linear. In the rest of this section let 
and the map 0 be as above. We define F : [0, 1]^ ^ [0, 1]^ by 

F{x,y,z) := {'y{x,z),T{y,z),'ip{z)) , (6.6) 

where the maps are chosen so that: 7, r : [0, 1] x [0, 1] ^ [0, 1] with 

• 0 < Ai < | 7 il, < A2 < i; 

• a smooth 1-1 map, where := [0, 1]^ x //.. 

We denote the non-constant contraction in x and y directions by 

/i :=log|7(,|, /2:=log|ry|. 

To avoid the usage of singular value function we need four pressure formulas. 

Pp-i(si/i) = 0 , Pf-i( 52/2) = 0, (6.7) 

+ ^1/2) = 0, -Pp-i(^2/i + 72) = 0. (6.8) 

Let s := max{si, 52 } and r := max{ri,r 2 }. Then 

Theorem 6.3 (Simon, Solomyak). For a typical (in the sense of Theorem 2.1) 
baker’s map F of the form (6.6), the following holds: 

(i) 'If s <1 then dimniA) = dimB{A)=l+s, 

(ii) if s > I then diuiH {A) = dims {A) = 2 + min {l^r}, 

(iii) if r > 1 then £3 (A) > 0. 

The restriction in this theorem is that the directions of contraction and ex- 
pansion are the same at every point. If we consider a more general situation then 
the problem becomes much more difficult, not only for technical reasons. 

One way to try to get more general results is to study the dimension theory 
of non-conformal repellers. This was done by Falconer [12] and Barreira [1]. Let M 
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be an open subset of and / : M M be a map. (In Barreira’s work 
for 0 < a < 1 but here we use Falconer’s set-up.) Let J be a mixing repeller for /. 
That is, J is a compact subset of M such that there exists a bounded neighborhood 
F of J such that 



J = {xeV: r{x) G F for all n > 0} . 



Furthermore, / is topologically mixing and expanding on J. There is, however, 
one more very important assumption, which Barreira calls the 1-bunched property. 
Namely, 






• \\Dxf\\ < 1 for X G J. 



(6.9) 



Then Falconer introduces the so-called subadditive pressure. Using that, he gives 
an upper bound for the Hausdorff dimension of J by an appropriate pressure 
formula. Here two problems have been left open: Although in some very special 
case Falconer proves that the upper bound is sharp, in general, this is still open. 
On the other hand, it is also a very interesting open problem to give an upper 
bound without assuming the 1-bunched property (if it is possible). 



6.3. Geometric measure-theoretical properties of the SBR measure for solenoids 

The SBR measure is the most natural invariant measure (sometimes it is called 
the natural measure). If the SBR measure p exists, then the SBR measure of a set 
V is the portion of the orbit falling into V for a LEBESGUE typical initial point. 
That is, 

/x(F) = lim i# {0 < fc < n : f{x) e 7} , 
holds for Lebesgue typical x. 



6.3.1. Solenoid with two different constant contractive coefficients. First we con- 
sider the solenoid map (6.1). We recall that here we assumed that 0 < A 2 < Ai < ^. 
Above we saw that the Hausdorff dimension of the attractor A is t = 1 -I — \ . 
The SBR measure is supported by A. Then it is natural to ask if the SBR measure 
is equivalent to the appropriate (t-dimensional) Hausdorff measure? This question 
was answered negatively by M. Rams and the author. 

Theorem 6.4 (M. Rams, K. Simon [26]). Let A be the solenoid above. Then 

(i) n\K) = 0, 

(ii) 0 < P*(A) < 00 , 

(iii) The SBR measure is equivalent to the t-dimensional packing measure . 

There have been quite a few examples in the literature of dynamically defined 
sets having zero Hausdorff but positive and finite packing measure. Our theorem 
above shows that such a phenomenon can occur even in the case of the most 
natural axiom A attractor. 
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6.3.2. Tsuji’s result on SBR measures for ‘fat’ solenoids in the plane. M. Tsuji 
in [39] considers attractors for maps which are a little bit more general than the 
ones defined in (6.3). The very important difference is that Tsuji assumes that 
the solenoid is Tat’, that is, rather expanding than contracting, while in (6.3) the 
contraction was Ai < ^ and the expansion was 2. Under this assumption, Tsuji 
proves that typically the SBR measure is absolutely continuous. More precisely, 
let T : X R ^ 5^ X R, 



T(x, y) := {ix, Xy + f{x)) , (6.10) 

where i>2] and | < A < 1 and / is a function on 5^. Let 

V := {(A, /) : the SBR is absolutely continuous w.r.t. to Ceb 2 with density} . 

Theorem 6.5 (Tsuji). V contains an open and dense subset o/(|,l) x C^(5^,R). 

The method of the proof: Tsuji uses a clever, further developed version of 
the transversality condition. Originally the transversality condition would require 
that the contraction ratio be smaller than To avoid such an assumption, Tsuji 
considers iterates of some perturbation of the map T. Using the special form of the 
perturbed map, he proves that the iterates of the perturbed map have essentially 
the same form but have relatively small contraction ratio. 

6.3.3. Rams’ result on SBR measures for fat solenoids in space. M. Rams used 
the method of Tsuji and a method of Y. Peres to obtain the result below. For 
A; > 3 let 

$ : (t,x,z) {kt{ mod 1), Xix -h f{t), X 2 Z g{t)) , 

where 0 < A 2 < Ai < |; fcAi > 1; kXiX 2 < 1. 

The map $ is a self- map of the torus T = x D, where D is the unit 
disk. The functions f{t) and g{t) are and chosen so that the mapping ^ is an 
injection. Let A be the attractor of we write /i for the SBR measure of ^ and u 
for the SBR measure of the map defined by the projection of ^ to the (t, x) plane. 
This solenoid is Tat’ because ^ is more expanding than contracting. 

Put 

^ logfc + logAi 
' -logA2 ’ 

Theorem 6.6 (M. Rams [27]). We have dimp(A) = t. Furthermore, for generic 
(all but a set of first Baire category) f,g the following holds: 

• dimp(A) = t 

• 'P^(A) = 00 , 

• if is bounded then 0 < < 00 and p ~ H^\a, 

if is unbounded then Tif{A) = 0. 

The case when contracting coefficients are not constant looks more difficult. 
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The Exponent of Convergence of Kleinian 
Groups; on a Theorem of Bishop and Jones 

Bernd 0. Stratmann 



Abstract. In this note we give a characterization of the Hausdorff dimensional 
significance of the exponent of convergence for any arbitrary Kleinian group. 
We show that this exponent is always equal to the Hausdorff dimension of 
the uniformly radial limit sets of the Kleinian group. We give a detailed and 
elementary proof of this important fact, clarifying and generalizing a result 
of Bishop and Jones. 

Mathematics Subject Classification (2000). 20H10, 30F40, 37F99, 37F30, 
28A80. 

Keywords. Kleinian groups, exponent of convergence, fractal geometry. 



1. The Exponent of Convergence versus Hausdorff Dimension 

Already Hadamard observed that on a cusped hyperbolic surface the set of geodesic 
movements starting from an arbitrary fixed point and remaining in some bounded 
region of that surface represents a rather tricky and sophisticated set of directions, 
which he certainly would have called ’fractal’ if in those days this term would 
have already been coined. Another important observation is due to Poincare, who 
realised the significance of a certain series which is naturally associated with a 
hyperbolic surface. This series is now called the Poincare series and its abzissa of 
convergence is referred to as the exponent of convergence or Poincare exponent of 
the fundamental group of the surface. In this note we show in a far more general 
context how these two observations are related. Namely, we give a detailed proof 
of the fact that for any hyperbolic manifold the Poincare exponent coincides with 
the Hausdorff dimension of the set of directions at an arbitrary point for which 
the associated geodesic movements remain in bounded regions of the manifold. 

This fact was verified in many special cases using various different techniques, 
for instance for the modular group implicitly by Jarnik [8] (see also Schmidt [11]), 
for general cofinite Puchsian groups by Patterson [9], for cofinite Kleinian groups 
by Dani [4] and Stratmann [12], and for geometrically finite Kleinian groups by 
Stratmann [13] as well as Fernandez and Melian [6]. More recently. Bishop and 
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Jones [2] gave an astonishingly elementary method which allows to derive this fact 
in its complete generality, that is for arbitrary non-elementary Kleinian groups. 
The main goal of this paper is to clarify the construction in [2]. We try to keep 
our presentation accessible to non-experts in the field. 

Before we state the main theorem more explicitly, let us begin with explain- 
ing the setting. We consider non-elementary, discrete subgroups G of the group 
Con{N) of isometries of the {N -f l)-dimensional hyperbolic space. (Throughout, 
for the latter we shall use exclusively the Poincare ball model Such 

a group G is called Kleinian group^ and its associated exponent of convergence 
S — J(G), often also referred to as the Poincare exponent^ is defined by 

5{G) := inf{5 : ^ exp(-sd(0,^(0))) converges}. 

geG 

A Kleinian group G acts discontinuously on Hence, the orbit G(0) of the 

origin 0 G under G forms a discrete point set which with respect to the 

Euclidean metric accumulates only at the boundary of hyperbolic space = 
L{G) of accumulation points of G(0) is called the limit set of 
G. Important subsets of L{G) turn out to be the radial limit set Lr{G) and the 
uniformly radial limit set Lur{G) which are given by the following definitions. 

• A point ^ G I/(G) is called radial limit point if there exists a positive constant 
c = c(^) such that s^ fl b{g{0),c) / 0 for infinitely many different orbit points 
^(0) G G(0). 

• A point ^ G L(G) is called uniformly radial limit point if for some positive 
c = c(^) we have that C 

Here denotes the hyperbolic ray from 0 to and 6(x, r) the hyperbolic ball of 
radius r centred at x. 

Note that we may project the ray onto the associated hyperbolic manifold 
M := where it becomes a geodesic ray starting from the point on M 

which corresponds to the origin. If ^ G T^(G), then in general this ray performs 
a recurrent geodesic excursion on M, i.e. there exists a bounded region in M 
which gets visited infinitely often. If ^ G Lur{G), then the ray describes a bounded 
excursion, i.e. in M each point on the ray is at most a bounded distance away 
from the starting point. Clearly, every uniformly radial point is radial (whereas 
the opposite is only true for cocompact and convex cocompact Kleinian groups). 

In this note we shall give a detailed and elementary proof of the following 
result of Bishop and Jones. This result gives an ultimate clarification of the ‘Haus- 
dorff dimensional significance’ of the exponent of convergence for an arbitrary 
Kleinian group. We restrict the theorem to non-elementary Kleinian groups, that 
is groups with limit sets of cardinality strictly greater than 2. The elementary cases 
are in fact trivial. 

Theorem. For a non-elementary Kleinian group G with exponent of convergence 
5 we have that 



S = dimH{Lr{G)) = dim H{Ly,r{G)). 
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The paper is organized as follows. We begin with giving in section 2 a discus- 
sion of the geometries which are relevant in the proof of the theorem. This includes 
some well-known topics from hyperbolic geometry, conformal geometry and fractal 
geometry. In section 3 we introduce the concept of ‘divergence points’, and show 
that the set of these points is dense in the limit set. Using this, we then give a 
geometrisation of the Poincare series for parameter values below the exponent of 
convergence. This then allows to construct Cantor subsets of the uniformly radial 
limit set and to give estimates for their Hausdorff dimensions in terms of 5. 

We end this introduction by giving a brief description of the proof of the 
theorem in terms of the associated hyperbolic manifold M. Namely, the heart of 
the proof, if ‘projected onto M\ is to show that everywhere on any arbitrary M 
the following scenario is met. 

The sketch on M. At each point Xq G M there exist bouquets (for n G N 
and i = 1,2) of closed loops starting and terminating at xq with the following 
properties. The length of each loop in Bn ^ is roughly equal to Zn ^ (for some In^ /" 
00 , for i = 1 , 2), and there exists a positive constant qq such that the angle between 
any of the initial directions in Bn ^ and any of those in Bn^^ is bounded from below 
by ao- In combination with these bouquets there exists a positive constant a and 
a sequence /^n \ 0 such that if we consider all initial directions at xq giving rise 
to geodesic rays which stay always cr-close to elements of Bn^ U b1^\ then the 
Hausdorff dimension of this set of directions is greater than S - Kn- 
Roughly speaking, the proof then follows by observing that trivially the Hausdorff 
dimension of all recurrent geodesic rays starting at xq does not exceed 5, and that 
the set of directions giving rise to bounded geodesic rays is contained in the set of 
those giving rise to recurrent geodesic rays. 

Remark. The method of Bishop and Jones, as explained in this paper, has recently 
been employed in a straightforward manner to derive corresponding results also in 
slightly more general settings. For geometrically finite groups in rank 1 symmetric 
spaces a result similar to the above theorem has been obtained in [3]. Also, the 
Bishop- Jones argument has been adapted in [10] to hyperbolic groups in the sense 
of Gromov, and in [7] to the case of pinched negative curvature. 

Acknowledgement. The author would like to thank Kurt H. Falk for enjoyable con- 
versations on the subject matter of this paper and for being helpful with producing 
the pictures. 



2. Background Geometry 

2.1. Hyperbolic and Conformal Geometry 

Recall that for the Poincare ball model of hyperbolic space the hyper- 
bolic distance d{v,w) between two arbitrary points v,w E is given by the 
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expression 



d{v,w) := inf / — 



:\dz\, 



where the infimum is taken over all smooth curves connecting the points v and w. 
(For a comprehensive introduction into hyperbolic geometry the reader is referred 
to Beardon’s book [1].) 

For subsets A C the shadow map U : is defined by 

n(A) :={^es^ :s^nA^ 0}. 



Lemma 2.1. For every z 6 and for eaeh positive p < d{Q,z), the spherical 

diameter \Il{b{z^p))\ of the projection of the open hyperbolic ball b{z,p) centred at 
z and of radius p has the property 



|n(6(^,p))| 



^ -d{0,z) 



Here, means that the quotient of the two quantities is bounded from below and 
above by some positive constants which depend only on p. 



Proof Using the definition of the hyperbolic metric above, a straight forward 
computation (see [1]) gives that the hyperbolic length of a circle Ct around the 
origin of hyperbolic radius t is equal to 27rsinh^, and hence it is asymptotic to ne^. 
This implies that for t sufiiciently large, we may cover nearly all of Ct by roughly 
ne^ I {2 p) pairwise disjoint balls of hyperbolic radius p which are centred at points 
of Ct- Since for large t and z e Ct we have that the Euclidean diameter of b{z,p) 
is comparable to |II(6(2:,p))|, it follows that 

|n(6(z,/j))| X 2 pe~^ Xp e“*. □ 



Lemma 2.2 (Geometric Distortion Lemma). Let a > 0, and let 7 G Con{N) be 
non-elliptic such that d(0,7(0)) > a. Then we have for all z G with d(0, z) > a 
and U{z) G 7“^ (11(6(7(0), cr))) that 

d(0, 7(0)) + d(0, z) -2a < d(0, 7(2;)) < d(0, 7(0)) + d(0, z). 

Proof (see Figure 1) Raise the perpendicular from the origin onto the geodesic 
segment t between z and 7“^(0). Let p denote the point of intersection of this 
perpendicular with t. Note that by construction, the hyperbolic distance s of p to 
the origin is less than or equal to a. Let ti and t2 denote the hyperbolic lengths 
of the geodesic segments between p and 7“^(0), p and z respectively. Using the 
triangle inequality, we derive that 

d((0,7“^(0)) < cr + U and d(0, z) < cr + ^2- 

It hence follows that 

d(0,7(z)) = d(7“^(0), z) = ti+t2> d(0,7~^(0)) + d(0, z) - 2 a. 

The second inequality in the lemma is an immediate consequence of the triangle 
inequality. □ 
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Figure 1. 



Lemma 2.3 (Light Cone Lemma). For all ct > log 2 and for all non-elliptic 7 G 
Con{N) for which cl(0,7(0)) > a, we have that 

\5 (n(7-H0)),27re-^) C 7 “' {U{b{^{0),a))) cS^\B (n(7-'(0)),e-") . 

Here, B{x,r) denotes the spherical N-ball with centre x ^ and radius r. 

Proof. Let cr > 0 and let 7 be chosen as stated in the lemma. For I denoting a 
geodesic in which intersects 96(0, a) in exactly one point, say let be the 
radius of the spherical disc Then it is geometrically evident that (see Figure 
2 ) 

\B (n( 7 -i( 0 )), 2 r,) c 7 "' (n(6(7(0),<r))) C \B {U{^-^{0)),r ,) ; 

where we assumed that 2ra < n. Hence it remains to find lower and upper bounds 
for r^. For this, note that by definition of the hyperbolic distance we have that 
d( 0 ,z^) = log((l + |z^|)/(l - |z^D). An elementary calculation then gives 

< 1 - |z^| < < |(1 - \z^\) < 7re“^. 

Finally, since 2'ire~^ < tt if and only if cr > log 2, it follows that for a in this range 
the condition < tt is always satisfied. □ 
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Figure 2. 



2.2. Fractal Geometry 

Recall that for a Borel set E C the Hausdorff dimension dimniE) of E is 
defined by 

dimH(E) := infjs > 0 : lim inf < oo}, 

P^o uev.iE) 

where Ep{E) denotes the set of coverings of E by balls with radii at most p. In 
computations of dimniE) to find lower bounds is usually the hardest part, and 
for this the following mass distribution principle very often turns out be useful. In 
here, a <C 6 refers to that a/6 is uniformly bounded away from infinity. 

• Let be a probability measure supported on £. If there exists r > 0 such that 
for each x e E we have limsup^_^Q/i(B(x,r))/r'^ <C 1, then dimniE) > r. 
For a good introduction into fractal geometry the reader is referred to [5] . In 
this paper we shall require the following elementary facts from fractal geometry. 



Lemma 2.4. Let {B{xi,ri)}i^f^ be a family of spherical N -balls in with centre 
Xi and radius ri such that lim^-^oo = 0 and such that YlieN exponent of 

convergence r > 0. We then have that 



dim// 



c>0 



lim sup{B(x^, 

ien 
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Proof. For each c,p > 0 we have that {B{xi,cri) '■ i ^ N,ri < p} represents a 
p-covering of 

Be := limswp{B{xi, cri)} = {x : x e B{xj,crj) for infinitely manyj}. 

i 

Hence, for arbitrary e > 0 we have that 



inf 

ueUpiBc) 



< oo. 

ueu ieN ieN 



By letting p tend to 0, this implies that dim// (Be) < r + e. Since e was chosen 
to be arbitrary, we deduce that diniif(Bc) < r. And finally, since dim//(BcJ < 
dim^f(BcJ for cq < ci, the result follows by monotonicity of Hausdorff dimension. 

□ 



Lemma 2.5. For a finite index set I containing at least two elements, let a descend- 
ing sequence A{ii) D A{ii,i 2 ) D • • • of closed spherical N -balls in be given for 
each (zi,Z2, . . .) E I°°. Assume that there exist 0 < /3 < 1 and t > 0 such that for 
each n e N and for all distinct {ii,.. . ,i„), (ji,. . . , j„) e /" we have that 

(i) x/J” andA(fi,...,i„)nA(ji,...,j„) = 0; 

(ii) • • • ) • • • ) 

It then follows that 

dim^f (n u A{h,...,i„))>T. 

n€N 



Proof We sketch the proof which uses the mass distribution principle. Let p be a 
probability measure with support A := • • • , ^n) such that 

for each n gN and (n, . . . , in) ^ 1^, 



, . . . , in)) — 



I A(ii , . . . , in) I 

• • • ijn)Y 



Consider the spherical iV-ball B{x,r) centred at x G A of small radius r > 0. 
We then have r x for some n G N, and condition (i) in the lemma guarantees 
that there exists a constant c > 0 such that for the number of balls of the n-th 
generation which intersect B{x, r) we have 



mrd({(ii,...,i^) : B(x,r) H A(ii, . . . ,i„) / 0}) < c. 

Using this observation and (ii) of the lemma, we obtain 

p{B{x,r)) < c- max {/i(A(ii,..., in)) : B(x, r) H A(ii, . . . , in) ^ 0} 

^ 

Yjiei l^(0r 



Applying the mass distribution principle, the lemma follows. 



□ 
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The following is an immediate consequence of the previous lemma. It in 
particular gives the model for the special type of Cantor set, which in the final 
section will be shown to exist inside the uniformly radial limit set of any arbitrary 
Kleinian group. 

Corollary 2.6. Let and be two finite index sets, each having at least two 
elements. Let L be an infinite subset of all finite words in the alphabet U 
such that j € L for all j G U and such that if {h . . . in) ^ L (for n > 1) 
then either (ii . . . inj) ^ L for all j G and (ii . . . ink) ^ L for all k G or 
(^1 • • • inj) ^ L for all j G and (ii . . . ink) ^ L for all k G Assume that 
for each n G N and for every ^ L we have a descending sequence 

A{ii) D A(ii,i 2 ) D • • • D A(zi,Z 2 , . . • ,in) of closed spherical N -balls in with 
the following properties. There exist r > 0 and 0 < /3i < 1 for i = 1,2, such that 
for each n G N and for all distinct {ii, . . . , in), {ji , . • • ,jn) we have that 

(i) \A{h,. . ,,in)\ X a{h, ...,in)n A{ju . . . ,i„) = 0; 

(i^) I^(^l5 • • • 5 in,j)\^ ^ • • • > 

It then follows that 

dimn (n u A(ii, . . . , in)^ ^ 

nCN (zi,...,Zn)GL 

Proof. The proof is basically the same as the proof of Lemma 2.5. The only dif- 
ference is that instead of using the ‘lexicographical coverings’ of the type 
{A{ii, ... ,in) • (ii, - •• Jn) C L}, one uses the ‘geometrical coverings’ given by 

{A: A = A(ii, ...,ik) for some k e N; < |^| < (A/^ 2 )"}. □ 

3. The Proof of the Theorem 

3.1. A Geometrisation of the Poincare Series 

For ^ eS^ and 0 < r < tt, let the lense A(^, r) C be defined as the interior of 

the (N + l)-dimensional hyperbolic half space for which II(A(^, r)) is the spherical 
N-hsll of radius r centred at ^ (see Figure 3). 

Definition 3.1. For e > 0, an element ^ G L{G) is called e-divergence point if and 
only if 

^-(.-e).(0„(0)) 

= 00 for all r G (0, 1). 

c/(0)€A(^,r) 

Let De(G) refer to the set of all e-divergence points. 

Lemma 3.2. For each e > 0, the set De(G) is dense in L{G). 

Proof. Let e be fixed, and suppose, by way of contradiction, that De{G) = 0. From 
this we see that for each rj G L{G) there exists r{rj) > 0 such that 

^ ^-(.-e).(0,p(0)) 

< 00 for all r G {0,r{rj)). 

g(o)ex{'n,r) 
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The set {II(A(??,r(7?))) : e L{G)} provides a covering of L{G), and since L{G) is 

compact, there exist rji,--- ,r]ke L{G) such that 



and hence 



k 

L(G)clJn(A(7?,,r(r,,))), 

i=\ 



k 

^=1 ^(0)GA(r/i,r(r7i)) 




< 00 . 




Figure 3. 

Combining this with the fact that G(0) \ X{r]i,r{rii)) is a finite set of orbit 
points, it follows that 

^e-('-')‘'(0-^(0)) <oo, 
geG 

which contradicts the fact that 5 is the exponent of convergence of G. Hence, there 
exists at least one e-divergence point ^ G L{G). Since G{^) is a dense subset of 
L{G), it is now sufficient to show that 7(^) G De(G) for arbitrary 7 G G not fixing 
In order to see this, note that j{s^) is the ray from 7(0) to 7(^) and that for 
each sufficiently small positive r there exists a minimal r' such that 7(A(^,r)) c 
(see Figure 3 ). Clearly, if r decreases to 0, then the corresponding r' 
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also decreases to 0. Now, the claim follows from the following observation. 
00 = 

g(0)eA(^,r) 

g-((5-e)<i(7(0),7g(0)) 

3(0)€A(e,r) 

g-(6-e)<i(0,7g(0)) 

s(0)€AK,r) 





< 



E 



^-i6-e)d(0,gm ^ 



9{0)eX{7iOy) 



□ 



For n G N and r > 0, the hyperbolic n-annulus An{r) of width r is defined 
as follows 

An{r) := {^(0) G G(0) : nr < d{0,g{0)) < (n + l)r}. 

Lemma 3.3. Let e, r > 0 and ^ G De(G) be given. Also, let M > 0 be some given 
large number. Then, for each r > 0 there exists an increasing sequence of positive 
integers ^'^ch that for all i eN, 

g-(<5-2e)d(0,c?(0)) ^ 

6/(0)eA(^,r)nA^.(r) 

Proof. Assume that the statement of the lemma is false. Then there exists r > 0 
such that for almost all n G N (i.e. for all n apart from finitely many exceptions) 

^ ^-{5-2e)d(0M0)) < 

g{0)eXi^,r)nAn{r) 

In order to get rid of the ’finitely many exceptions’, note that there exists some 
0 < r* < r such that for all n G N, 

^-(5-2e)d{0,g{0)) ^ 

g{0)eX{^,r*)nAn{r) 

Using this, it follows that 
^ ^-((5-e)d(0,^(0)) 

g{0)eX{^,r*) nGN g(0)eX{^,r*)nAn{r) 

< M 

nGN 

< 00 , 



< 



E 



E 



g-ed(0,g(0)) g- 



(6-2e)di0,g{0)) 




which contradicts the fact that ^ is an e-divergence point. 



□ 
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Figure 4. 

3.2. The Building Stone for the Cantor Construction 

Recall that the injective radius at the origin is defined by inj(O) := ^ inf{d(0, 7(0)) : 
g e G \ {id.}}. In the following put tq := 5inj(0), and let a denote some fixed 
constant such that > max{2;47r/|L(G)|}. 

Lemma 3.4. For each e > 0 and for each arbitrarily large number M > 0 there exist 
Cl, ^2 G De(G),r > 0 and arbitrarily large h,l 2 > 0, as well as finite sets fi ;= 
{heG: h{0) e AM n A(Ci,r)} and T 2 := {h e G : h{0) e AM n A(C2,r)} 
such that the following properties are satisfied for t = 1, 2. 

(i) The spherical distance between R(Ci,r) and B{^ 2 ,r) is at least 4'ire~'^ . 

(ii) > M. 

Proof (see Figure 4) Fix e > 0 and M > 0. Next, choose Ci,C2 G ^e{G) and 
r > 0 sufficiently small such that the spherical distance between B(Ci,r) and 
B{^ 2 ,r) is greater than 47re“°^. Note that this is possible by choice of a (recall 
that \L{G)\ > 47re~'^) and since, by Lemma 3.2, the set De(G) is dense in L{G). 
Now, using Lemma 3.3, we obtain that there exist arbitrarily large h,l2 G N such 
that 

^ g-(5-20ci(o,Mo)) > ^ for f = 1,2. □ 

H0)e\(ii.r)nA,fiTo) 

The following proposition gives the type of ‘building stone’ out of which in 
the final section we shall construct certain specific Cantor sets. 
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Proposition 3.5. Let e > 0 be given. There exist Fi C fi and F 2 C f 2 , each 
containing at least two elements, with the following property. For each g e G with 
d{0,g{0)) > a there exists T{g) G {F^ : i = 1,2} such that the following holds. 

(i) The family F{g) := {U{b{g{h{0)),a)) : h E F(^)} consists of pairwise disjoint 
balls which are of comparable size and which are contained in II (6(^(0), a)). 

(ii) E66F(,)l^>l^-^^>l^(%(0),C7))|^-2^ 

Remark. Note that for a particular g E G it may happen that both sets Fi and 
F 2 have the properties [i) and {ii) in the proposition. In this case one may think 
of F(^) as being randomly selected. 

Proof. Fix € > 0 and g E G such that d(0, ^(0)) > a. Also, let M > 0 be sufficiently 
large (which will be specified at the end of the proof). By Lemma 3.4, there exist 
Cl ? ^2 ^ F)e(G) and r > 0 such that and 5(^2, r) are at least the distance 

47re“^ apart. Thus, by the Light Cone Lemma (Lemma 2.3) we get that at least one 
of the B(Cz,r), say B(Ci,r), is fully contained in g~^{U{b{g{0),a))). In particular, 
this means that U{h{0)) E g~^{U{b{g{0),a))), for each h E Fi. We can now apply 
the Geometric Distortion Lemma (Lemma 2.2), which gives that for each h eTi 
we have 

d{0,g{0)) + d{0,h{0)) -2a< d{0,g{h{0))) < d(0,^(0)) + d(0, /i(0)). (*) 

Using this estimate and Lemma 3.4 {ii), we obtain that 

^ ^-{S-2e)d{0,g{h{0))) ^ ^-(<5-2e)d(0,^(0)) ^ ^-(5-2e)d{0M0)) 

heti heti 

> M 

By combining this latter estimate and Lemma 2.1, we deduce that there exists a 
constant G\ > 0 depending on a, such that 

2 ; |n(6(ff(M0)),a))r^' > Cl M |^(6(p(0),a))|^-2^ 

heti 

Now, recall that for h eTi we have that IiTq < d{0, h{0)) < IiTq + tq. Combining 
this observation and estimate (*), we obtain that all g{h{0)) with h E ti are 
contained in an annulus of constant hyperbolic width 2<j + tq, that is 

{g{h{0)) : h E fi} C {z E : liTQ-2a < d{0, z)-d{0, g{0)) < IiTo+tq}. (**) 

Also, recall that, by choice of tq, the set {b{g{h{0)),To) : h E Fij comprises a 
family of pairwise disjoint hyperbolic balls. Prom these two latter observations we 
can now deduce that each ^ E II(6(^(0), <j)) is contained in at most a bounded 
number (independently of g) of balls U{b{g{h{0)),a)) with h E f 1 , i.e. there exist 
a set Fi C Fi and a constant C 2 > 0, which depends only on a and tq, such 
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that {U{b{gh{ 0 ),a)) : h G Ti} consists of pairwise disjoint balls which are con- 
tained in n (6(^(0), (j)), and such that 

|n(%(M 0 )),a))|'- 2 ^ > C2 Cl M |n(%(0),a))|'-2e^ 

heVi 

By choosing M = {CiC2)~^, the statement (ii) of the proposition follows. Finally, 
note that from Lemma 2.1 and the estimate (**) we have for each h eTi that 

diam(n(6(5(/i(0)),a))) X,,,, e~^<ii0M0))+hro)^ 

from which we deduce that 

|n(6(5(/ii(0)),a))| |n(%(ft2(0)),a))| for all h,,h2 6 

Finally, note that by increasing the lengths l\ and I2, if necessary, it can always 
be guaranteed that Fi and F2 are both of cardinality at least two. □ 

3.3. End of the Proof 

Upper bound estimate. 

For the upper bound of dim//(L^(G)) note that by Lemma 2 . 1 , for each p > 0 
there exists c = c{p) > 0 such that for every s > 5 we have 

X; |5(n(5(0)),ce-'^('’’«W))r X ^ |n(6(9(0),/>))r Xp 

geG geG geG 

Hence, these three series have the same exponent of convergence equal to S. There- 
fore, we can apply Lemma 2.4 to the family {B(H(p( 0 )),ce~^^^’^^^^^) : g G G}, 
which then gives that 

dimniLriG)) < 5. 



Lower bound estimate. 

For the lower bound of dimn (Lur{G)) we build up a Cantor subset of Lur{G) by 
induction as follows. 

Let e > 0 be fixed, and let <j > 0 be chosen as in the previous section. 
Note that by Lemma 3.4 we can assume that the lengths li and I2 (in Proposition 
3 . 5 ) are sufficiently large, that is we can assume without loss of generality that 
d(0,7ii(0)) > cr for all 7^^ G Fi U F2. Now, the ‘first generation’ in our Cantor set 
construction is given by 

C{ii) := n(6(7ii(0),(j)) for 7^^ € Fi UF2- 

Using Proposition 3 . 5 , we obtain that each C{ii) contains pairwise disjoint siblings 
C(ii,Z2), that is 

(7(11,12) := n(6(7ij7i,(0),cr)) for 71, € F(7i J. 

This gives the ‘second generation’ in our Cantor set construction. Note that by 
Proposition 3 . 5 , we have for each 7^^ G Pi U F2 that 

7z2€r(7i J 
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Figure 5. 

Clearly, we can now proceed by induction, and in this way we derive for arbitrary 
n>2 the ‘n-th generation’ which is then given by 

:=n(6(7ij ...7i„(0),(j)) for 7i„ e r(7i^ . . .7i„_ J. 

By Proposition 3.5, the C{ii, . . . ,in) are pairwise disjoint and have the property 
that 

Using Corollary 2.6, it now follows for Ce := Clnen , ^n) that 

diniH(Ce) > 6 — 2e. 

Finally, note that by construction we have for each ^ G C^ that 

C y b{g{0),c{e)); 
geG 

where we have set c{e) := 3a + tq{1 + max{/i, ^21/2) (see the inclusion (**) in 
proof of Proposition 3.5). Hence, we have that 

dirriH {Lur{G)) > dim//(Ce) > S — 2e. 

Since e was assumed to be arbitrary, it follows that 

dimniLuriG)) >5. □ 
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Lyapunov Exponents Are not Rigid 
with Respect to Arithmetic Subsequences 

Amiran Ambroladze and Jorg Schmeling 



Abstract. We construct a random walk on the integers tending with positive 
velocity to infinity while any walk along an arbitrary arithmetic subsequence 
is recurrent. This can be interpreted as an example of a product of random 
matrices with positive Lyapunov exponent while any subproduct along an 
arithmetic subsequence has zero exponent. This shows that one can have 
exponential stretching along an orbit of a dynamical system while any time 
series along an arithmetic subsequence indicates subexponential growth. 
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1. Introduction 



Let T : X ^ X be a dynamical system with invariant measure ji. BirkhoflF’s Er- 
godic Theorem tells that for a given function / for //-a.e. x £ X the limit 

n=0 

exists. The following obvious lemma shows that this limit is determined by its 
behavior on arithmetic subsequences. 



Lemma 1.1. Let (fc^) be a sequence of real (complex) numbers. If for any a > 1, 
b eN the limit 



lim 

N^od 



1 

N 



N-l 

^ ^ han-{-b 
n=0 






lim 

N^oo 



N-l 






n=0 



then 




no 
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We will show that this situation changes drastically when one considers ma- 
trix valued cocycles instead of real valued cocycles. Let A: X ^ Gl{n,M) be a 
matrix-valued function with 

log+ \\A{x)\\eL\ 

Then Oseledec’ Theorem states that for /x-a.e. x G X the limit 

1 

lim — log JJ A{T^x) = x{x) 

AT— too iV 

n=0 

exists. This number is called the leading Lyapunov exponent. If it is positive it tells 
that the average stretching rate along an orbit is exponentially in some direction. 

We will construct a random matrix product A1A2 - • An where the leading 
Lyapunov exponent is positive. On the other hand if we average the stretching 
rate along an arbitrary arithmetic subsequence we get subexponential growth: 

1 N-i 

lim — log T7 Aan+b = 0 . 

iV— >-00 iV 

n=0 

This shows that the Lyapunov exponents cannot be determined by arithmetic 
subsequences. 

This situation has also another interpretation. We construct a stochastic pro- 
cess (A^), n E N which leads to a random walk on N that tends with linear speed 
to +00. On the other hand any random walk generated by the subprocess {Xan-\-b) 
is recurrent. This illustrates that one cannot predict exponential stretching rates 
by averaging the local stretching rates only along subsequences. 




( 3 ) 
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and 

= B I the number of 1 < fc < n with Xk = C is odd) = (4) 

Therefore 

¥{Xn = A I #(1 < k < n with Xk = C) is even and Xn ^ C) = 1 (5) 

and 

F{Xn = 5 I #(1 < fc < n with Xk = C) is odd and Xn^C) = 1. (6) 

This means at the n-th moment we choose at random whether we put a C or not. 
If we have chosen not to put a C we chose A or B in a deterministic way depending 
on the parity of occurrences of C. This process is highly dependent! 

Now we define a random walk generated by this process. Let 

_ log 11 X 0 X 1 X 2 •••X, II 

log2 

If we choose ||(x,y)|| max{|x|,|y|} and ||A|| =: max^^gi then 2^^ is the 

length of the longest side of the rectangle 

XoXiX2---X4[0,1]x[0,1]). 

Since each of the matrix products X 0 X 1 X 2 • • • X^ is area preserving and the side- 
length of the rectangles are of the form 2^, / G Z we have that Qn € NU {0}. Hence, 
{qn) defines a random walk on N U {0}. 

Theorem 2.1. 

1 . 1 1 .n. 

lim -Qn = - r-a.s. 

n -^00 n z 

We immediately get the following corollary: 

Corollary 2.2. The leading Lyapunov exponent of the random matrix product is 
positive: 

lim - log 11 X 0 X 1 X 2 •• -X„ II = xp = bog2 > 0 P-a.e.. 

n-^oo n Z 

Theorem 2.3. The process X^ is stationary. 

3. The process along arithmetic subsequences 

Let a > 1 and b be two integers. We will consider the processes 

(x:>*’) := (Xan+b). 

The next theorem shows that for given a, b this process has much more indepen- 
dence. 
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Theorem 3.1. Let a > 1, b be fixed. Let be the a -algebra generated by the 
random variables 0 < k < n. Then for n>l 

and 

P(X“’'' = 5|J^“’'>) = i 

Now we consider the associated random walk 

log 2 

For the same reasons as for {qn) the random walk lives on N U {0}. 

Theorem 3.2. Let a > 1, b be fixed. Then the random walk is recurrent. 
Moreover, 

lim -q^^ = 0 P-a.5. 

n-^oo n 

We immediately derive the following corollary: 

Corollary 3.3. The leading Lyapunov exponent of the random matrix product along 
the subsequence {an + b) is zero: 

lim - log = Xp = 0 P-a.e.. 

n-^oo n 



4. Proofs 

Proof of Theorem 2.1. As explained above the random variable 2^'^ is the length 
of the longest side of the rectangle 

XoXiA2---X4[0,1]x[0,1]). (7) 

The matrix (7 is a rotation in the plane by angle |. In case the rectangle (7) is not 
the unit square the application of C interchanges the axes. By the construction 
laws (5) and (6) A is applied only if (7) has its longest side horizontally and B 
is applied only if (7) has its longest side vertically (we note that both cases may 
include that (7) is actually the unit square). Since Ao([0, 1] x [0,1]) is ’’aligned 
horizontally” each time A or B is applied the longest side of the rectangle (7) gets 
doubled. Therefore 

qn = #{l<k<n : ^ C} . 

By the definition (2) of the i.i.d. Bernoulli process (F^) we can rewrite 

qn = #{l<k<n: Yk ^ C} . 
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We apply the strong law of large numbers to the bernoulli process {¥„): 

#{l<fc<n : 1 ^ 

hm — = - P - a.s. 

n->oo n 2 



Hence, 

lim — = ^ P - a.s. □ 

n— )-oo n 2 

Proof of Theorem 2.3. Let m,n,k e N and G {C,A,B}. We as- 

sume that Ml = • • • = M/_i = C and Mi = A for some 1 < ^ < A:. Then by (1) 



— Ml, • • • ,Xn-{-k-l = Mk) 

~ ( 2 ) * ‘ ■ ^^n+k-1 = Mk) 



and 



P(X^ = Mi,-.- ,Xm+k-l = Mk) 

~ (2) = Ml,' - , Xm-\-k-l = Mk). 

Now 

/-I \ #{^<s<fc:M,=C} 

P(-^n+Z-l = Ml,' - ,Xn^k-l = Mk) ~ f 2 ) ^ 

^ U <t<n + s-l : Xt = C} is even if M^ = A and 

l<s<k 

#{1 <t<n + s- l tWi^Cjis odd if = 5]^ 

and 

]P(A„j_|_;_l = Ml,-- - , Xm+k-1 = Mk) ~ f 2 ) ^ 

^ U <t<m + s — l : X( = C'}is even if = A and 

l<s<k 

#{1 < t < m + s - 1 : At = C} is odd if M, = H]). 

Since Mi = A and by (5) we have that #{1 < t < / : At = C} is even and hence, 
#{1 < t < n + s - 1 : At = C} = 0 mod 2 



#{/ <t<n + s- l : At = C'} = 0 mod 2. 
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This and the formulas above imply 

= Ml, ■■■ , Xn+k-1 = Mk) 

= (2) 

X p( 1^ [#{^ -\-l — l<t<n-\-s — 1 : Xt = (7}is even if Mg = A 

l<s<k 

and #{n + / - 1 < t < n + s - 1 : ATt = C} is odd if M, = B]) 

= (2] 

^ U < s : Mt = C} is even if Mg = A and 

l<s<k 

#{i <t<s : Mt = C} is odd if Mg = B]^ 

= = Ml,' • • , Xm-\-k-l = Mk). 

Similar formulas can be derived for Mi = B. This implies that the process is 
stationary. □ 

Proof of Theorem 3.1. Let us fix a > 1 and h. Then we have that a(n — 1) + 6 < 
an-\-h —1 and 

K''" C Tan+b-l (8) 

where J-an+b-i is the cr-algebra generated by the random variables A*;, 1 < A: < 
an + 6 — 1. 

Now the process (y„) is i.i.d. Bernoulli. Hence, the first statement of the 
theorem follows. Moreover, 

P(#{l<fc<m ■.Yk = C} odd|#{l<A;</ : Yk = C} odd) 

= P(#{l<fc<m :Yk = C} odd|#{l<fc</ : Yk = C} even) 

= P(#{l<fc<m :Yk = C} even|#{l<fc<f : Yk = C} odd) 

= P(#{l<fc<m : n = C} even|#{l<fc< / : yfe = C} even) 

= P(#{l<fc<? :Yk = C} even) 

= F{it{l<k<l : Yk = C} even) 

_ 1 
“ 2 

if / < m. This and (8) imply that 

P (# {1 < A: < an + & : Ffc = C} is even | ^ (9) 

and 

P (# {1 < A; < an + 6 : n = C} is odd | A“’'’) = i (10) 
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By equations (5), (6), (9) and (10) we have that 

= P(#{1 <k<an + b : Xk = C}\s even and ^ C) 

= ¥ {1 < k < an b : Yk = C} is even) ¥{Yan-\-b = not C) 

= P(#{1 <fc<an + 6 : Yk = C) is even | x 

X P(Ya„+6 = not C I 

_ 1 1 _ 1 
“ 2 ■ 2 “ 4 

P(X“’*’ = 5) = P(#{1 <k<an + h : Xk = C] is odd and ^ C) 

= ¥ {■# {1 < k < an h \ Yk = C] is odd) F{Yan-^b = not C) 

= P(#{l<fc<an + 6 : Yfe-C} is odd | x 

X P(yan+6 = not C I 

1 1 1 



Proof of Theorem 3.2. let us fix a > 1, 6 . We write 



ra^b 

'n 




XbXa+b ■ ■ ■ Xa„+fc([0, 1] X [0, 1]) is horizontally aligned 
XbXa+b ■ ■ ■ Xa„+b([0, 1] X [0, 1]) is vertically aligned 



According to Theorem 3.1 the increments of the random walk g"’** have the fol- 
lowing distribution: 

and for 7 ^ 0 



= 1 ) = P = H and = a) + 

+ P = y and A:“’* = 5 ) 

= p(x“’*’ = A I = ff)P(z^’^ = ff)+ 

+ P(X“-'’ = B I = y)P(z:i\ = y) 
= P(X;j’'’ = A|J^“’'')P(Z:L'i-/f)+ 

^p(^a.6^_g|^a,6)p(^a^6^^y) 



p(^:L\ = //) + P(z^% = y) 



a.b 



1 

4 
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and 

- Qn-1 = -1) = P = V and = a) + 



+ P = H and = b) 

= p(x“’'> = A I z:’\ = y)P(Z^\ = V)+ 

+ P(X“’*> = B I = i^)P(Z:L^ = H) 

= P(X“’'' = ^|J^“’*’)P(Z:L^ = y)+ 

+ P(X^-*’ = 5|^“’')P(Z:l'i=F) 

= i [p(z^\ = //) + p(z:l\ = if)] = j 

Therefore is a symmetric random walk. Moreover, if we denote by Vn 
the standard symmetric random walk we get 

C*’<KI P-a.s. 

This implies that is recurrent. Since the standard random walk fulfills the law 
of the iterated logarithm 



lim sup 

n— »oo 



/n log logn 



1 



F - a.s. 



we have 



lim ^ = 0 P - a.s. 

n—^oo Tl 



□ 
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Some Topics in the Theory of 
Multiplicative Chaos 
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Abstract. We present the theory of multiplicative chaos and some related 
topics including Dvoretzky covering, percolation on trees, random cascades 
and Riesz products. 
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1. Theory of multiplicative chaos 

Chaotic phenomena were observed a long time ago in physics, especially in the sta- 
tistical thermodynamics and in the turbulence. A. Einstein’s work (1905) on the 
brownian motion concerned the thermodynamics. The brownian motion is now a 
well established theory which interacts with many sciences (physics, mathematics 
and finance). Concerning the turbulences, there had been a constant interaction 
between observations, physical models and mathematical models since J. Boussi- 
nesq (1877) and O. Reynolds (1883). However, N. Wiener declared in 1938 ’’the 
demands of chaos theory go considerably beyond the best knowledge of the present 
day” . Around 1940, A. Kolmogorov and A. Obukhoff, leading their Russian school, 
studied the velocity field of a turbulence as a random field. In 1961, Kolmogorov 
[28] returned back to the subject by studying the dissipation of the energy defined 
by 




where v is the viscosity and (^ 1 , 1 ^ 25 ^ 3 ) is the velocity. He made the hypothesis 
that the logarithm of the spacial average over a small ball of radius r is a 
normal variable and its variance is of order 0(log ^). In 1971, B. Mandelbrot [32] 
gave a refinement of the log-normal hypothesis by defining the random measure e 
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as a martingale limit. Later in 1974, Mandelbrot [34, 35] provided a discontinuous 
model without log-normal hypothesis. This model, called random cascades, was 
well studied by J. P. Kahane and J. Peyriere [26]. In 1985, Kahane studied a limit 
log-normal model, called gaussian chaos [22]. A limit Levy model was studied in 
[7, 12], 

A general framework was set up in 1987 by Kahane [23], which is called the 
theory of multiplicative chaos. We will recall this general theory in the Section 1. 
The theory involves in the resolutions of many other mathematical problems, some 
of which have at first appearance nothing to do with the theory and some others 
are even deterministic (without randomness) . We will present some topics together 
with recent developments. These topics include Dvoretzky covering (Section 2), 
percolation on trees (Section 3), random cascades (Section 4) and Riesz products 
(Section 5). In the last section, we address some unsolved problems. The reader 
may refer to the survey papers [25] and [40] for other interesting materials. 

1.1. Construction of multiplicative chaos 

Let (T, d) be a compact (or locally compact) metric space and (fi,^, P) be a 
probability space. We are given an increasing sequence {An}n>i of sub-a-fields of 
A and a sequence of random functions {Pn(^?^)}n>i (t G T,o; G fi) such that 

(i) Pn{t) = Pn{t, ^) are non-negative and independent processes; P^(-, a;) is bore- 
lian for almost all cj; Pn{t^‘) is ^n-i^oasurable for each t. 

(ii) EPn(t) = 1 for all t eT. 

Such a sequence {P^} is called a sequence of weights adapted to {An}- Let 

n 

Quit) = Qn{t,Uj) = Y[Pj{t,Uj). 

j = l 

For any n > 1 and any positive Radon measure a on T (we write a G A4"^(T)), 
we consider the random measures Qncr defined by 

Qncr{A) = [ Qn{t)da{t) {A G B{T)) 

JA 

where B{T) is the Borel field of T. It is clear that for any A G B{T), QnCr{A) 
is a positive martingale, so it converges almost surely (a.s. for short). So does 
J (j){t)dQnCr{t) for any bounded borelian function (j). The following fundamental 
theorem is a consequence of the last fact. 

Theorem 1.1. ([23]) For any Radon measure a G M~^{T), almost surely the random 
measures Qn(r converge weakly to a random measure S. 

Let us write 

Qa = S = lim QnCr. 

n^oo 

We may consider Q as an operator which maps measures into random measures. 
We call Q a multiplicative chaos operator. Sometimes, we call 5 a multiplicative 
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chaos measure which, in some special cases, describes the limit energy state of a 
turbulence [34, 35, 22, 7]. See next sections for examples of such constructions. 

There are two possible extreme cases. The first one is that QnCr{T) converges 
a.s. to zero, i.e. S = 0 a.s. (the energy is totally dissipated). The second one is that 
QnCr{T) converges in so that ES{T) = a{T) (the energy is conserved). If the 
first case occurs, we say that Q degenerates on a or cr is said to be Q-singular. If 
the second case occurs, we say that Q fully acts on a or cr is said to be Q-regular. 
We define a map EQ : M'^{T) — > M~^{T) by 

{EQa){A) = E{Qa{A)) {A e B{T)). 

That cr is Q-singular (resp. Q-regular) is equivalent to EQa = 0 (resp. EQa = a). 

Theorem 1.2. ([23]) Any Radon measure a E can be uniquely decomposed 

into a = ar+(Ts where dr is a Q-regular measure and dg is a Q-singular measure. 

The operator EQ extended to the space M(T) is thus a projection whose 
image (resp. kernel) consists of Q-regular (resp. Q-singular) measures. 

1.2. General results 

We are concerned with properties of the random measure S = Qd or of the operator 
Q, some of which are related to the following questions: 

Question 1. Does Q degenerate on d? 

Question 2. Does Q fully act on d? 

Question 3. Is the moment E(5(T)^) finite for a positive number p > 1? 
Question 4. What is the dimension of the measure Q<j? 

Question 5. Is the measure Qd multifractal? 

Question 6. What are the relations between two measures Q'd' and Q"cj" for 
two different operators Q' and Q" defined in the same way as Q? 

In the following, we state some results in the general case. Either they are partial 
answers to one of these questions, or they provide some useful tools. Complete 
solutions may be obtained for special cases, as we shall show later. 

Theorem 1.3 ([23]). Suppose that H^{T) < oo where denotes the a-dimensional 
Hausdorff measure and that there exist constants 0 < h < 1 and C > 0 with the 
property that for any ball B with radius r there exists an integer n = n{B) such 
that 

E(snpQn{t)] (1.1) 

\teB ) 

Then all Radon measures on T are Q-singular. 

This provides a good tool to verify the Q-singularity of d. In fact, the con- 
dition dim<j < a together with (1.1) implies the Q-singularity of d. On the other 
hand, the following gives a simple condition of Q-regularity. 
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Theorem 1.4 ([23]). We have E{Qa{T))'^ < oo if and only if 




EPn{t)Pn{s)da{t)d(T{s) 



< 00 . 



In particular, (1.2) implies the Q-regularity of a. 



(1.2) 



There is a similar condition for E{Qa{T))'^ < oo with an integer order m. 
Suppose that a is a Q-regular probability measure. A useful tool for studying 
the measure Qa is the Peyriere measure Q on the product space T xQ defined by 

f ip{t,uj)dQ{t^uj) = E I (f{t,uj)dQa{t) (1.3) 

JtxQ Jt 

for non-negative measurable functions (p. 

Theorem 1.5 ([26, 23]). Suppose that a is a Q-regular probability measure and 
that the probability law of the variable Pn{t) for fixed t is independent oft. Then 
Pn ’s, considered as random variables with respect to Q, are Q-independent. 



A direct application of the Peyrere measure leads to that almost surely for 
Qcr-almost every t eT we have 



n ^ n 

lim - log Pk{t, Lu) = lim -^EPfelogP^- 

)— >on H ^ n—^oo fi 



n— >oo n 



k=l 



(1.4) 



k = l 



This result may be used to study the dimension and the multifractality of the 
measure Qa. 

Suppose that we are given two sequences of weights {Pn(0}n>i and 
{Pn{t)}n>i adapted to {A'^} and {.4^}, respectively defined on probability spaces 
(O', A', P') and (fl", A", P")- H is obvious that {Pn} defined by Pn{t) = P^{t)P^{t) 
is a sequence of weights adapted to [A'^ ® A'ff], defined on the product space 
(n, A, P) = (fi' X fl", A' 0 A”\ P' 0 P"). We denote by Q', Q" and Q the three 
operators corresponding to the above three sequences of weights. The following 
decomposition principle establishes a relationship between Q' and Q. 
Theorem 1.6 ([16]). Under the above condition, we have 

(a) Qa = Q"{Q'a) a.s. for any measure a G M^{T). 

(b) a e ImEQ Q'(t G ImEQ" for almost all cj' G fi'. 

(c) a G KerEQ Q'o" G KerEQ" for almost all a;' G fi'. 

(d) EQ = EQ"EQ'. 



Let Q' and Q” be two operators associated respectively to {P^} and {P^'}. 
Now we don’t suppose the independence of {P^} and {Pn}- But we suppose that 
the law of the vector {P^{t),P^{t)) is independent of t. We have a Kakutani type 
criterion for the dichotomy of the mutual absolute continuity of Q'a and Q"a. 
Theorem 1.7 ([10]). Assume the above assumptions. Suppose furthermore that a 
is a Q' -regular probability measure. We have 

(a) n^i E^P^P^' > 0 ^ Q"a <C Q'a and a is Q" -regular. 

(b) n“ 1 = 0 Q"a A Q'a. 
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2. Dvoretzky covering 



The Dvoretzky covering problem was raised in 1956 by A. Dvoretzky [5]. It at- 
tracted attentions of P. Levy, J.P. Kahane, P. Erdos, P. Billard, B. Mandelbrot 
who made significant contributions (see [21]). In 1972, L. Shepp [41] obtained a 
complete solution to the problem. There were different generalizations and vari- 
ants of the problem (see [21]). The most recent result is a solution of Carleson 
problem (Theorem 2.5). 

2.1. Dvoretzky covering problem and solutions of Shepp and Kahane 

Let T = T = K/Z. Take a decreasing sequence {^n}n>i {0 < in < 1) such that 
in i ^ and = 00 and a sequence of i.i.d. random variables {cJn}n>i of 

the uniform distribution on T. Let 7^=0;^ + (0,7n)- It is easy to see that with 
probability one almost every point in T with respect to the Lebesgue measure is 
covered by an infinite number of intervals In- A. Dvoretzky [5] discovered that it 
is possible, in some cases, that T is not necessary covered. The Dvoretzky covering 
problem is to find conditions on the length sequence {in} such that 

( OO CXD \ 

N=1 n=N / 

where P is the probability measure of the underlying probability space (D, P). 

Theorem 2.1 ([41]). A necessary and sufficient condition for covering (i.e. for (2.1) 
to be realized) is 



V _exp(^i + --- + 4) 



n=l 



00 . 






( 2 . 2 ) 



The device of multiplicative chaos is a useful tool, which goes back to P. 
Billard [4]. The corresponding weights are 

1 “ 1 ( 0 , ~ 



Pn{t) = 



l-L 



Notice that t is covered by In (i.e. t E In) iff Pn{t) = 0. So, if the whole circle T is 
covered, then the martingale QnA(T) must tend a.s. to zero. Therefore a necessary 
condition for covering is lim^ E(QnA(T))^ = oo, which is equivalent to (2.2). The 
necessity of the following theorem may also be proved in the same way. 

Theorem 2.2 ([24]). Let K be a compact set in T. Almost surely K C limsup/n 
iff Cdipj^K = 0 where Cap;. denotes the capacity relative to the integral kernel 



k{t) =exp^(4 - \t\)^ 



(2.3) 



n=l 



(convention: means the positive part of a real number x). 

We refer to [27] for the potential theory. See §3.2. for a similar theory on trees. 
J. P. Kahane realized that the Dvoretzky covering on the circle is equivalent to a 
similar Poisson covering on the real line, also called Mandelbrot random cutouts. 
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Combining this observation and an idea of stopping time due to S. Janson [19], 
he gave an elegant proof of the sufficiency of the above two theorems, which is 
sketched below. 



2.2. Mandelbrot random cutouts and Janson stopping time 

In 1972, B. Mandelbrot [33] introduced an analogous covering problem on R instead 
of T, by replacing a random point on T by a Poisson point process with intensity 
A (Lebesgue measure). Thus the random interval (un.ojn + ^n) is replaced by the 
union of intervals (x,x + i^) with x belonging to the Poisson process. 

The general problem is as follows. Let ^ be a positive measure on the half 
line R"^. We consider the random closed set 



E+ =m+\[j{x,x + y) 



where the union is taken over all points (a:,y) of the Poisson process on R+ x R+ 
with intensity A (8) /x. We call E~^ a Mandelbrot random cutout^ which is similar to 
Cantor sets. Under what condition on fi have we = 0 a.s.? Otherwise, which 
properties does E~^ have? 

The answer to the first question was given by L. Shepp [42] in 1972. Fitzsim- 
mons, Fristedt and Shell [17] proved that coincides a.s. with the closure of the 
image of an increasing Levy process (also called subordinator). 

We just sketch a proof due to Kahane of the Shepp ’s result. For e > 0, 
consider the Poisson process with intensity A (g) /ie where /ig is the restriction of /i 
on [e, oo). Let be the union of all intervals {x^x + y) with (x,t/) belonging to 
the truncated Poisson process. Following S. Janson [19], define the stopping time 



Tg = inf{t > 0 : t ^ Gg}. 



That E^ = 0 a.s. is equivalent to limg_>o'7‘e = oo. By considering the double 
integral E and calculating it in two different ways, we can deduce 




where 



So, letting e 
satisfied 



poo 

k^{s) = exp / (i^{u^oo)du (s G R). 

J\s\ 

0 we get limg_^o Tg = oo a.s. when the following Shepp condition is 




fie(u^oo)du 



e ^ds = 00 . 



(2.4) 



2.3. Covering operator EQ and dimension of QX 

Recall that k is the integral kernel defined by ( 2.3). A Borel measure on T is 
said to be k-regular if it is a countable sum of finite k-enevgy and it is said to be 
k- singular if it is supported by a null A;-capacity Borel set. The following theorem 
is an easy consequence of Theorem 2.2. 
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Theorem 2.3. A measure ji G M~^(T) is Q -regular (resp. Q -singular) if and only 
if it is k-regular (resp. k-singular). 

Given another kernel k defined in the same way as k. Using the above theorem 
and the decomposition principle (Theorem 1.6), we can determine the fc-regularity 
of Qa for any a G 

(a) if a is fcfc-regular, then Qa is a.s. fc-regular; 

(b) if a is fcfc-singular, then Qa is a.s. fc-singular. 

The kernel corresponding to the sequence ^ is the Riesz kernel k^ft) = 

It is clear that 

(c) dim p> a ii /ais fcc^-regular; dim /x < a if ^ is fc^-singular. 

Theorem 2.4. Suppose that the Shepp condition (2.2) is satisfied. Let A be the 
Lebesgue measure. Then dimQA = 1 - limsup^_^^ 

To prove this, it suffices to use the above assertions (a), (b) and (c) and to 
notice that A is -regular or singular according to the convergence or divergence 
of the series So, the critical value a of convergence of the 

above series is equal to dimQA, as announced. 



2.4. Carleson problem and covering numbers 

When Shepp’s result is established, a natural problem, which was raised by L. 
Carleson, is to describe the infinity of the set of intervals covering a given point. 
First works in this direction appeared in [8, 15]. 

We describe the Carleson problem in the following manner. Define, forn > 1, 
the n-th covering number of ^ G T by 



Nn{t) = Card{l < k < n : h 3 t} = “ ^k)- 

k = l 



For any ^ > 0, we define the (random) set 



Nn{t) 



Ffj = <t eT : lim 

I n-^oo [j. 






where + • • • + ^n- Let 



a = lim sup 



5 ^ 

- log (-n 



Introduce the function 



(2.5) 



d„(/3) = l+a(^-l-^log/3), (a,/3>0). (2.6) 

Theorem 2.5 ([3]). Under some regularity condition on {in}, have 

(i) Suppose 0 = 0. With probability one, for all /3 >0 we have dim(F^) = 1. 

(ii) Suppose 0 < o < cxd. With probability one, for all /3>0 such that da{/3) > 0, 
we have dim(F/ 3 ) = d^(/3), and Fp = ^ for all (3 >0 with da{l3) < 0). 

(iii) Suppose limn_,oo = oo. With probability one, we have Fi = T. 
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Let us exhibit three typical sequences corresponding to above three cases: 



n log n ’ 



a 

n 




(n > 1). 



In order to prove the above theorem, we construct a multiplicative chaos 
measure with weights 



^ ^ (1 ~ ^n) + 



In an earlier work, it was proved the following dichotomy. 

Theorem 2.6 ([15]). Suppose in = ^ a > 1. Let {on} be a decreasing sequence 
of positive numbers such that = oo. Then 

(i) a.s. Vt € T an = 00 If = 

(ii) a.s. Vt e T En:/„ 9 t a„ < 00 o Er=i ^ < oo- 



3. Percolation on trees 

Let T = dT be the boundary of an infinite and locally finite tree T, which is a 
compact metric space with metric d{^,rj) = where ^ A rj is the number of 

vertices passed by both paths ^ and rj belonging to dT. 



3.1. p-BernouUi percolation on trees 

Let p = (Pn)n>i be a sequence of positive numbers such that 0 < ^ 1- We 

remove or keep edges at random from the tree T, keeping each edge in the n-th 
generation with probability Pn and removing it with probability 1— Pn, and making 
decisions independently for all different edges of all generations. This procedure 
is called p-Bernoulli percolation. If, with a positive probability, an infinite path 
emanating from the root remains in the tree, we say that the percolation occurs. 
When does the percolation occur? 



Theorem 3.1 ([8, 9, 30, 31]). A necessary and sufficient condition for the p- 
Bemoulli percolation to occur is Cap^9T > 0 where K is the kernel defined by 

I^As| 

K{t,s):=Kp{t,s):^l[-. (3.1) 

n=l 



A. H. Fan proved the last theorem by considering the multiplicative chaos 
defined by the weights 



Pn{0 = 



1 



{the n— th edge of ^ is kept} 



Pn 



(3.2) 



R. Lyons used the method of electrical network. See [38] for related topics on 
random walks on trees, where both methods are useful. 
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3.2. Potential analysis on trees 

We now explain what Cap^9T > 0 means. The potential theory on trees has 
its own interests. For an integer m > 2, consider the group = R/mZ = 
{0, 1, • • • ,m — 1}. Given a sequence of integers {rrin}n>i (^n > 2), we consider 
the infinite product group, called an odometer group^ 

oo 

n=l 

The dual group Z^ of Zm is represented by Zm = {!,(/:?,••• where 

^U) = O' ^ ^m), with Um = e^. 

The character (f : Z^ ^ M/Z is called the Rademacher function of the group 
Zm- Denote by {(pn}n>i the sequence of Rademacher functions of the groups Z^^ 
{n > 1). Every function induces a function on the odometer group G if we 
define Pn{i) = ^nifn) for t = {tk)k>i ^ G, called the n-th Rademacher function 
of G. It is well-known that the dual group G of G is equal to 

G = ’-Pn" ' ^>1; 0<e^ <mn (1 < J < n)}. 

It is easy to see that every character in G corresponds uniquely to an integer 
n > 0, and vice versa. The correspondence is as follows. Every integer n > 0 has 
an unique representation 

n = ei+ 621711 -h 6317111712 H h 6kmil7l2 ’ * * 17lk-l 

(0 < 6j < ruj for j = 1, 2, • • • , fc). The character corresponding to n, called the 
n-th Walsh function, is 

V'n = 

The Fourier transform of a Haar integral function / on G is defined by /(n) = 
f fo^ n > 0. 

Theorem 3.2. If f E L^{G) and f{n) > 0 for all n>0, then /(^) 

It suffices to show the boundedness of some subsequence of Sn = /(^)- 

Consider the subsequence {n^} with 

rik = (mi - 1) + (m2 - l)mi H h {ruk - l)mi ■ • • i7ik-i- 

We have 



A Tlj^ 1 n k 

Sn^ = / fit) Mt)dt = / fit) 

-f G Q n */ G -I 



\ Pj ' 



Notice that \ pj(tj) -\ h Pj{tj)'^^~^ = rUj or 0 according to tj = 0 or tj ^ 0. 

It follows that S'rifc = /(0^i^2 • -nikdt < ||/||oo- 

The boundary dT of any infinite and locally finite tree T can be embedded 
into some group G = H^i The kernel K defined by (3.1) can be formally 
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extended onto G. The extended kernel is still denoted by K which is translation 
invariant in the sense that + r, s + r) = K{t,s). So, K{t, s) = K{t — s) where 



|tA0| 



K{t) = n 



n=l 



Pn 



Theorem 3.3 ([8, 9]). The function K{') is integrable if and only if 



E 



1 



< 00 . 



Under this integrahility, we have 'Jn = K{n) >0 for all n > 0. 



Assume that K is integrable. Recall that the potential and the energy (relative 
to K) of a probability Borel measure p on G are respectively defined by 

V^{t) = J s)dn{s), = j U>^{t)dfi{t). 

The capacity (relative to K) of a compact set E in G est defined by I{E)~^ with 
I{E) = inf where the infimum is taken over all probability measures supported 
by E. 



Theorem 3.4 ([8, 9]). Suppose that K is integrable. Let E be a compact set in G. 

1) If I (E) <00 (i.e. E is of positive capacity), then there exists a unique prob- 
ability measure pe supported by E such that I{E) = 

2) The set of points t G E such that < I{E) has null measure with respect 
to every measure of positive energy. 



3.3. Percolation operator EQp 

Recall that K is the integral kernel defined by (3.1) corresponding to the p- 
Bernoulli percolation. For a Borel measure p on dT, as in §2.3., we define its 
A"-regularity and K-singularity. Let Qp be the multiplicative chaos operator cor- 
responding to weights define by (3.2). 

Theorem 3.5. A measure p E M~^{dT) is Qp-regular (resp. Qp-singular) if and 
only if it is K -regular (resp. K -singular). 



4. Random cascades 

Random cascades were introduced by B. Mandelbrot as models of turbulence. 

4.1. Mandelbrot cascades 

Let Tc = {Z/cZ)^ (c integer > 2), a special odometer group. We represent Tc as 
the boundary of a tree and equip Tc with the ultrametric d{t,s) = We 

denote by [ti, ^ 2 ? • • ' ? ^n] the ball of radius e~'^ containing t = {tk)k>i- Such a ball 
corresponds to the vertex t\t 2 ’ "tn of the tree. Let - ,^n} ^ family of 

1.1. d. non-negative random variables of expectation 1, indexed by the vertices of 
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the tree. We denote the common law of the family by W. For n > 1, we define a 
weight 

P n{t) = ,tn = {tk)k>l ^ Tc). 

The corresponding multiplicative chaos operator will be denoted by Qvv- 

Let fji be an ergodic invariant Markov measure defined by its transition prob- 
ability matrix P = (Pij)- For any h G R, let p{h) be the spectral radius of the 
matrix P{h) defined by (p^j) (by convention, = 0 for any h), i.e. 



P{h) = 



Po ,0 


Po,i • 


• Po,c-l 


Pl.o 


Pl,l • 


• Pl,c-1 


W-1,0 


Pc-U •• 


' • Pc-l,c-l 



(4.1) 



The function p{h) is real analytic. For the Bernoulli product measure defined by 
{Po^Pir " jPc-i), the function p{h) has the explicit expression J2^ZoPj- 



Theorem 4.1. [26, 14] Let p be an ergodic invariant Markov measure with transition 
probability matrix P. Then 

(a) p is Qw-Tcgular if and only if EWlogW < —p'{l). 

(b) p is Qw-singular if and only if EWlogW > -p'(l). 

(c) 0 < E{Qwp{Tc))^ < 00 with h> 1 if and only ifEW^p{h) < 1. 

(d) If EWlogW < p'{l), then dimQwP^ = (-p'(l) - EVFlog W)/logc a.s. 



For any measure p defined on Tc and for h > 0, define 



= limsup-log V ■■ ,tn])^- 

n— voo n ^ 



(4.2) 



It is clear that p is convex such that p{l) = 0. 



Theorem 4.2 ([14]). Suppose EW^~^^ < 00 for some 5 > 0. Then 

(a) p is Qw-regular if EWlogW < -p'(l+). 

(b) p is Qw-singular if EWlogW > -p'(l“). 

(c) If EWlogW < -p'(l“t), then almost surely 

_ A1*) + EWHW ^ ^ p-(i-) + Eiyiogvy) 

log c log c 

The proof of Theorem 4.1 is subtle. However, it is easy to sketch a proof for 
Theorem 4.2. 

(a) We write Qn-\-ip{T) - Qnp{^) as 

n 

E n ,tk ,^n + l t) M([tl, ^2, • • • ,^n+l])- 

^1 ,t2,'" k=l 
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For 1 < h < min(2, 1 + 5), applying the Von Bahr-Esseen inequality in [43] and 
then using the hypothesis, we get an h > 1 sufficiently close to 1 such that 

E|Q„+iMT) - 

Then II<5 «+iM(T) - QnKVWh < oo, which implies the i'*-convergence of 
Q„ju(T), a fortiori, the -convergence of < 5 „/Li(T). 

(b) It is just a consequence of the Fatou lemma: for any 0 < h < 1 we have 

E(QvvMT)'*) = liminf(EIVY V 

n—^oo 

til'" itn 

The last limit is zero by the hypothesis. 

(c) Let W (3 be a variable such that P{Wj 3 = c^) = c~^ and P(W (3 = 0) = 
1— c“^. Let Qp be the operator associated to W (3 (/J-model). Suppose that Qjs is in- 
dependent of Qw Then the product QpQw is associated to WpW (Theorem 1 . 6 ). 
Notice first that 

E{WpW) log{W^W) = ETT log W + ^ log c. 

Suppose that EW log W < For any fi such that EW logW + f3 log c < 

[1 is Q/jQu^-regular (by (a)). Then QwlJt is Q/ 3 -regular a.s. (Theorem 1.6). 
So, dim QiJ. > j3 a.s. (Theorem 3.5). It follows that 

dimQn > -^(-p'(l) -EVFlogVF) a.s. 
logc 

If (3 is chosen so that (3 logc > -p'(l) - EIFlogIF. then is Q/^Qn^-singular. 
Similar arguments show the inverse inequality. 

There are different variants of the Mandelbrot model. See [18, 29, 37]. 

4.2. Multifractal analysis 

Let A be the Lebesgue measure on Tc. The multifractality of Qw^ was well studied, 
under some restrictive conditions on W by R. Holley and E. C. Waymire [20], and 
by K. J. Falconer [ 6 ]. These conditions were weaken by G. M. Molchan [36] and 
J. Barral [1]. The key work is the study of negative moment E(Q^A(T))“'^ with 
h>0. 

5. Riesz products and its generalizations 

We present a result concerning deterministic Riesz products by using Peyriere 
measure. 

5.1. Riesz products and lacunary trigonometric series 

Let r = G be a compact Abelian group. Given a sequence of dissociated characters 
A = (7n)n>i in the dual group F of G and a sequence of complex numbers a = 
{an)n>i with \an\ < 1, we define a probability measure, called Riesz product, 

00 

l^a ~ (^ ^nTn(^)) 

n=l 



(5.1) 
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as the weak *-limit of the partial products of the infinite product. The system 
{'Init) — ^^n)}n>i IS orthogoual in This leads us to consider the orthogonal 

series 

CX) ^ 

Q^n(7n(^) ~ Q^n)* 

n=l 

A classical example is the Riesz products on T where the dissociated sequence is a 
sequence of integers {An} satisfying the strong Hadamard lacunarity An+i > 3 An- 
According to a famous Men’shov-Rademacher theorem, log^ n < oo is 

a sufficient condition for the series converges /in-almost everywhere. By introducing 
a random Riesz product and using the Peyriere measure, we prove the following 
theorem. 



Theorem 5.1 ([39, 11]). Let SN{t) be the N-th partial sum of the above series. For 
any 1 < p < oo, we have the maximal inequality 



3 /2 






El 

n=l 



Consequently, the series converges fia-ctl'n^ost everywhere iffJ2 < +oo. 



J. Peyriere [39] obtained the result for the group T with p = 2 by using a com- 
binatorial method. The method of multiplicative chaos is powerful. We introduce 
the Riesz product 

CX) 

Jl^ (1 H“ Be afi'^jiit (^*2) 

n—l 

It is a random Riesz product if we assume that the phases {cj} are i.i.d. variables 
with Haar distribution. Consider Pn{t) = 1 H- Re Un7n(^ + o;n) (n > 1) as weights 
which produce a multiplicative chaos. The random Riesz product is nothing 
but the image of the Haar measure under the multiplicative chaos operator. One 
of our observations used in the proof is that t -f (n > 1) are independent with 
respect to the Peyriere measure. 



5.2. A generalization 

Let {fn} be a sequence of 1-periodic non-negative functions, {An} C N be a lacu- 
nary sequence and {un} C [0, 1]^. We may consider the infinite product 

(X) 

U + UJ„))dt. 

n=l 

Under some regularity of /n’s, the product does define a measure [13]. See [2] for 
recent study of such products. 
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6. Unsolved problems 

We end the paper by mentioning some problems. 

Random translation. Let {fn} be a sequence of positive functions in L'^(T). 
Find conditions on {fn} such that 

oo 

a.S. VtGT fn{t - UJn) = 00- 

n=l 

Theorem 2.6 deals with the case fn{t) = anl(o,^^)(^)- 

Dynamical translation. Let S : G G he a, transformation on a compact 
abelian group G which preserves the Haar measure A. Let [gn] be a sequence of 
positive functions in L^{G). Find conditions on {^n} such that 

oo 

for A— almost all x, t £ G gn{t — S^x) — oo. 

n—l 

a-model. Suppose P{W = a) = p and P{W = b) = 1-p with 0 < p < 1, a > 
0, 6 > 0 and ap + b{l - p) = 1. Determine ImEQw and KerEQw- When 6 = 0 we 
get the /?-model which is well studied (See Theorem 3.5). 

Multifractal analysis of Qwl^- Give a multifractal analysis for Qwl^ when fa 
is a Markov measure. The case of Lebesgue measure is well studied (see §4.2.). 

Invariance of absolute continuity of Riesz product. Let fia and fiasco be two 
Riesz products defined respectively by (5.1) and (5.2). Let fib and fib^u be two 
Riesz products similarly defined. We conjecture that for a fixed fia<^ fib implies 
fia,uj A positive answer will lead to a condition characterizing fia fib, 

which may be stated as in Theorem 1.7. 
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Intersection Exponents and the Multifractal 
Spectrum for Measures on Brownian Paths 

Peter Mdrters 



Abstract. The aim of this paper is to give a survey of recent developments 
in the multifractal analysis of measures arising in the study of Brownian mo- 
tion. We first discuss the harmonic measure on a Brownian path, studied by 
Lawler, and the intersection local time on the intersection of two independent 
Brownian paths, studied by Klenke and Morters. In both examples the inter- 
section exponents of Brownian motion play a crucial role in the multifractal 
analysis. Whereas the first example is in line with the multifractal formal- 
ism, the second example is not and more subtle effects come into the picture. 
Then we discuss the occupation measure of Brownian motion, in which case 
a refined multifractal analysis was carried out by Dembo, Peres, Rosen and 
Zeitouni. 

Mathematics Subject Classification (2000). Primary 60J65; Secondary 28A80. 
Keywords. Brownian motion, occupation measure, harmonic measure, inter- 
section local time, critical exponent, intersection exponent, multifractal spec- 
trum, multifractal formalism, exceptional set, large deviation heuristic. 



1. Introduction 

An interesting fractal geometric characteristic for discrete and continuous models 
of statistical physics is the multifractal spectrum^ which originated in the study 
of turbulence models, see e.g. [33]. Loosely speaking, the multifractal spectrum 
evaluates the degree of variation in the local intensity of a spatial distribution, 
or, in other words, it describes quantitatively how frequent a certain type of local 
irregularity appears in a fractal measure, set or function. 

There are many different ways in which this concept can be made precise, 
see for example the contribution of Levy-Vehel in this volume. In this paper I 
would like to focus on the multifractal spectrum as discussed e.g. in [43, 13, 40, 4], 
where irregularities are described in terms of local dimensions and the size of 
sets is mecisured by the Hausdorff dimension. There is a host of literature on this 
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particular type of spectrum spanning almost two decades, the reader is referred to 
the survey [35] and the extensive list of references given there. 

To give the definition of this type of multifractal spectrum, suppose that /i 
is a (fractal) measure on One can define the local dimension of the measure 
at the point x G as 



rj,0 log r 



( 1 . 1 ) 



if the limit exists. In words, this is the rate of decay of the measure /i(B(x,r)) as 
the concentric balls B(x,r) of radius r j 0 zoom into the point x. The value f{a) 
of the multifractal spectrum is the Hausdorff dimension of the set of points x with 
local dimension a, i.e. 



dim lx : lim 
I riO 



\ogn{B{x,r)) 

logr 




(1.2) 



In many cases of interest, the limit in (1.1) has to be replaced by liminf or lim- 
sup to obtain an interesting nontrivial spectrum. A measure is called multifractal 
if f{a) > 0 for more than one value of a G R, in any of these definitions. 

Whereas much of the earlier literature on multifractal theory was focused on 
the analysis of (mostly deterministic) objects with strong features of self-similarity, 
and the verification of the multifractal formalism proposed, e.g. in [13], the interest 
has shifted more recently towards the analysis of stochastic processes by means of 
multifractal spectra. This trend can be seen in applied fields, like the analysis of 
time series, see for example [15, 42], as well as in mathematical physics, see [10] 
for a survey from a physics point of view. In the probability context new patterns 
have emerged and a lot of interest is going towards measures where the multifractal 
formalism fails, and towards refinements of the multifractal formalism. 

In the present paper we shall review these developments by considering three 
natural measures on the path of a Brownian motion in dimension d = S} These 
examples are 

• the harmonic measure on a Brownian path, studied by Lawler [24, 25, 26], 

• the intersection local times on the intersection of two independent Brownian 
path, studied by Klenke and Morters [18], 

• the occupation measure on a Brownian path, studied by Dembo, Peres, Rosen 
and Zeitouni [6, 7], see [5] for an introduction. 

The main emphasis will be on the first two examples, as they give us also 
the opportunity to highlight another important subject, which has emerged in 
recent years in fractal geometry, namely the relation of Hausdorff dimension and 
the critical exponents of statistical physics, in this case the intersection exponents. 

We start the paper with an introduction of intersection exponents in the next 
section, followed by three sections discussing our three examples. A final section 
tries to wrap up the developments described in this paper, hinting also at some 
expectations for future developments. 



^The focus is on d = 3 for better comparison, though some results extend to other dimensions. 
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2. Intersection exponents 

The intersection exponents for random curves measure how likely these curves do 
not intersect, and maybe should therefore be called non-intersection exponents. 
They contain crucial information about the fractal geometry of the curves, and 
substantial recent research is devoted to exploiting this information. 

To define the intersection exponents for Brownian motion in d = 2, 3, suppose 
n,m > 1 are integers and let ITi, . . . , Wn+m are independent Brownian motions 
in started uniformly on 5B(0, 1) and running up to the first exit times T*(r) 
from a large ball B(0, r). We divide the motions into two packets and look at the 
union of the paths in each family, 

5Si(r) = Wi[0,T^(r)] U . . . U Wn[0,T^(r)] and 

» 2 (r) = W„+i[0,T^+\r)] U . . . U WP„+„[0,T"+"*(r)]. 

The event that the two packets of Brownian paths fail to intersect has a decreasing 
probability as r | oo. Indeed, it is easy, using subadditivity, to show that there 
exists a constant 0 < < oo such that 

P{®i(r) n Q52(r) = 0} = as r oo. (2.1) 

The numbers are called the intersection exponents. It is not hard to 

see that this definition is very robust under changes in the way the motions are 
started, for example if one starts all motions in a packet in the same fixed point 
(2.1) continues to hold if the starting points of the packets do not agree. 

In fact, the approximation of non-intersection probabilities is stronger than 
(2.1) suggests. Lawler [23] has shown that there exists constants 0 < c < C < oo 
such that 

n ® 2 (r) = 0} < for all r > 1. 

The definition of intersection exponents can be extended naturally to one real 
argument. For this purpose define the random variable 

Zn{r) = p{®i(r) n W^„+i[0, T"+I(r)] = 0 | , W^}. 

Again one can show that, for every A > 0, there exists a constant ^d(^, A) such 
that 

E{Zn(r)^} = as r T 00 . (2.2) 

Clearly, this is consistent with the definition of ^^(^5 A) in the case of an integer A. 
Finally, a natural way to extend the definition to the case A = 0 is by letting 

f{Zn{r) > 0} = as r t 00. 

Note that Zn{r) = 0 is the event that the packet of n Brownian motion disconnects 
the origin from infinity, so that any further Brownian motion cannot reach 5B(0, r) 
without intersecting the packet. Therefore the exponents ^<i(n,0) are also called 
disconnection exponents. 

The first researchers interested in the values of the intersection exponents 
were physicists. They have made the striking conjecture that in the plane many 
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of these exponents are rational numbers, see e.g. Duplantier and Kwon [11] and 
[10] for a survey. Very recently, Lawler, Schramm and Werner, in a seminal series 
of papers [28, 29, 30] have been able to verify this rigorously, see [27] for a survey 
over the series. They have shown that 



^2{n,X) 



(V24n + 1 + V24A + 1 - 2)^ - 4 
48 



for n G N, A > 0. 



(2.3) 



The proof of (2.3) is based on conformal invariance, and the stochastic Lowner 
evolution (SLE). I shall not go further into the exciting recent developments about 
SLE, as our examples are in d = 3, where no analogue of the stochastic Lowner 
evolution exists. 

Indeed, in d = 3 we do not know the values of the intersection exponents 
explicitly, and it is very likely that they are typically irrational. I briefly review 
what is currently known about the values of the intersection exponents 
The two values explicitly known in dimension d = 3 are 

• ^3(1, 2) = ^3(2, 1) = 1. This follows from properties of the harmonic measure, 
and an intuitive argument for this will be a spin-off of the next section. For 
a rigorous and accessible argument see [20, Chapter 3]. 

• ^3(^7 0) = 0 as no disconnection is possible. 

Estimates for other values can be derived from this using (2.2), monotonicity 
and concavity of A 1-^ ^3(^5 A). A deep result of Lawler [23] shows that this function 
is even strictly concave. As an example we get for ^3(2, 2) the estimates 



^3(2,2) > ^3(2, 1) = 1 by monotonicity and strict concavity. 



and 

^3(2, 2) < 2^3(2, 1) — 2 by strict concavity. 

The project of exploiting intersection exponents as a means to describe the fractal 
geometry of Brownian motion and random walks was pioneered by Lawler [21, 22]. 
To name two examples, the set of cut points of a Brownian path B[0, 1] C is the 
set of points x = B{t) G jB[ 0, 1] such that S[0,t) fl B{t, 1] = 0. Lawler [21] showed 
that the Hausdorff dimension of this set is 2 — ^^^(1,1). Intersection exponents 
are also crucial in the solution of the famous Mandelbrot conjecture about the 
Brownian frontier, the boundary of the unbounded component of the complement 
of a planar Brownian curve. Lawler showed in [22] that the dimension of this set 
is 2 — ^2(2, 0) and together with the value of this exponent obtained 5 years later 
this shows that the dimension of the Brownian frontier is 4/3, as predicted by 
Mandelbrot in 1983. Our first example below can be seen as a multifractal version 
of this result (however presented here in d = 3). 



3. The multifractal spectrum of harmonic measure 

Suppose A C is a compact, nonpolar set. The harmonic measure on the set 
A is defined as follows. Suppose B{y^R) is a ball such that A is contained inside 
this ball. Let W : [0, 00) ^ be a Brownian motion started in a point chosen 
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uniformly from the sphere dB{y, R) and let 

T = mf{t >0 :Wte A} 

be the first hitting time of the set A by a Brownian motion. The law of W (T) can 
be shown to be independent of the choice of B{y^R). The harmonic measure Ha 
on A is defined by 

Ha^B) = ¥{Wt £ B^T < 00} for all Borel sets B C A. 

Note that the support of the harmonic measure is contained in the boundary of 
the unbounded components of A^, called the frontier of A. 

Now we look ai A = B[0, 1] C the path of a Brownian motion and 
study the harmonic measure h = Ha on this set. The following result about the 
multifractal spectrum of the measure Ha is due to Lawler [25, 26]. 

Theorem 3.1 (Lawler 1999). Define a convex function as the Legendre transform 
of the the strictly concave function A ^ 3 ( 2 , A), i.e. 

r(a) = sup{^ 3 ( 2 ,A)-aA}. 

A>0 

Then, for every a such that 2 — (a — 1) > 0, almost surely there exist points 
X E A with 

^^ \ogh{B{x,r ) ) ^ ^ 

rjO logr 

Moreover, for these values of a, almost surely, 

dto e A : lim = a} = 2 - r (« - 1). 

Remark. The fact that this spectrum is nontrivial is due to the non-mean field 
nature of the intersections, expressed in the strict concavity of ^ 3 ( 2 , • ). o 

Following [26] I now give a very rough heuristic argument for Theorem 3.1, 
which is based on the so-called multifractal formalism of [13]. Let 

= B[^, ^], for l<j< e2". 

Consider the quantity 

Q{n,q) = '^h{A{j,n))‘>. 

This is a random variable, which is intimately related to the multifractal spectrum. 
Indeed, for large n, we can roughly assume that A{j, n) is the intersection of the 
Brownian path A with a ball of radius e~'^ and if the local dimension of the points 
in this ball is approximately a, then h{A{j,n)) ^ Hence, if we denote by 

<£(a) = {1 < j < e2" : h{A{j,n)) ^ , 

we can write 

Q(n,g) = 5]#€(a)e-^“", 
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where the sum extends over an appropriate discretisation of the reals. The Laplace 
method suggests that, for 

f{a) = lim - log (#C(a)) 

n— >oo n 

we have 

Q{n,q) « exp (nsup{/(a) - qa}). 

a 

Suppose now that we can show that, for some function r, 

Q{n, q) exp(nr(g)). (3.1) 

Then we get, 

snp {f{a) - qa} = r(^). 

a 

As the sets in (B{a) roughly cover the set of points of local dimension a, the quan- 
tity /(a) is at least an upper bound for the dimension spectrum. If everything is 
sufficiently regular, this bound is sharp. To identify / note that 

T{q) = sup {/(a) - qa} = f*{q). 

a 

If / is concave, we may invert this Legendre transform and get 

/(a) = r*(a) = inf {riq) + qa}. (3.2) 

q>0 

Hence it boils down to finding the r in (3.1). 

Here the intersection exponents are coming into play. We sketch the argument 
for the upper bound for r, which is based on the first moment method. First fix 
the set A = B[0, 1] and look at the harmonic measure of a small ball, 

hA{B{x,r)) = P{W hits A first in H(x,r)} forx G A. 

The probability that the path W hits H(x,r) is = cr for some constant 

c > 0. Given that W hits H(x,r), we can look at the time-reversed path starting 
on the boundary dB{x,r) and stopped upon hitting dB{y^R). Though this path 
is strictly speaking no Brownian path, a sufficiently large part of it is equal to 
a Brownian path conditioned to exit the annulus B{y,R) \ B(x,r) at dB{y^R). 
This is good enough for our purpose, and hence the reversed path heuristically 
makes the first packet B[ (r) consisting of one Brownian motion. Considering A as 
a random set, its distribution given x G A essentially coincides with a two-sided 
Brownian motion started in x, forming the second packet ^^^(r) of two independent 
Brownian motions. The Brownian motions in these packets are started on the 
sphere dB{x,r) and stopped when they leave the fixed sphere dB{y,R), and by 
Brownian scaling we easily map this onto the situation in the definition of the 
intersection exponents, where motions are started on the unit sphere and stopped 
upon leaving a large sphere of radius R/r. Hence we have 

E{hA{B{x,r))} = crP{B[{r)nB' 2 {r) = 0} = r 



l+e3(2,l)+o(l) 
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and more generally, 

E{/i^(5(x,r))«} wr«+«^<2,<j)+o(i), (3 3 ) 

This gives 

EQ{n, q) k. exp (n(2 -q- ^3(2, q) + o(l))) . 

By the Borel-Cantelli lemma we get from this that 

Q{n, q) < exp (n(2 -q- ^3(2, q) + o(l))) 
for all sufficiently large n. Hence 

r{q) <2-q-^s{2,q). 

To obtain the lower bound we have to add a second moment estimate to our first 
moment estimate (3.3). This is considerably harder, and after substantial work 
one arrives at 

T{q)= lim -\ogQ{n,q)=2-q-^3{2,q), 

n— »’Oo 77, 

and hence, from (3.2), 

/(a) = 2 - sup {^3(2, q) - q{a - 1)}. 

9>0 

Remark. As the total harmonic measure is constant, we have r(l) =0 and hence 
our heuristics gives that 6(2,1) = 1. For a rigorous argument using this idea, 
see [20]. o 



4. The multifractal spectrum of intersection local time 



Let VFi, W 2 be two independent Brownian motions in with a joint starting point 
and running for one unit of time. Let 5 = VFi[0, 1] fl W2[0, 1] be the intersection 
of the paths, which is a (random) set of Hausdorff dimension 1. This set can 
be equipped with a finite measure, the intersection local time i, the (projected) 
intersection local time, which can be described symbolically by the formula 



£{A) = [ dy 

JA 



n/' 



dsSy{Wj{s)), for A C Borel. 



(4.1) 



Le Gall has shown in [31, 32] that 
for the gauge function 



is the (/^-Hausdorff measure on the set 5 



(p{x) = cxloglog(l/x)^, for X > 0, 



where c is an unknown deterministic constant. Alternative rigorous constructions 
of the random measure t are reviewed in [19]. It is well-known that the local 
dimension of almost all points equals 1, which is also the Hausdorff dimension 
of the intersection set S. 

Applying a multifractal formalism as in the previous example suggests that 
the measure (, is not multifractal, as the r-function is linear. Indeed, points where 
the local dimension is strictly below the typical value 1 do not exist, even in the 
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weaker sense of a liminf in (1.1). In other words there is no nontrivial multifractal 
spectrum to the left of 1. 

In a recent paper, Klenke and Morters [18] are investigating whether there 
are points where the local dimension exceeds 1. It turns out that this is indeed 
the case, if the local dimension is defined in the weaker sense of a limsup in (1.1). 
These exceptional points arise, loosely speaking, from random fluctuations in the 
intersection local time which are too subtle to be picked up by the multifractal 
formalism. 

Theorem 4.1 (Klenke and Morters 2003). Suppose i is the intersection local time 
of two Brownian motions in For any l<a<^/(^ — 1), almost surely, there 
exist points x E S such that 

log i{B{x,r)) 
limsup ^ = a, 

rjo logr 

for^ = ^ 3 ( 2 , 2 ). Moreover, for these values of a, almost surely, 

dim |» e S : limsup <»■’-» = , i + 1 - 1. (4.2) 

I rio logr ) a 

Remark. Here the multifractal spectrum is strictly convex, hence it cannot be 
found by means of the multifractal formalism of the last section, which by its 
nature always predicts a concave spectrum. o 

In the following I give a heuristic argument for this result. The crucial ingre- 
dient in the proof is an investigation of the strategy used by Brownian motion in 
order to accumulate only a very small amount of mass in a small ball centred in 
an intersection point x e S. 

In order to find the probability of the event £{B{x, r)) ^ r^ given x e S first 

note that it is intuitively clear that in a typical intersection point a: G 5 a pair 

of two-sided Brownian motions are attached. As the motions start in the same 
point they typically have a lot of intersections right at the start. In order to avoid 
intersections to the extent that £{B{x,r)) ^ r^ it is optimal for the Brownian 
motions to use the following strategy: 

(1) Run normally until you hit dB{x,r^). The typical intersection local time 
until then is « r", and now one has to act. 

(2) Do not intersect before leaving B{x,r^~^). The probability that this happens 
is, by scaling and the definition of the intersection exponents, 

(3) Once you reach dB{x,r^~^) never return to B{x,r). The probability that 
this happens is « 1 — r^. 

The total probability (or “cost”) of this strategy is of order 
essentially all of which is incurred in the second step. Note that it leads to an 
empty annulus B{x,r) \ B{x,r°'). It can be shown that this strategy is optimal, 
i.e. no other strategy to get £{B{x,r)) ^ r® has a significantly higher probability. 
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We now sketch how the upper bound in our spectrum can be deduced from 
this. As dim S' = 1 we can cover the set S by approximately r~^ balls of radius 
Using the modulus of continuity result for Brownian motion one can see that, in 
a ball of radius the probability that the ball contains a point x G S with 
i{B{x,r)) ^ r" is approximately the same as the probability that the centre of 
the ball has this property. Hence, for each ball in our collection, the probability of 
containing a point x € S with ^(B(x, r)) ^ is approximately Choosing 

a covering of the set 

f _ logi(B(x,r)) ) 

< X G S : hm sup ^ > a > 

I rio logr J 

consisting of all these balls for the radii r = 2 ~’^,n > m and m fixed, leads to a 
covering 

B{xi,r1), B{x 2, r^), B{x3, 

with expected s- value 

oo oo 

1=1 n=m 

which is finite iffs>^/a+l-(^. Note that this argument for the upper bound is 
particularly simple as it uses only a first moment method. 

It is more difficult to establish a lower bound, as second moments (or in- 
dependence in some form) have to be used. A particularly powerful technique to 
establish lower bounds is the stochastic co- dimension method. Based on earlier 
ideas of Taylor these techniques were developed further, first in [1, 38] and later 
more systematically by Peres and coauthors, see e.g. [17, 8 ] or [19]. Nowadays 
the method represents an elegant and powerful tool in fractal geometry, further 
evidence of this can be found in the contribution of Xiao in this volume. 

The stochastic co-dimension approach suggests that the dimension of a set 
A C is at least 7 if it intersects a certain compact random set T[ 7 ] of dimension 
d — 7 with positive probability, and conversely if dim A > 7 then A intersects the 
test set r[ 7 ] with positive probability. Suitable test sets are, for example, the 
percolation limit sets with retention parameter 2“^, see [12] and also [37]. 

In our proof we assume that the test sets are independent of our Brownian 
motions and construct, for any 7 G (0, 1), a compact random set S'* C S fl P[ 7 ], 
which is nonempty with positive probability, such that 

dim [/ n S* > 1 - 7 whenever U open and {/ fl S* 0. 

Fix d > 0 and define open sets 

U{m,5) = |x G S : ^(B(x,r)) < for some 0 <r < ^|. 

The regularity of S* is then used to show that for 7 = ^/a +1 — ^ the sets 
?7(m, (5) n S* are dense in S*. To get an impression of this, fix r = 2“^ and 
note that given S* 0 by the regularity property, for every open set U which 
intersects S* there is a packing of S* n U consisting of approximately r^~^ balls 
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of radius r. We now localise the problem and look at each ball in the packing 
separately. For both motions let S be the last entry of the path into the ball 
before hitting the centre and T the first exit from the ball afterwards. We denote 
by £* the intersection local time of the paths in the time intervals [5, T] . Then the 
probability that inside our ball there is some x e S* such that 

t{B{x,r)) <r^-^ (4.3) 

is of order 

^-^(l-a+(5)^(7+2)(a-^-l)^-3(a-<5-l)^ 

Here the first factor comes from the probability that a point x, and by continuity 
every point in a ball around x of radius satisfies (4.3), the second factor 

comes from the requirement that this ball intersects S'*, and the third factor ac- 
counts for the number of such small balls in the fixed ball of radius r. Moreover, 
thanks to the localisation these events are essentially independent for different 
balls. Hence the probability that we do not find a point x G S* satisfying (4.3) for 
r = 2“^ is 

(1 _ -^0, asn^oo. 

To complete the argument one has to show that for most points the localised 
intersection local time £* is not different from In d > 3 this can be shown using 
the transience of Brownian motion 

Now, as U{m,S) fl 5*, for m G N, 5 > 0, are a nested family of open dense 
subsets of the complete metric space S'*, by Baire’s theorem, the intersection is 
also dense, and hence nonempty if S* is nonempty. Hence the intersection set 

r(o) := Pi U{m,d) = {a; e 5 : lim sup > a} 

mGN ® 

5>0 

intersects T[y] with positive probability. On the other hand almost surely T(a + 
s) n r[ 7 ] = 0 for all 6: > 0 by the upper bound. This shows that (4.2) holds with 
positive probability, and the full result follows from a zero-one law argument. 

5. The refined multifractal spectrum of occupation measure 

The most natural measure on the Brownian path {W{t) : t G [0, 1]} is of course 
the occupation measure fi^ given by 

li{A)= [\a{Ws)cIs. 

Jo 

We have neglected this measure so far in this paper, as it is not multifractal. 
Indeed, one can show that, almost surely, 

r^o logr ^ 

This has been known for some time, for example it is implicit in the work of 
Kaufman [16]. As there is no variation in the local dimension of /i it is natural to 
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f{a) = dim G VP[0, 1] : liminf 

I rIO 



= a}. 



look at a finer scale and ask for an almost sure upper and lower hull of ii{B{x, r)) 
when the point x is varied along the support of /i. More precisely, looking at a the 
lower hull first, we are asking for a gauge function (j) : (0, e) ^ (0, oo) such that 

0< inf 

xGn/^[0,l] riO 0(r) 

A point X G VP[0, 1] is called a thin point with thinness a > 0 if 

^ fi{B{x,r)) 
liminf — -T — = a. 

rjO (j){r) 

Once (j) is identified, the dimension spectrum of thin points is given by 

r|0 (/>(r) 

In [7] the correct gauge function is found, and the spectrum of thin points is 
identified for the occupation measure of a Brownian path in d = 3. 

Theorem 5.1 (Dembo, Peres, Rosen and Zeitouni 2000). Almost surely, we have 

, n{B{x,r)) 

1 = inf lim inf , 

x6W[o,i] rio r2[log(l/r)]“i 

and, for every a >1, almost surely, 

dim \x G W[0, 1] : liminf . = a\ = 2--. 

I ^ ^ rio r2[log(l/r)]~i J a 

Passing to the upper hull, we are looking for a gauge function ?/; such that 

(5.1) 



^ p(B(x,r)) 

0 < sup hmsup — - < oo. 

xew[0,l] riO vi'f') 



A point X G W[0, 1] is called a thick point with thickness a > 0 if 

n{B{x,r)) 

hmsup — -7 — = a, 

rio nr) 

and a dimension spectrum of thick points is defined accordingly. In [6] the correct 
gauge function is found, and the spectrum of thick points is identified for the 
occupation measure of a Brownian path in d = 3. 



Theorem 5.2 (Dembo, Peres, Rosen and Zeitouni 2000). Almost surely. 



n{B{x,r)) 

sup hmsup 

x€W[0,l] rio r21og 1/r 



16 



and, for allO < a < ^ , almost surely, 



dim I re € : lim sup 

t T” I n 



ti-{B{x,r)) 
ro“^r2[log(l/r)] 



= a} 



2 — —a. 
8 



(5.2) 



(5.3) 
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For the proof of these two theorems the authors developed substantial refine- 
ments of the tools available for getting lower bounds for the Hausdorff dimension, 
some of which we have already benefited from in the previous section. 

We only indicate briefiy the key point in the proof of Theorem 5.2, which, 
as in Theorem 4.1, is the strategy used by the Brownian motion to accumulate 
exceptionally large mass in a small ball. For any T > 0 we look at the occupation 
measures ht for Brownian motion running for T time units, 

= [ Ia(^Fs) ds, for A C Borel 

Jo 

Classical results of Ciesielski and Taylor give the upper tail behaviour of the ran- 
dom variable /ioo(S(0, 1)): For a positive constant c > 0, 

p{/too(5(0,l))>a;}~c e a5 X t 00 , (5.4) 

hence, by scaling, we obtain for small balls 5(0, r) and fixed a > 0, 

p|/ioo(5(0,r)) > ar^log(l/r)| ~ a5 r | 0. 

The principal question is, which strategy is used by the Brownian path to accu- 
mulate an occupation time of order r^log(l/r) in 5(0, r). The answer found in 
[6] is that this mass is accumulated in a very short time interval after the start 
of the motion and eventual later returns to this ball do not contribute essentially. 
Indeed, for h{r) = r^log(l/r)® they obtain 

p|/i/i(^)(5(0,r)) > ar^log(l/r)| ~ , as r 10. (5.5) 

This localisation effect is the crucial effect which leads to Theorem 5.2, we 
note here that the effect breaks down in the recurrent case of d = 2, and in this 
dimension it is a complete different effect that leads to the dimension spectrum, 
which in this case was found in [8]. 



It is also worthwhile to look at a refined multifractal spectrum, when the 
measure under investigation has only a one-sided multifractal spectrum. This is 
the case, for example, in the situation of the intersection local time, studied in the 
previous section. Recall that in this case there exist points with local dimension 
exceeding the typical value 1 (these points are exceptionally thinl) but no points 
where the local dimension is smaller than 1. It therefore makes sense to ask for 
a dimension spectrum of thick points as defined above. This question is answered 
by Konig and Morters in [19]. 



Theorem 5.3 (Konig and Morters 2002). Almost surely, 



sup lim sup 

xES r|0 



e{B{x,r)) 

r[log(l/r)]2 



1 



(5.6) 
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for a constant 6 given by 

6> = inf I W'^'ipWl : ^ = l|. 

'■ "' 5 ( 0 , 1 ) •’ 

Moreover, for allO < a < /^, almost surely, 

dim (x G S : limsup = a| = 1 - y/aO . 

I ^40 r[log(l/r)]^ J 



Finally, looking again at the occupation measure /i, recall that our definition 
of thickness requires large mass only along a sequence of radii i 0. This sequence 
might be arbitrarily sparse. What happens if we replace the limsup in (5.1) by a 
liminf? In other words, we are looking for consistently thick points. A first task is 
to identify a gauge function if : (0, e) ^ (0, e) such that 



0 < sup lim inf 

x€U"[0,l] 



n{B{x,r)) 



< 00 . 



Dembo, Peres, Rosen and Zeitouni have shown [6, Theorem 1.6] that the right 
gauge function here is ip{r) = r^, which is different from the gauge function ^(r) = 
r^log(l/r) in (5.2), but the problem of the dimension spectrum of consistently 
thick points is still open. 



6. Summary and Outlook 

By looking at three recently studied examples we have illuminated the following 
three important directions in modern fractal geometry. 

• Multifractal geometry beyond the multifractal formalism. [9, 14, 39, 18] 

Interesting stochastic examples show that the multifractal formalism fails if 
the mass in typical small balls is a heavy-tailed random variable. In some 
instances we see a strictly convex spectrum, a behaviour which cannot be 
picked up by the formalism. 

• Refined multifractal spectrum. [41, 6, 7, 8, 34, 19, 5] 

In some cases of measures which are not multifractal, or have only a one- 
sided multifractal spectrum, one can study a refined spectrum and get very 
detailed information about exceptional sets. 

• Critical exponents and fractal geometry. [21, 25, 26, 27, 19] 

Critical exponents like the intersection exponents of Brownian motion contain 
crucial information about the fractal geometry of the models involved. In 
some cases this information can be extracted in terms of Hausdorff dimension 
spectra involving the exponents. 

Trying to look into the future of the area, I believe that the following topics 
deserve attention before the next “Fractal Geometry and Stochastics” conference 
will reunite many researchers in several years time. 
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• Fractal geometry of discrete models. 

Almost all problems discussed here have a discrete analogue, and in some 
cases this has already been made explicit, see e.g. [25] for a discrete version of 
the multifractal spectrum of harmonic measure, and [8] for a discrete version 
of the refined multifractal spectrum of the occupation measure of a Brownian 
path, both in d = 2. In the latter case this discretisation solved a long- 
standing conjecture of Erdos and Taylor about the simple random walk in 
the plane. I believe that in the future fractal geometers will increasingly look 
into “discrete fractals” and apply their techniques to the fractal phenomena 
arising, for example, in interacting particle systems and statistical physics. 

• Increasingly complex dimension spectra. 

Looking at recent results and techniques, for example, of the papers [7, 8] 
or [17], one cannot help noticing the enormous improvement in the technical 
standard and the sophistication of the tools presently available. However, I 
do not believe that an end to this development is reached yet, as important 
challenges remain open. Among these is the problem of consistently thick 
points for Brownian motion in d > 3, mentioned in Section 5, and the problem 
of the dimension spectrum of local times for Brownian motion in the plane 
raised in [2]. 

• Fractal geometry of nonintersecting curves. 

The stochastic Lowner evolution introduces a new class of universal non- 
intersecting random curves in the plane, which arise naturally as scaling limits 
of important physical models. These objects have a fractal nature which needs 
to be investigated. This programme has already started and recently Beffara 
[3] has calculated the Hausdorff dimension of these curves. Still, the fractal 
geometry of these models will capture some researcher’s imaginations for a 
good while in the future. 
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Additive Levy Processes: 

Capacity and Hausdorff Dimension 

Davar Khoshnevisan and Yimin Xiao 



Abstract. This is a survey on recently-developed potential theory of additive 
Levy processes and its applications to fraetal geometry of Levy processes. 

Additive Levy processes arise naturally in the studies of the Brownian 
sheet, intersections of Levy processes and so on. We first summarize some 
recent results on the novel connections between an additive Levy process X in 
and a natural class of energy forms and their corresponding capacities. We 
then apply these results to study the Hausdorff dimension of the range and 
self-intersections of an ordinary Levy process, solving several long-standing 
problems in the folklore of the theory of Levy processes. We also list several 
open problems in this area. 

Mathematics Subject Classification (2000). Primary 60J25, 28A80; Secondary 
60G51, 60G17. 

Keywords. Additive Levy processes, Levy sheets. Brownian sheet, capacity, 
Hausdorff dimension, multiple points. 



1. Introduction 

Classical potential theory has been very useful in studying the sample path proper- 
ties of Markov processes, especially those of Brownian motion and Levy processes. 
An important connection between classical potential theory and fractals is the fun- 
damental result of Prostman (1935) [cf. Kahane (1985a) or Khoshnevisan (2002)] 
which states that the capacity dimension and the Hausdorff dimension [which will 
be denoted by dim^^j are the same. Hence, in order to prove dim^^ E > (3, it is 
sufficient to show that E has positive capacity with respect to the Bessel-Riesz 
kernel f[x) = ||a:||“^. Taylor (1953, 1955) applied this idea to determine the Haus- 
dorff dimension of the range and graph of a Brownian motion in Since then, 
this method has become one of the standard tools in obtaining lower bounds for 
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the Hausdorj0F dimension of random sets. We refer to the survey papers of Pristedt 
(1974), Taylor (1986) and Xiao (2003) for further information about the results 
and techniques for Levy processes, and extensive lists of references. 

There have been much effort in extending the potential theory for Markov 

processes to multiparameter processes of the forms X{t) = H hXiv(tiv) 

or Y{t) = (Xi(ti), . . . ,Xiv(tiv)) {t G R^), where Xi,...,Xn are independent 
Markov processes; see e.g., Evans (1987a, b), Fitzsimmons and Salisbury (1989), 
Hirsch (1995), Hirsch and Song (1995a, b), Khoshnevisan (2002), Khoshnevisan 
and Xiao (2002, 2003a, b), Khoshnevisan, Xiao and Zhong (2003a). Besides of 
importance and interest in its own right, the potential theory of such multipa- 
rameter processes has found various applications in studying the fractal properties 
of ordinary Levy processes, as well as their multiparameter analogue - the Levy 
sheets. 

The objective of this paper is to give a survey on the recently-developed 
potential theory of additive Levy processes and its applications to fractal geometry 
of ordinary Levy processes. In Section 2, we first recall the definition of Levy 
processes and then introduce the definition of additive Levy processes. We give 
two examples to show the close connections of additive Levy processes to the Levy 
sheets and ordinary Levy processes. In Section 3, we summarize systematically 
the recent results on potential theory of additive Levy processes. In Section 4, we 
show how the results in Section 3 can be applied to solve several long-standing 
problems about the ordinary Levy processes. At the end of Sections 3 and 4, we 
list some open problems in the areas. 

In the rest of this section, we give some general notation that will be used 
throughout. The underlying parameter space is R^, or R^ = [0, oo)^. A typical 
parameter, t e R^ is written as t = (ti, . . . , tjv), sometimes also written as (tj), 
or (c), if ti = " • = t]sf = c e R. 

There is a natural partial order, on R^. Namely, s^t if and only if 
Sj < tj for all j = 1, ... , N. When it is the case that we define the interval, 

[s.^] = nji tj]- 

We will let A denote the class of all Y-dimensional intervals I C R^ of the 
form I = [s,t]. We always write for Lebesgue’s measure on R’^, no matter 
the value of the integer m. The state space, R^, is endowed with the P Euclidean 
norm || • ||, and the corresponding dot product (x,y) = ^jVj ^ 

We write V{F) for the collection of all Borel-regular probability measures on 
a given Borel space F. Given a Borel measurable function / : R^ ^ [0, oo], we 
define the ‘f-energy^ (of some /i G 'P(R^)) and ^ f -capacity^ (of some measurable 
G C R^) as follows: 

( 1 . 1 ) 

We refer to such a function / as a gauge function. 



£/( m ) := jj fix - y) l^idx) fi{dy), CfiG) 



inf Efifj.) 
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Given a number ^ > 0, we reserve 6/^ and for 6/ and 8.f respectively, 
where the gauge function / is f{t) := ||^||“^. Gp and £/3 are respectively the 
(/^-dimensional) Bessel-Riesz capacity and energy to which some references were 
made earlier. More information about the Bessel-Riesz capacity and its connection 
to fractals can be found in Falconer (1990), Mattila (1995), Kahane (1985a), and 
Khoshnevisan (2002). 



2. Additive Levy processes 



We first recall briefly the definition of a Levy process and refer to Bertoin (1996) 
and Sato (1999) for the general theory. A stochastic process Z = {Z{t), t > 0}, 
with values in R^, is called a Levy process^ if it has stationary and independent 
increments, and such that t Z{t) is continuous in probability. It is well known 
that for t > s > 0, the characteristic function of Z{t) — Z(s) is given by 



where, by the Levy-Khint chine formula. 



no=i(3,o + h,^}+ f 

^ jR<i 






i{x,0 
1 + |lxll‘ 



L{dx)^ 



and a E R^ is fixed, Z is a non-negative definite, symmetric, {d x d) 
L is a Borel measure on R^ \ {0} that satisfies 



/ 



1 + INl 



L{dx) < 00 . 



G R^ 

matrix, and 



The function is the Levy exponent of Z, and L is the corresponding Levy measure. 
There are several different characterizations for the exponent Note that ^(0) = 
0 and that by Bochner’s theorem the function ^ i-^ is continuous and 

positive definite for each t > 0 since it is the Fourier transform of a probability 
measure. Hence, the Levy exponent ^ is a continuous negative definite function. 
See Berg and Frost (1975) for a systematic account on negative definite functions. 

A Levy process Z is symmetric if —Z and Z have the same finite dimensional 
distributions. It is clear that Z is symmetric if and only if ^(^) > 0, for all ^ G R^. 
In particular, if the Levy exponent ^ is of the form 



^(0 = -<^“llCir V e e 



(2.1) 



where a G (0, 2] and a > 0 are constants, then Z is called an isotropic stable Levy 
process of index a. 

An AT-parameter, R^-valued, additive Levy process X = [X{t)^ t e is 
a multiparameter stochastic process defined by 



N 






j)iV 






( 2 . 2 ) 
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where Xi^...,Xn denote independent Levy processes that take their values in 
and Xj(0) = 0 for j = 1, . . . , iV. Using tensor notation, we will often write 
X = Yi0- • -0Xiv for brevity. If Xj has Levy exponent then = (^^i, . . . , ^^at) 
is called the Levy exponent of X. When Yi, . . . , Xjv are isotropic stable processes 
in of index a G (0, 2], then X is called an additive stable process. The case a = 2 
yields the additive Brownian motion. Similarly, one can define an multiplicative 
Levy process X == Xi 0 • • • 0 Xn by X{t) = (Xi(ti), . . . ,Xiv(tiv))- 

In the following we give two examples to show that additive Levy processes 
arise naturally in the analysis of multiparameter processes such as Levy’s sheets 
and in the analysis of ordinary Levy processes. As such, the potential theory of 
additive Levy processes can also be used as a powerful tool to study the Hausdorff 
dimension and capacity of random fractals determined by Levy processes. 



Example 2.1 [The Levy sheets and Brownian sheet] A Levy sheet is a multipa- 
rameter extension of an ordinary Levy process. For any given negative definite 
function 4^ in R^^, there is a random field Z = {Z(t), t G R^} taking values in R^ 
such that 

(i) for any choice of disjoint intervals Qj G A (n = 1, . . . ,n), the increments 
Z(Qi), . . . , Z{Qn) are independent; and 

(ii) for each Q E A, the characteristic function of Z{Q) is given by 



E 



exp{i{^,Z{Q))) 



exp( - Ajv(Q)^(0). 



(2.3) 



where Z{Q) is the increment of Z on Q = [s,t] which is defined by 

Z{Q)= X 

r€{0,l}^ 



A random field Z = {Z(t), t E R^} taking values in R^ that is continuous 
in probability and satisfies the above conditions (i) and (ii) is called an (AT, d)- 
Levy sheet with exponent "if. Some general properties of Levy sheets can be found 
in Adler et al. (1983), Dalang and Walsh (1992), as well as in Ehm (1981) and 
Vares (1983). When the Levy exponent is given by (2.1), Z is called an isotropic 
stable sheet. In particular, when a = 2 and a = l/\/2, then Z is the iV-parameter 
Brownian sheet in R^ and is usually denoted by W = {W{t), t G R^}. We 
should mention that the Brownian sheet arises naturally in the stochastic partial 
differential equations and in statistical analysis [cf. Walsh (1986), Dalang (2003)] 
and is one of the most fundamental Gaussian random fields. By (2.1), we see that 
the components Wi^ . . . ,Wd of W are independent, centered Gaussian random 
fields in R with the covariance function E[Wi{s)Wi{t)] = Y[^=i^j A tj, where 
a Ab = min{a, b}. 

It follows from the conditions (i) and (ii) that a Levy sheet Z has independent 
and stationary increments. Along lines which are parallel to the axes, Z is an 
ordinary Levy process in R^ with a constant speed. More precisely, for any fixed 
a = (oj) G R^ and every k = l,...,iV, the process Xk = {Xk{tk), tk G R+} 
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defined by 

is a Levy process in with exponent ^fc(0 = This leads to the 

following very useful decomposition of Z: 

N 

Z{a 1) = Z{a) -\-^^Xk{tk) Z{t)^ ^gE^, (2A) 

k=i 

where Z is a Levy sheet in E^ with exponent and all the processes on the right 
hand side of (2.4) are independent. 

For many purposes such as in the studies of fractal properties of Z, the effects 
of Z can sometimes be neglected. Hence the Levy sheet Z can be approximated 
locally by the additive Levy process X = Xi 0 • • • 0 Xtv which is easier to analyze. 
This approach has been exploited by Ehm (1981), Vares (1983), Rosen (1984), 
Zhong and Xiao (1995), Khoshnevisan, Xiao and Zhong (2003b) to study the local 
times and self-intersection local times of Levy sheets; by Dalang and Mountford 
(1996, 1997, 2001, 2002, 2003), Dalang and Walsh (1993a, b) and Khoshnevisan 
(1995) to study the level sets, excursions and points of increase of the Brownian 
sheets [see also Dalang (2003)]; and by Khoshnevisan and Shi (1999), Khoshnevisan 
(1999) to establish the connection between hitting probabilities of the Brownian 
sheet and the Bessel-Riesz capacity. 

Example 2.2 [Intersections of independent Levy processes] Let Xi, . . . be in- 
dependent Levy processes in E^. It has been of interest to study whether their 
sample paths can intersect and, when they do, the fractal properties of the set of 
intersections; see Taylor (1986a), Xiao (2003) for further information. We say that 
the sample paths of Xi, . . . , Xk intersect if 

3 distinct points . . Ak ^ such that Xi{ti) = - = Xk{tk). (2.5) 

Define the multiparameter process Z — {Z{t), t E E^} by 

Z{t) = (X2(^2) — Xi(ti), . . . ,Xk{tk) — Xk-i{tk-i)). (2.6) 

Then (2.5) is equivalent to Z“^(0) ^ 0, where Z“^(0) = [t E E^ : Z{t) = 0} 
is the zero set of Z. Rearranging the components of Z, it is easy to see that Z 
is an additive Levy process with values in Hence the potential theory of 

additive Levy processes can be applied; see Theorem 3.6 below. 



3. Potential theory for additive Levy processes 

Potential theory of multiparameter Markov processes have been studied by Evans 
(1987b), Fitzsimmons and Salisbury (1989) for multiplicative Markov processes 
and by Hirsch (1995), Hirsch and Song (1995a, b) [see also the recent book of 
Khoshnevisan (2002) for a systematic account on the earlier results] , Khoshnevisan 
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and Xiao (2002, 2003a, b), Khoshnevisan, Xiao and Zhong (2003a) for additive 
Levy processes in 

The following are some natural questions that the potential theory of X seeks 
to answer. 

(a) Given a Borel set F C M^, when can P{X(R^) fl F 7 ^ 0} > 0? 

(b) For any fixed a G and a Borel set E C R^, when can P{X“^(a) H E ^ 

0 } > 0 ? 

(c) When can the range of X, X(R^) [or more generally X(F), where E C R^], 
have positive Lebesgue measure? 

For additive Levy processes, the following lemma from Khoshnevisan and 
Xiao (2003b) shows that the above questions are closely related. For iV = 1, it is 
due to Kahane (1972). 

Lemma 3.1. Let X be an N -parameter additive Levy process in R^. We assume 
that, for every t E (0, 00 )^, the distribution of X{t) is mutually absolutely contin- 
uous with respect to A^. Then for any Borel sets E C (0, 00 )^ and F C R^, the 
following are equivalent: 

1. With positive probability, E fl X~^{F) ^ 0; 

2. With positive probability, F fl X(F) 7 ^ 0; 

3. With positive probability, Xd{F © X{E)) > 0, 

where A Q B := {x — y : x ^ A,y E B}. 

Under some mild conditions. Questions (a), (b) and (c) are answered in 
Khoshnevisan, Xiao and Zhong (2003a), and Khoshnevisan and Xiao (2002, 2003a, 
b). In this section, we summarize some of their results. 

Let X be an additive Levy process in R^ with Levy exponent ^ = (^ 1 , . . . , ^iv)- It 
induces an energy form that can be described as follows: For all finite measures 
/i on R^, and/or all integrable functions // : R^ ^ R, 

£^(/i) = (2^)"" IlRe (j:p^) (3-1) 

where "" denotes the Fourier transform normalized as /(^) = F^’^/(x) dx [f E 

Li(R^)]. 

Under the assumption that there exists a positive constant > 0 such that 




Khoshnevisan, Xiao and Zhong (2003a) have proved the following theorem. 

Theorem 3.2. Consider any d-dimensional additive Levy process X, whose Levy 
exponent ^ satisfies (3.2). Then, given any nonrandom compact set F C R^, 
E{Afi(X(R^) 0 F)} > 0 and only if F carries a finite measure of finite energy. 
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The proof of Theorem 3.2 consists of two parts. The sufficiency is established 
by using the Paley-Zygmund inequality [cf. Kahane (1985a,), p.8] and second mo- 
ment estimates of the occupation measure of X. However the proof of the necessity 
is much harder and relies on developing a kind of multiparameter martingale the- 
ory in measure-spaces where the underlying measure has infinite mass. 

By letting F = {0}, Theorem 3.2 gives the following answer to Question (c) 
for X(]R^), which extends the remarkable results of Kesten (1969) and Bretagnolle 
(1971) for iV = 1. 

Corollary 3.3. Let X he an additive Levy process in with Levy exponent 
(^^ 1 , . . . , ^iv); cifid suppose that Condition (3.2) holds. Then, 

E{Arf(X(IR"))} > 0 ^ (t+4;^) ^ 

It is known that the positiveness of E{A(i(A’(R^))} is closely related to the 
existence of local times of X. The precise connection for additive Levy processes 
has been established by Khoshnevisan, Xiao and Zhong (2003b): under the condi- 
tion (3.2), 

X has local times if and only if E{A(^(A(R^))} > 0. 

They have also proved results on the joint continuity, local and uniform Holder 
conditions for the local times of additive Levy processes, extending the results of 
Ehm (1981) and Vares (1983) for Levy sheets. 

More generally, for every compact £* C R.f , a necessary and sufficient con- 
dition in terms of the Levy exponent (^^i, . . . , ^at) for E{\d{X{E))} > 0 has 
been given by Theorem 2.1 in Khoshnevisan, Xiao and Zhong (2003a). A different 
condition in terms of the gauge function is given by Theorem 3.6 below. 

Applying Lemma 3.1 and Theorem 3.2 to additive stable Levy processes, we 
have the following result which improves the earlier results of Hirsch (1995), Hirsch 
and Song (1995a, b), Khoshnevisan (2002). 

Corollary 3.4. Suppose X = Xi 0 • • • 0 is an additive stable process in of 
index a G (0, 2]. Then for any Borel set F C the following are equivalent: 

(i) Qd-Na{F) > 0; 

(ii) P{A4F0X(R^^)}>O} >0; 

(iii) F is not polar for X in the sense that P{F n X(R^) ^ 0} > 0. 

Remark 3.5. Upon varying d, AT G N, and a G (0, 2], we see that this theorem asso- 
ciates an additive Levy process to any Bessel-Riesz capacity, including those with 
dimension > 2. This connection is very useful in calculating the Hausdorff dimen- 
sion of the range X(R^) and various random fractals related to Levy processes, 
via the co-dimension argument; see Section 4. 

Note that, under the assumptions of Lemma 3.1, the conditions (3.2) and 
n^i Re (f + ^i(0) ^ ^ I/^(R'^) imply that X hits points, i.e. P{X“^(a) ^ 0} > 0 
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for all a G In this case, it is natural to consider Question (b) and study 
the hitting probability of the level set X~^{a) for a fixed a E Moreover, 
when X satisfies the conditions of Lemma 3.1, Question (b) is equivalent to the 
question (c) for X{E). This latter problem for Brownian motion was considered 
by Hawkes (1977) and Kahane (1983, 1985a, b), and for additive Levy processes 
by Khoshnevisan, Xiao and Zhong (2003a, Theorem 2.1). For symmetric additive 
Levy processes. Question (b) is answered by the following theorem of Khoshnevisan 
and Xiao (2002, 2003a). Recall that the additive Levy process X is absolutely 
continuous if for each t E (0, oo)^, the function ^ i-^ exp { - ^ 

L^(M^). In this case, for every t E (0, oo)^, X{t) has a density function p{t; •) that 
is given by the formula 

r ^ 

Pit-, x) = (2n)-^ exp ( - d^, x € R'". 

The function ^ defined by 

^s)=p{s,0) seR^, (3.3) 

where s = (| 5 j|) G E^, is called the gauge function for X. Khoshnevisan and Xiao 
(2002, Theorem 2.9) have shown that $ G Li^^{R^) is equivalent to X~^{a) ^ 0. 

Theorem 3.6. Let Xi, . . . , Xiv be N independent symmetric Levy processes on R^ 
and let X = Xi 0 • • • 0 Suppose X is absolutely continuous with the gauge 
function $. Then for all a eR^, c > 0 and for all compact sets C [c, oo[^, 

AiC$(F^) < p|X“^(a) n 7 ^ 0| < A 2 C$(F^) , where 

Ai = K~^2~^(^((c})j~^I^(a), A 2 = and Ie{o) = iniseEP{s;a). 

Theorem 2.10 in Khoshnevisan and Xiao (2002) also gives a formula for 
dimjj X“^(0). In particular, when X is an additive stable process, we have 

Corollary 3.7. Suppose Xi, . . . , X^v are independent isotropic stable Levy processes 
in E^ with index a g]0, 2] and X = Xi 0 • • • 0 Xjv- Then, 

(i) P{X“^(0) ^ 0 } > 0 if and only if Na > d; and 

(ii) ifNa > d, then P{dim^ X-^O) =N-^} = 1. 

Furthermore, for each M > 1, there exists a constant A > 1, such that simultane- 
ously for all compact sets E C , and for all a E [-M, M]^, 

i e^/aiE) < p{x-Ha) he]<a 

Remark 3.8. In Theorem 1.1 of Khoshnevisan and Xiao (2002), it is proved that 
(ii) in Corollary 3.7 holds with positive probability. It can be strengthened to a 
probability 1 result by using the conditional Borel-Cantelli lemma. 

There are several interesting open questions in this area. In the following, we 
list some of them. 
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Problem 3.9. Can the condition (3.2) be dropped from Theorem 3.2? 

A positive resolution to this question would lead to the following: 

(i) A complete resolution of a conjecture regarding intersection of independent 
regenerative sets of J. Bertoin (1999, p. 49). 

(ii) The computation of the Hausdorff dimension of the range of an arbitrary 
additive Levy process; see Theorem 4.1 below for a partial result. 

A resolution of item (ii) would go a long way toward solving the corresponding 
open problem for an arbitrary Levy sheet (Straf 1972; Ehm 1981; Vares 1983). 

Problem 3.10. Can the symmetry and absolute continuity assumptions be dropped 
from Theorem 3.6? 

A positive solution to Problem 3.10 will have interesting consequences on the 
intersections of Levy processes and on the Hausdorff dimension of the multiple 
points. 

Another natural question is to characterize the polar sets for the space-time 
process {{t, X{t))',t e R^}: 

Problem 3.11. Given Borel sets E C R^ and F C M^\{0}, find a necessary and 
sufficient condition for R{X{E) fl F 7 ^ 0} > 0? 

In the case that N = I and X is a d-dimensional Brownian motion, the above 
problem is equivalent to the polarity of the set E x F relative to the Dirichlet 
problem for the full heat operator dt - |A; see Doob (1984, p. 637) and Watson 
(1976, 1978). In particular, Watson has proven that a set G C K+ x R^ is polar 
for the heat equation if and only if it has zero thermal capacity. See also Kaufman 
and Wu (1982) and Taylor and Watson (1985) for further information. 

A resolution of Problem 3.11 will contribute to developing a complete para- 
bolic potential theory for various multiparameter Levy processes. This is not only 
interesting of itself, but will also solve a number of old problems in the theory of 
one-parameter Markov processes (including one-dimensional Brownian motion). 
For instance, problems about the Hausdorff dimension of the set B{E) fl F, where 
E and F are, respectively, compact subsets of E+ and E^\{0}. This later problem 
was first considered by Kaufman (1972), who obtained upper and lower bounds. 
Hawkes (1978a) has found an extension of Kaufman’s theorem to stable processes. 
However, in general, the Hausdorff dimension of B{E) fl F is unknown even for 
Brownian motion. 

We remark that Problem 3.11 is intimately related to the existing potential 
theory of additive Levy processes. Indeed, in Khoshnevisan and Xiao (2002, 2003a), 
we find a necessary and sufficient condition for P{X(F) D {xq} 7 ^ 0} to be positive 
for an arbitrary symmetric additive Levy process X that has a density for all 
^ > 0. On the other hand, Khoshnevisan, Xiax) and Zhong (2003a) have derived a 
necessary and sufficient condition for P{X(E^) fl F 7 ^ 0} to be positive; see also 
Khoshnevisan and Xiao (2003b). These results can all be considered as partial 
solutions to Problem 3.11. 
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We believe that once Problem 3.11 is solved, the methods of Khoshnevisan 
and Xiao (2002, 2003a, 2003b) can be used to calculate the Hausdorff dimensions 
of the random sets X{E) fl F and X~^{F) fl F not only for Brownian motion, but 
also for a large class of Levy processes. 

There are many other difficult open problems of similar parabolic nature in 
the literature. For example, let F{\) denote the set of A-fast points of Brownian 
motion. 



F(A) = 



f G [0, 1] : limsup 
/ 1 -. 0 + 



\B{t + h)-B{t)\ 
^/2h\\o^\ 




Then, given a Borel set J5 C R+, what is the Hausdorff dimension of the set 
F{\)nF7 See Orey and Taylor (1974), Kaufman (1975), Khoshnevisan, Peres and 
Xiao (2000), and Khoshnevisan and Shi (2000) for some information. The same 
question can be asked when F{\) denotes the set of thick points of the occupation 
measure of a Brownian motion in (Dembo, Peres, Rosen and Zeitouni, 2000). 
We believe that a sufficiently powerful connection to parabolic potential theory 
may unravel some of these problems. 

Finally, Khoshnevisan and Shi (1999) have proven that the ( TV, d)-Brownian 
sheet W and the (TV, d)-additive Brownian motion B = jBi 0 • • • 0 are inter- 
section equivalent, i.e. for any compact set F C E^, 



P{W(E^) n F ^ 0} > 0 ^ P{B(E^) n F ^ 0} > 0, 



see Corollary 6.2 of Khoshnevisan and Shi (1999). It would be interesting to solve 
the analogous problem for the (F', d)-stable sheets [cf. Ehm (1981)]. In particular, 
we believe that 



Conjecture 3.12. Corollary 3.4 holds for an (AT, d)-stable sheet of type A. 



4. Applications to fractal properties of Levy processes 

By Corollary 3.4 and the Frostman’s theorem [cf. Kahane (1985, p.l33) or Khosh- 
nevisan (2002, p.521)j, we can use the range JV(E^) as a tool to determine the 
Hausdorff dimension of any Borel set F in R^. The original idea goes back to 
Taylor (1966), who showed that for any Borel set F C E^ with dimj^ F > d — 2, 

dimjj F = d — inf {a > 0 : F is not polar for Xa}, 

where X^ is an isotropic stable Levy process in E^ of index a G (0,2). With the 
help of additive stable processes, the restriction on F can be removed. Corollary 
3.4 implies that for any Borel set F c E^, 

dim^ F = d — inf {Na > 0 : F is not polar for X^^n}, 

where X^^n denotes an AT-parameter additive stable process in E^ of index a G 
(0, 2]. Following Khoshnevisan and Shi (2000), this method for calculating dimj^ F 
is called the co-dimension argument, which is specially effective for determin- 
ing the Hausdorff dimension of a random set. See Hawkes (1981), Lyons (1990), 
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Peres (1996, 1999), Khoshnevisan, Peres and Xiao (2000), Khoshnevisan (2002) 
for related results. 



4.1. Hausdorff dimension of the range 

As an application of the co-dimension argument, we derive the Hausdorff dimension 
of the range of an additive Levy process, which is proved in Khoshnevisan, Xiao 
and Zhong (2003a). 

Theorem 4.1. Given an additive Levy process X in with Levy exponent 
(^^ 1 , . . . , ^^iv) that satisfies (3.2), 

dimj^ [X{R^)) = d-T], P-a.5., (4.1) 

where 

ri^swpL>0 : f • 

Here sup0 = 0. In particular, if X is an additive stable process in R^ of index 
a G (0,2], then dim^^ X{R^) — mm{d,aN} a.s. 



Sketch of Proof We introduce an M-parameter additive stable process Y in R^ 
with index a G (0, 2]. The process Y is totally independent of X, and the constants 
M and a will be chosen appropriately. Note that X 0 T is an (AT + M)-parameter 
additive Levy process in R^ whose Levy exponent ^ = ($i, . . . , 4 >at+m) is given 
by 

\ill£r. if j = Ar + l,...,A' + M. 

Then by Theorem 3.2, Corollary 3.4 and the zero-one law that P{C/ 3 (X(R^)) > 
0} G {0, 1} for any /3 > 0 [whose proof will be given elsewhere], we have 

N 



^d-Ma{X{R^)) > 0 a.s. <==> f 



IlRe 






1 



1 + 



Prom this follows (4.1). 



ii^ir^“d^<<x). 

(4.2) 

□ 



When X = 1, i.e., when X is an ordinary Levy process in R^, Pruitt (1969) 
has shown that the Hausdorff dimension of the range X(R_|_) is 

7 = sup |o; > 0 : limsup r~^ [ P {|X(t)| < r} dt < Tool . 

I r-^o Jo J 

In general, this formula is not satisfying, since the above limsup is not easy 
to evaluate. Pruitt (1969, Theorem 5) addresses this issue by showing that if 
Re^(0 > 21og||^|| (for all ||^|| large), then, 

T = supjo < d : R, (i^)j^) < +“}■ 
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See Pristedt (1974, 377-378) for further discussions on Pruitt’s work in this area. 

Theorem 4.1 implies the following representation for the index 7 in terms of 
the Levy exponent ^ of X that holds under no restrictions, thus solving the above 
mentioned problem of Pruitt (1969). 

Corollary 4.2. If X denotes a Levy process in with Levy exponent then 

dim. X([0, 11) = sup{a < d : R. (^) < +oo}. 

(4.3) 



Formula (4.3) gives an analytic way to compute the Hausdorff dimension of 
X(R+) for Levy processes. Its usefulness is shown by the following result from 
Khoshnevisan and Xiao (2003b). 



Corollary 4.3. Let X = {X{t),t G E_^} be a Levy process in with Levy exponent 
If ^ satisfies the following condition: for any e > 0, there exist positive constants 
Ki and K 2 such that 



Ki 



|„,+e -^®(l + '!'(£)) 



K2 






< 



then almost surely, 



G E^ with min |^j| > 1, 
^<j<d 

(4.4) 



if o;i < di, 
otherwise. 



(4.5) 



It is easily seen that the Levy processes with independent stable components 
[cf. Hendricks (1973, 1974)] satisfy (4.4). Meerchaert and Xiao (2003) have recently 
shown that every operator stable Levy process X in E^ with exponent B satis- 
fies (4.4) with ai,. . . ,ad being the real parts of the eigenvalues of B. Hence the 
Hausdorff dimension of the range X(E+) is given by (4.5). This solves a problem 
of Becker-Kern, Meerschaert and Scheffler (2003). 

When X is a Brownian motion or a stable Levy process in E^, McKean 
(1955) and Blumenthal and Getoor (1960) have demonstrated that for all Borel 
sets C E 4 ., 

dim^ X{E) = dAa dim^^ E, a.s. , (4.6) 

Blumenthal and Getoor (1961) extended (4.6) to a broad class of Levy processes. 
For this purpose, they introduced the upper index (3 and lower indices of 

a general Levy process X and, in addition, the lower index (j of a subordinator. 
Blumenthal and Getoor (1961, Theorems 8.1 and 8.5) established the following 
upper and lower bounds for dim^^ X {E) in terms of the upper index (3 and lower 
indices (3' and (3" of X: For every C E_^, almost surely 



and 



dimjj X(E) < /^dinijj E, 



dim^ X[E) > 



I /?' dim^, E, 

\1 A (3" dimjj E, 



if /3 <1, 

if [3' < d, 
if > d = 1 . 



(4.7) 
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They showed, in addition, that when A is a subordinator, then 

(rdiniH E < dinijj X{E) < /3dim„ E, a.s. (4.8) 

The restriction /3 < 1 of (4.7) was removed subsequently by Millar (1971, Theorem 
5.1). Blumenthal and Getoor (1961, p.512) conjectured that, given a Borel set 
E c [0, 1], there exists a constant A(A, E) such that 

dim„ A(E) = A(A, E), a.s. (4.9) 

Except in the cases that A is a Levy process with stable components [Hendricks 
(1973)], or a subordinator [Hawkes (1978b)], the question whether the above con- 
jecture holds or not had remained unanswered. Recently, by using potential of 
additive Levy processes, Khoshnevisan and Xiao (2003b) have verified the above 
conjecture by proving the following theorem. 

Theorem 4.4. Suppose X = {A(t);t € IR+j is a Levy process in and denote 
its Levy exponent by 4'. Then for any Borel set E c M+, a.s. 

dim„ X{E) 

=sup|/3 £ (0,d) : inf [ ]]^||^“‘^/i(ds)/i(dt)(f^<-^ool. 

f Me-P(B) J^dJJ J 

(4.10) 

If X is symmetric, then (4.10) is equivalent to the following: 

dim„ A(E) = sup{^ e (0,d) : C/^_^(E) > 0}, a.s., (4.11) 

where f^ is defined as 

Mx):= [ ^xeR,'rG{0 ,d). 

JR^ 

Formula (4.10) shows that dim^^ X{E) may depend on other characteristics 
of the set E than its Hausdorff dimension and it is not easy to use. Only in a few 
cases, we can express dim^^ X{E) in terms of dim^^ E\ see Blumenthal and Getoor 
(1960), Hendricks (1973), Meerchaert and Xiao (2003). 

After the Hausdorff dimension of ^(E-i-) or X{E) is known, it is natural to 
study its exact Hausdorff measure or exact capacity. The former problem has been 
studied extensively; see Taylor (1986a) or Xiao (2003) for a survey. The latter 
problem has been investigated by Kahane (1985b) and Hawkes (1998) for sym- 
metric stable Levy processes and subordinators, respectively. Applying potential 
theory of additive Levy processes, Khoshnevisan and Xiao (2003b) have recently 
extended their results to general Levy processes. 

On the other hand, Pemantle, Peres and Shapiro (1996) have shown that the 
range of Brownian motion B in {d > 3) is capacity equivalent to [0, 1]^. Rosen 
(2000) extends their results to a class of Levy processes and introduces the notion 
of capacitary modulus. A function h{x) : ^ is called a capacitary modulus 

for A C R^ if there exist constants 0 < Ks < K 4 < oo such that 

\K4 [ f(\x\)h(x)dx]~^ <ef{A) <\Ks [ f(\x\)h(x)dx]~^ 

■- JRd -I L J^d J 
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for all non-increasing / : R+ [0, oo]. Thus, the results of Pemantle, Peres and 
Shapiro (1996) imply that the function 




if d > 3 
if d = 2 



(4.12) 



is a capacity modulus for 5([0, 1]). It would be interesting to study capacitary 
modulus for the range of an additive Levy processes. 



4.2. Existence and Hausdorff dimension of multiple points 

Let X = {X(t),t e M+} be a d-dimensional Levy process. The existence of k- 
multiple points of X has been solved by LeGall et al. (1989), Evans (1987a), 
Fitzsimmons and Salisbury (1989). In this subsection, we show that the potential 
theory of additive Levy processes can be applied to study the existence of self- 
intersections of X{t) when t is restricted to disjoint compact subsets Ei, E 2 , . . . , E/c 
of R+ {k > 2). This problem was originally considered by Kahane (1983) who 
showed that if X is a symmetric stable Levy process in of index a and fc = 2, 
then 



> 0 ^ F{X{Ei)nX{E 2 ) 0} > 0 ^ Xd/aiEi XE 2 ) > 0. (4.13) 

Kahane (1983, p. 90) conjectured that Qd/a{Ei x E 2 ) > 0 is necessary and sufficient 
for F{X{Ei) n X{E2) ^ 0} > 0. This conjecture was verified by Khoshnevisan 
(1999) for Brownian motion. The following theorem of Khoshnevisan and Xiao 
(2003b) establishes a necessary and sufiicient condition for P{X(Ei)n* • •nX{Ek) ^ 
0} > 0 and implies that Kahane’s conjecture is true for all symmetric stable Levy 
processes. 



Theorem 4.5 (Kahane’s Problem). Let X be a symmetric Levy process in R^ with 
Levy exponent If the distribution of X{t) is equivalent to Xd for all t>0, then 
for any disjoint compact sets Ei,. . . ,Ek C R+, V{X{Ei) fl • • • fl X{Ek) 0} > 0 
if and only if £f{Ei x E 2 x • - x Ek) > 0, where 

p k 

f{x) := exp ( - V |a;j|^'(^^_i - ^j)) d^, x € l'', = 6 = 0. 



To prove Theorem 4.5, it sufiices to consider k independent Levy processes 
Xi,...,Xfc in R^ with exponent $ and define an additive Levy process Z by 
(2.6). Then by Lemma 3.1, we need to find a necessary and sufficient condition for 
E{Xd(k-i){^{^i X • • • X Ek))} > 0. This is done by Theorem 2.1 of Khoshnevisan, 
Xiao and Zhong (2003a) [see also Theorem 3.6, under some extra conditions]. 

Now we consider the fractal properties of the set of fc-multiple points 
and the set L^jf^ of /c-multiple times of X defined by 

= {x G R"^ : X = X{ti) = • • • = X{tk) for distinct ti,. . .,tk ^ R+} 

and 

^^k) ^ K+, ti,...,tk are distinct and X{t\) = ••• = X{tk)} , 
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respectively. 

The Hausdorff dimension dim„ has been determined by Taylor (1966), 
Pristedt (1967), Hendricks (1974), Hawkes (1978c), Shieh (1998) for stable Levy 
processes, operator stable Levy processes and certain isotropic Levy processes, 
respectively. However, the following problem is still open: 

Problem 4.6. Given a general d-dimensional Levy process X, compute dim^ 
and dimp explicitly in terms of the Levy exponent of X, where dimp denotes 
packing dimension. 

Note that Corollary 4.2 computes the Hausdorff dimension of M\. In order to 
understand the fine structure of Mk for fc > 1, we need to appeal to the potential 
theory for multiplicative Levy processes X = Xi <S> - • <S) Xk- Prefatory results, 
along these lines, have been developed earlier in Evans (1987a, b), Fitzsimmons 
and Salisbury (1989), Peres (1999), and Khoshnevisan (2002). 

Very little is known about the packing dimension aspect of Problem 4.6, 
and completely new ideas are needed. For A: = 1, Taylor (1986b) has proven that 
dimp V(R 4 -) is equal to a certain exponent 7' a.s., but 7' seems, in general, in- 
computable. It would be desirable to represent 7' in terms of the Levy exponent 

For the Hausdorff dimension of Rosen (1983) has shown that if X is a 
d-dimensional Brownian motion (d = 2,3), then 

dimjj ^ and dim^ = 1 for all k> 2. (4.14) 

The following more general result is derived from Theorem 2.10 in Khoshnevisan 
and Xiao (2002) [see also Khoshnevisan and Xiao (2003a)]: 

Theorem 4.7. If X is a symmetric Levy process in with exponent such that 
^ is in L^(R^). Then 

dimp = sup \b> 0 : [ ^(s) ds < oo|, 

^ -'[0,1]^ p| ^ 

where ^ is the gauge function on R^ defined by 
$(s) = (27t)“'' f exp ( - for s = (sj) € K''. 



In particular, if X is a symmetric stable Levy processes in R^ with index 
a G (0, 2] and such that ak > {k - l)d [i.e., ^ 0], then 



dimp 



id) _ 



k- 



(fc-l)d 



a 



This extends Rosen’s result (4.14). 

The conditions of Theorem 4.7 are quite restrictive. It would be interesting 
to solve the following: 
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Problem 4.8. Find dimj^ and dinip for a general Levy process X in 

Except for Brownian motion, there is no knowledge on the exact Hausdorff 
and packing measure functions of Mk and Lk- These problems have to be studied 
by using other methods than potential theory of additive Levy processes, and 
hence will not be discussed here. We refer to Xiao (2003b, section 9) for more 
information. 
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Abstract. This survey deals with several quantities of Radon measures in the 
plane: multifractal characteristics, Courant characteristics related to distin- 
guished eigenfunctions of fractal Laplacians, and Besov characteristics related 
to function spaces. It is the main aim to describe how closely these quantities 
are related to each other. In addition, spectral properties of fractal Laplacians 
are discussed resulting in Weyl measures. 
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ondary 42B35, 28A80, 35P15. 

Keywords. Multifractals, fractal Laplacian, function spaces. 



1. Introduction 

Let be a bounded domain in the plane and let (-A)“^ be the inverse 
of the respective Dirichlet Laplacian. Let /i be a finite Radon measure in such 
that 

supp = T C^. 

In [17], Ch. V; [18], Ch. Ill, and in the survey [19] we dealt with the fractal 
Laplacian 

B = {-A)-^o^l, ( 1 . 1 ) 

preferably in case of d-sets, 0 < d < 2 , 

/i(J 3 ( 7 ,r)) ~ 7 G F, 0 < r < 1, (1.2) 

where B{j,r) is the circle centred at 7 and of radius r. It comes out that under 
these circumstances B makes sense: it is a compact, self-adjoint, non-negative 

o 

operator in the Hilbert space JT ^(11), the largest eigenvalue ^ is simple (and 
positive) , the respective eigenfunction u (called the Courant function) is positive 
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in (ignoring a constant complex factor), and the positive eigenvalues gi have the 
Weyl property, 

Qir^r\ leK (1.3) 

In [17], [18], [19] and the underlying papers and reports we concentrated on the 
spectral property (1.3) not only for d-sets but also for more general measures // 
which we called Weyl measures. The aim of the present survey is different and in 
some sense complementary to [19]. We deal now with the Courant function u and 
the symbiotic relationship between 

• multifractal quantities of /i, 

• smoothness properties of 

• some characteristics of related Besov spaces. 

As far as function spaces are concerned we restrict ourselves to the bare minimum: 
they are a tool not a subject. Most of the results are new, some will appear in 
forthcoming papers (we give the related references), others are formulated here for 
the first time and proofs will be published later on. 

The plan of the paper is the following. In Section 2 we describe the general set- 
up and properties of the operator B in (1.1). Section 3 deals with the indicated 
relationship of diverse types of characteristics of /i: multifractal, Besov, Courant. 
At the end we formulated some problems. 



2. The Dirichlet Laplacian 
2.1. The classical theory 

Let be a bounded domain in the plane with the boundary dO. and 
let T 2 (fl) be the usual Hilbert space of all complex- valued Lebesgue-measurable 
functions / such that 

||/|L 2 (fJ)|| = I f \f{x)\‘^ flLidx) 

is finite. Here /i^ stands for the Lebesgue measure. Let I G N (the collection of all 
natural numbers). Then is the usual Sobolev space 

if'(0) = {/: £»“/GL2(fi), \a\<l}, 

obviously normed. Of course, D^f has the usual meaning of distributional deriva- 
tives. Let 

= {/ e : f\dn = 0 } 

and 

H\n) = {f e H\n) : f\dn = 0}, 
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where the latter space will be equipped with the scalar product 



(/. 3 ) 



H^(n) 




dg 

dXm 



fJ-L{dx). 



(2.1) 



Here the trace f\dQ of / e H^{Q,) with I € N makes sense and has the usual 

O 

meaning. Recall that D(0) = C^(H) is dense in H^{^) (but not in Hq{Q), which 
explains the different way of writing). Then the Dirichlet Laplacian 

dom i-A) = 

is a positive-definite, self-adjoint operator in L 2 (fl) with a pure point spectrum. 
We prefer here its inverse, 

B = (-A)-i = (-A)-io^^, (2.2) 

where again /xl is the Lebesgue measure (preparing notationally our later consid- 
erations). Then B is a positive, self-adjoint, compact operator in L 2 {^). Let Qk be 
its positive eigenvalues and Uk be its related eigenfunctions. 



Buk = QkUk, > ^2 > • • • > 0 , Qk-^0 

if k ^ oo. Recall the following outstanding properties (again notationally adapted 
to our later needs): 

(a) (H. Weyl, 1912, [24], [25]), 

Qk ~ k eN. 

(b) (R. Courant, 1924, [6]). The largest eigenvalue ^ is simple and (ignoring 
a complex constant) the related eigenfunction ui{x) = u{x) is positive, 

u{x) >0, X eCt. (2.3) 

(c) (Smoothness). In obvious notation, 

Uk gC^(H), /cgN. 

Here and in the sequel we use the equivalence ~ for two positive functions a{x) 
and b{x) or two sequences of positive numbers Uk and bk (say with k eN) if there 
are two positive numbers c and C such that 

ca{x) < b{x) < Ca{x) or cuk <bk< Cuk 

for all admitted variables x or fc, respectively. 

It is the main aim of this survey to describe what happens if the Lebesgue 
measure /xl in (2.2) is replaced by appropriate Radon measures /x and to which 
extent the above properties (a) - (c) are preserved or how they must be modified. 
We concentrate in this survey on the Courant function u according to (2.3). 
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2.2. The fractal theory 

Again is a bounded domain in the plane and (-A)“^ is the inverse of the 
respective Dirichlet Laplacian according to 2.1. Let /x be a Radon measure in 
with 

supp /i = r C 0 < /i(K^) < 00 and |r| = 0, (2.4) 

where |r| is the Lebesgue measure of F. In particular, F is compact in Q. First 
one has to say what is meant by B in (1.1). It comes out that this question can 
be reduced to the trace problem asking for a constant c > 0 such that 

y\L 2 {r,fi)[[<c\\ip\H\a)\\ for all (/p e (2.5) 

Here L 2 {T,ijl) is the naturally normed Hilbert space on F with respect to the 
measure /i. If one has an affirmative answer then one can define the linear and 
bounded trace operator 

tr^ : ( 2 . 6 ) 

by completion. Since we have (2.4) one can replace Cl in (2.5) and (2.6) by 
On the other hand, any / G L 2 (F,/i) can be interpreted in the usual way as a 
tempered distribution, denoted by If we have (2.6) then it comes out that 

: L2{T,fji)^H-\Cl), (2.7) 

is just the dual of where 

H-\Cl) = (^hHCI))' (2.8) 

according to the dual pairing (£)(fl), F>'(fl)), might be the shortest way to say 
what is meant by the Sobolev space of smoothness —1. Then we have 

id^ = id^otr^ : H~\n) (2.9) 

and 

B = (-A)-^ o id^ = (-A)-^ o /i : hH^) (2-10) 

o 

is a linear and bounded operator in H ^ (Jl), where the middle term in this equation 
is the precise definition of what is meant by the last expression in the equation. 
Details and further explanations concerning (2.5) - (2.10) may be found in [18], 

9.2, pp. 122-124; 20.3, p. 297; 19.2, pp. 254, 255. We refer also to [19] where we 
discussed this background material in greater details. (As said the present survey 
might be considered as the continuation of the survey [19]). In other words, first of 
all one has to clarify under which circumstances the trace operator according 
to (2.5), (2.6), exists. 

We introduce a few notation. Let Qjm with j G No (= N U {0}) and m el? 
(the lattice of all points in with integer-valued coordinates) be the square 
centred at 2~^m and with side-length (We use standard notation without 
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further explanations; in case of doubt one may consult [18]). If /i is given by (2.4) 
then we put 

= sup niQjm), j e No. ( 2 . 11 ) 



Furthermore let 



fjm= I jeNo, mei?. 

Qjm 



Finally, the measure // according to (2.4) is called isotropic if there is a positive, 
continuous, monotonically increasing function h on the interval ( 0 , 1 ] such that 

jji (B( 7 , r)) ~ h{r) for all 7 G F and 0 < r < 1, (2.12) 

where is the circle centred at 7 G F and of radius r. According to [1], [2], 

[3], for given h there is a Radon measure ji with (2.12) if, and only if, there is 
a positive, continuous, monotonically increasing function h on the interval ( 0 , 1 ] 
such that _ 

h(r) ~ h(r) if 0 < r < 1 and ^ > 2“^^ (2.13) 

h{2-j) ~ 

for j G No and fc G Nq. The final version, including standard and non-standard 
examples of isotropic measures may be found in [3] . (Recall that we are always in 
the plane otherwise 2“^^ in (2.13) must be replaced in by 2“’^^). 



Theorem 2.1. Let be given by (2.4). 

(i) Then tr^ according to (2.5), (2.6) exists if, and only if, 

00 

sup 

j=0 m&? 

where the supremum is taken over all 





with f>0 and ||/ |L 2 (F,/i)|| < 1 . 




(ii) If tr^ exists, then 


00 

l^iQjm) < 


(2.15) 


Conversely, if 


j=0 m^l? 
00 






< 00 , 


(2.16) 



j=0 



then tr^ exists and is compact. 

(iii) In addition, let ji be isotropic. Then tr^ exists if, and only if, 

00 

J2h{2-^)<oo. (2.17) 

j=0 



In this case, trj^ is compact. 
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Remark 2.2. Part (i) is a special case of [18], Theorem 9.3, p. 125. Both the 
necessary condition (2.15) and the sufficient condition (2.16) are easy consequences 
of (2.14). If /X is isotropic then jjij ~ Hence (2.16) and (2.17) coincide, and 

in case of isotropic measures this condition is not only sufficient but also necessary. 
It is remarkable that for isotropic measures tr^ exists if, and only if, it is compact. 
Concerning the assertions in part (iii), but also in part (ii), we refer to [22], where 
one finds proofs also in more general situations (in and with respect to more 
general spaces). In particular, [22], Proposition 3, covers also the compactness 
assertions of tr^ in the parts (ii) and (iii), again in a more general setting. 

In particular, (2.16) guarantees that B given by (2.10) is a linear and compact 

o 

operator in 77 ^(f2). However for our purpose it is desirable to strengthen this 
assertion as follows. Let C{Q) be the naturally normed space of all complex- valued 
continuous functions in Q. 

Corollary 2.3. Let 

CO ^ 

j=0 

where /x and fij are given by (2.4) and (2.11), respectively. Then 

B = {-A)~^ o n : ^ H^i^)nC{Q,). (2.18) 

Remark 2.4. The stronger assertion (2.18), compared with (2.10) is based on 

CO 

\\id^ : L2(r,M) < c (2-19) 

j=0 

where c is independent of /x with (2.4) and, as a consequence, 

B : ^ (2.20) 

Here B 2 I and B^ 1 are special Besov spaces, which will be defined later on. In 
particular, B 21 is a smaller space than and the second inclusion in (2.20) is 
an embedding theorem of Sobolev type. Assertions of type (2.19) can be extended 
to Lp-spaces, and ^-spaces. But details must be shifted to a later occasion. 
They can be based on the so-called /x-property of function spaces as considered in 
[20]. 

After these preparations we are ready for the fractal counterpart of the clas- 
sical theory as described in 2.1. Let and F as in (2.4). We always assume that 

o o 

i7^(fi) is normed according to (2.1). Furthermore i7^(f^\F) is the completion of 
D{Q\T) in 77^(Q\r) normed as in (2.1). 

Theorem 2.5. Let Q be a bounded domain in the plane and let p be a 
Radon measure in with (2.4) and 

00 ^ 

E /x? < 00 where pj = sup p{Qjm) 

^ ^> 770 . 



( 2 . 21 ) 
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as in (2.11). Then 

B = (— A)~^ o /i 

according to (2.10) and the explanations given there is a self-adjoint, compact, 

o 

non-negative operator in {^) with null-space 

n{b) = hH^\^)^ 

Let Qk be the positive eigenvalues of B, repeated according to multiplicity and 
ordered by magnitude and let Uk be the related eigenfunctions, 

Buj^ — h G M. 

(i) The largest eigenvalue is simple, 

g = Ql > Q2 > QS" ' , 

and the related eigenfunctions ui{x) have no zeroes in Q, 

ui{x) = cu{x) with u{x) > 0 if x E (2.22) 

and a complex constant c. 

(ii) The eigenfunctions Uk are (classical) harmonic functions in ft\T, 

Auk{x) = 0 if X E n\r, and ^Zfc(x) E C(fi). (2.23) 

Remark 2.6. By Theorem 2.1 and Corollary 2.3 it follows that B is compact in 

o 

H^{^) with (2.18). The self-adjointness depends on the special choice of the scalar 

o 

product in iJ^(fl) according to (2.1). Afterwards both assertions in (2.23) can be 
obtained quite easily. Condition (2.21) covers both measures of power-type, 

KQjm) < c2~^^ for some c> 0 and e > 0, 

and of log- type, 

P'iQjm) < for some c > 0 and x > 2. 

This applies in particular to suitable isotropic measures as described in (2.12), 
(2.13), making clear what can happen. The case of d-sets, 

h{r) = r^, 0 < r < 1, 0 < d < 2, 

hence (1.2), has been considered in [18], Theorem 19.7, pp. 264-265, covering the 
above assertions (in an E^-setting), including the Weylian behaviour of the eigen- 
values Qk (in E^), 

Qk^k~^, fc E N. (2.24) 

To which extent this remarkable property remains valid for the more general mea- 
sures in the above theorem is not so clear. However we dealt with this problem in 
detail in [18], Section 19, especially 19.17, 19.18; [19]; [23]; [22]. Here this problem 
will play only a marginal role. We are mostly interested to which extent the func- 
tion u according to (2.22) reflects multifractal quantities of the underlying measure 
pL. But nevertheless we give a formal definition. 
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Definition 2.7. (i) A Radon measure // with (2.4) is called a Weyl measure if B 
according to (2.10) is a self-adjoint non-negative compact operator and if one has 
(2.24) for its positive eigenvalues. 

(ii) Let // be a Radon measure in with (2.4) and (2.21). Then u~vP‘ according 
to (2.22) is called the related Courant function. 



3. Fractal characteristics of measures 



3.1. Definitions 

Let /i be a positive Radon measure in R^ with 

supp jj, = T compact, 0 < /i(R^) < oo, |r| = 0, 



where |r| is the Lebesgue measure of F. Multifractal quantities of // (in the context 
to the so-called multifractal formalism) attracted a lot of attention since the late 
eighties, but especially in the last few years, preferably asking for the behaviour 
of 



l^iQjmT if j OO, 

where 0 < p < oo. The recent development from the point of view of fractal 
geometry may be found in [5], [12], [11], [8], [10]. Some aspects are surveyed in 
[7], Chapter 11. Prom the point of view of Fourier analysis and function spaces we 
refer to [13], [14], [20]. What follows might be considered as a continuation of [20] 
including some more recent results, partly published here for the first time. (Again 
we restrict ourselves to the plane R^, but most of the definitions and results can 
be extended to R’^ with n G N). Recall that Qjm with j G Nq and me I? are the 
same squares as in connection with Hj in (2.11) and in Theorem 2.1. Let A G R 
(real numbers). Then we put 



fip = sup 2^^ E IJ'iQjmf ) if 0 < p < OO 



jeNo 



VmeZ2 



and 



= sup 

j6No 

These quantities together with their generalisations 



u=0 \meZ2 ) 



(3.1) 

(3.2) 



(3.3) 



where A € M, 0 < p < oo, 0 < g < oo (obvious modifications if p = oo and/or 
q = oo) played a decisive role both in multifractal geometry according to the above 
references and in the theory of function spaces, where in the latter case one may 
consult [18], Section 9, and more recently [20]. There one finds further references. 
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Next we describe briefly what is meant by Besov spaces Bpq(R^) and 
where the case q = oo is sufficient for us, hence 

-Bpoo(lK^)> seR, 0<p<oo. 

We put = max(a, 0) where a E R. Let 

(Ahf)(x)^ f(x + h)~ f(x) and Aff = AhA^~^, M - 1 G N, 

be the usual dilFerences of functions, where x G h G and = Ah. Let 





0<p<oo, 2^-1^ <s<MgN. 


(3.4) 


Then B;^{R^) 


is the collection of all regular tempered distributions / G S'{R^) 


such that 


||/|Lp(R 2)||+ sup |/ir||Af/|Lp(R2)||<00. 


(3.5) 




0<\h\<l 




Let 






VI 

V 

o 


00, s G R and A: G No with s + 2fc > 2 (- - . 


(3.6) 


Then 










(3.7) 



All the admitted quasi-norms (norms if p > 1) in (3.5) with (3.4) are equivalent 
to each other and Bp^(R^) is independent of M. Similarly, Bp^(R^) with (3.6) is 
independent of fc G Nq. If one replaces in (3.5) 



sup |h|^||-|| by ( /l^l ■ 11’]^ ) . 0<g<oo, 

0<|/i|<l W IN J 

and applies the lift (3.7) then one gets the more general Besov spaces Bp^(R^). 
Furthermore, Bp^(Q) (and also B^^(fi)) are the usual restrictions of the corre- 
sponding spaces on R^ to the given bounded domain in If / G Nq or 
I = —1, then 

are the Sobolev spaces used in 2.1 and 2.2. Furthermore, 

= s>0, 

are the classical Holder- Zygmund spaces. Details about the theory of function 
spaces in general and about the above special assertions in particular may be 
found in [15], [16]. 

Definition 3.1. Let be a bounded domain in the plane and let p be a 
Radon measure in E^ with 

supp /i = r C 0 < /i(E^) < 00 , |F| = 0. (3.8) 
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Let 



0 



1 

< t = - < oo. 
P 



(i) Then 



A^(t) =sup{A : Pp <oo} 



are multifractal characteristics of ja, 

(ii) Then 

Sp{t) = sup {s : pe 

are Besov characteristics of /i. 

(hi) Let, in addition, 

oo 

<00 

j=0 



and let u be the Courant function according to Definition 2.7(h). Then 
are Courant characteristics of fi. 



(3.9) 



(3.10) 



(3.11) 



Remark 3.2. We add a discussion about the above quantities. We always take log 
to base 2. It follows for 0 < t < (X) that 

Xp{t) = -tlimsup T log p{Qjm)^ (3.12) 

^ m€Z2 

and for t = 0 that 

A^(0) = -limsupi log sup /a{Qjm). (3.13) 

j—^oo J m^I? 



These limsup^^^ exist for all t with 0 < t < cxo. By the references given at the 
beginning of this subsection, (3.12), (3.13) are typical multifractal quantities as 
discussed nowadays in (multi) fractal geometry. We prefer here the version given in 
the above definition since the quantities /i^ and, more generally according to 
(3.3), are intimately connected with norms in appropriate Besov spaces. A detailed 
discussion about this point may be found in [20]. Furthermore, 



A^(l) = 0 and s^(l) = 0. 



The first assertion is obvious. The second assertion is well known for all Radon 
measures ji with (3.8) interpreted as tempered distributions. Furthermore, 5^(^) 
is well defined for alH > 0 and looks typically as in Figure 1 below. In particular, 
s^(^) is in the triangle in Figure 1 with the corner points (—2,0), (0,0), (1,0). 
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3.2. Main results 

We say that a curve on [0, oo) is monotonically increasing if it is not decreasing. 

Theorem 3.3. Let Q be a bounded domain in and let ixbe a Radon measure 
in with (3.8). 

(i) Then s = with 0 <t < oo according to (3.10) is a monotonically increasing 
concave function in the {t^ s) -diagram in Figure 1 below with 

2{t-l) <s^{t) <0 if 0<t<l, 

In particular s^(l) — 0. 

(ii) Then 

s^{t) = \^{t) + 2{t-l) if 0<t<l (3.14) 

and 

s^{t)>X^{t) + 2{t-l) if t>l. (3.15) 

(hi) Let, in addition, (3.11) be satisfied and let = u be the related Courant func- 
tion according to Definition 2.7(h). Then pq = is a Radon measure satisfying 
(3.8), 

= + 2 if 0<t<oo (3.16) 

and 

= + 2 if 0<t<l. (3.17) 

Remark 3.4. The parts (i) and (ii) are covered by [20]. By Theorem 2.5 the Courant 
function u^ is positive and continuous on F. Hence /jLq = is again a Radon 
measure satisfying the counterpart of (3.8). Then s^^(t) makes sense and (3.16) 
follows quite easily from the well-known smoothness theory of elliptic operators, 
in our case of the Laplacian. The independence of ct;^(t) on fl if 0 < t < 1 and 
(3.17) follow from the considerations in [20]. But details must be shifted to a later 
occasion. However whether (3.17) holds also for ^ > 1 is not so clear. Later on we 
discuss a few examples where this is the case. 

3.3. Tame measures 

If 0 < t < 1, then the relations between the multifractal, Besov, and Courant 
characteristics as described in Theorem 3.3 are perfect. This is not the case if 
^ > 1. Then we have only (3.15), (3.16). Obviously, 

0 < s^{t) < 2{t — 1) if t > 1, 

Figure 1, and, hence the curve s^{t) penetrates into the somewhat gloomy region 

1 < t = - < 00, 0 < s < 2(t - 1), 

P 

of the otherwise lucid function spaces universe, 0 <t < oo, s eR, and it requires 
surely additional efforts to clarify what happens there and whether the above 
characteristics of Radon measures are the right ones. We have no answers but we 
contribute to this apparently rather tricky problem by introducing a new notation 
and discussing it afterwards. 
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Definition 3.5. Let /x be a Radon measure in with 

supp /X = r compact, 0 < /x(R^) < oo, |r| = 0. (3.18) 

Let \^{t) and be given by (3.9) and (3.10), respectively. Then /x is called 
tame if 

s^{t) = A^(t) + 2{t - 1) for all 0 <t <oo. (3.19) 



Remark 3.6. In other words, /x is called tame if one has not only in (3.14), but 
also in (3.15) equality. We have several examples of tame measures, which will be 
described later on, but so far no example of a wild (this means not tame) measure. 
However we have the somewhat unsupported impression that most of the measures 
are wild and that (3.19) reflects some type of regularity. In any case we offer here 
a modiflcation of the multifractal characteristic A^(t), denoted by A^(t), for which 
we have the respective counterpart of (3.19) for alH > 0 and which coincides with 
A^(t) if 0 < t < 1. For this purpose we need some preparations. 

We follow [21] restricting ourselves again to the plane R^, although everything 
works also in R’^ with n G N. Let ei — (1, 0) and C 2 = (0, 1) be the unit vectors in 
R^ with respect to the axes of coordinates. Let 

1 2 
k=l 



be the sum of the second symmetric differences, and let, by iteration, 

M e N. 



Then 



{B’^g){x) = 2 ^ d^g{x + m), 



X G R^, Mg No, 



(3.20) 



where 

= {m eZ^ : |mi| + |m2| < M} 

is a rhombohedron and the coefficients G Z can be calculated explicitly. To 
extend this notation to distributions, in our case Radon measures, we use mollifi- 
cations, or local means, which play a decisive role in the recent theory of function 
spaces, [16], 2.4.6, 2.5.3. Let K be a real function in R^ with 

K{x) > 0 if |x| < c and K{y) = 0 if\y\> c 

for some c > 0. Then 

K{t, f){x) = J K{y) f{x - ry) dy = j ^ 

R2 R2 
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are the local means (or mollifications) of / G 5'(E^) (tempered distributions), 
where r > 0. According to (3.20) we have for r > 0 and / G 5'(E^), 






j {B'^K){y) f{x - ry) dy 

IR2 

2-2M K{T,f){x + Tm). 



(3.22) 



Again, let Qjm be the squares as used in connection with (2.11) and later on. Let 
M G No (natural number or 0) and / G S"(R^). Then, for x G R^, 



v^f=l f){x)\ if j G N, m G 

\sup^eg^^ l-ff(l./)WI ifj = 0, meZ^. 

If M = 0 then = K. We apply this notation to / = /i, where // is a Radon 
measure in R^ with (3.18), and generalise /i^ in (3.1), (3.2) by 

= sup 2^^ I Y, . 0 < P < oo, 



and 

sup V^V^IX. 

jeNo,mez^ 

Here A G R and M G Nq. If M = 0 then it follows easily 

AgR, 0<p<oo. (3.23) 

If M G N then (3.22) with f = ii tries to capture wild irregular variations of // at 
any scale. 

Definition 3.7. Let /x be a Radon measure in R^ with (3.18). Let 0 < t = - < oo. 
Then 

\^{t) = sup {A : V < oo for some M G No} . (3.24) 

Remark 3.8. If for given p and M G No, 

< oo, then F/x^’^ < oo for TV > M, N e No. (3.25) 

Hence the situation is improving if M — > (X). However beyond some M G No there 
is no improvement: We shall give in Remark 3.10, (3.29), (3.30) an estimate. A 
possible larger value of A^(t) compared with \^{t) is not caused so much by the 
mollification (3.21), but by the variation in (3.22). 



Theorem 3.9. Let p be a Radon measure in R^ with (3.18). Let s^{t), A^(t), and 
\^{t) be given by (3.10), (3.9) and (3.24), respectively. 

(i) Then 

A^(t) > \^{t) 

\^{t) = \,{t) 



if 0<t<oo (3.26) 

if 0 < t < 1. 



and 



(3.27) 
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(ii) Then 

+ 2{t-l) if 0 <t <oo. (3.28) 

Remark 3.10. This is a special case of more general assertions in [21] (dealing with 
and general compactly supported / G S\R^)). By (3.23) and Remark 3.8 one 
has (3.26). The proofs in [21] are based on characterisations of the spaces Bpq{R^) 
in terms of the expressions in (3.22). As a consequence one gets the following 
complement of (3.25). If 

(t - 1)+ < M G No (3.29) 

then 

\^{t) = sup {A : < ooj , 0 < t = - < 00 . (3.30) 

^ p 

One may denote by M^{t) the smallest number M with (3.30) as the degree of 
wildness of /i (depending on t > 0). In particular, 

M^{t)=0 if 0<t<l, 

what coincides with (3.27). Comparing (3.28) with (3.15), (3.14) we have now 
equality for alH > 0 at the expense of stepping from A^(t) to A^(t). It follows by 
Definition 3.5 that 

/i is tame if, and only if, M^(t) = 0 for 0 < t < oo. (3.31) 

But as said it is not clear at this moment whether there are wild (this means not 
tame) measures. 

3.4. Problems and examples 

This survey complements the survey [19] and the relevant parts of the books [17], 
[18]. In [17], [18], especially Section 19, [19], and, more recently in [23], [22] we 
dealt in detail with the problem under which circumstances a Radon measure p 
with (2.4) is a Weyl measure according to Definition 2.7(i). We did not stress this 
point in the recent survey but we wish to return to this question in the examples 
below. This may justify to repeat this problem here. 

Problem 3.11. Characterise all Weyl measures according to Definition 2.7(i). 

Remark 3.12. The most advanced assertion and a discussion afterwards may be 
found in [18], 19.17, 19.18. We returned to this question in [22], with [23] as a 
forerunner, including an extension of this problem from the plane R^ to with 
n G N. One can convert the above problem into the following question: 

Does there exist Radon measures p according to (2.4), 
such that B given by (2.10) is compact and 
which are not Weyl measures? 

No example is known so far. But a detailed discussion of this problem and further 
references may be found in [18], 19.18, 19.19, pp. 288-294. 

In connection with the above considerations two further problems arise. 

Problem 3.13. Characterise all tame measures according to Definition 3.5. 
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Remark 3.14. By Theorem 3.9 a measure /x is tame if, and only if, 

= ^^(0 for all 0 <t < 00 . 

This can be reformulated by (3.31). But the situation is quite similar as in con- 
nection with Problem 3.11: No example of a wild (this means not tame) measure 
is known (to the author). If there exist wild measures then the multfractal for- 
malism expressed by \^{t) in (3.9) and, more explicitly by (3.12), (3.13), becomes 
questionable if t > 1. Then more sophisticated quantities are needed where X^{t) 
according to Definition 3.7 is a proposal. Maybe the following question is closely 
related to these problems. Two Radon measures and fj? with (3.18) are called 
equivalent if 

~ E Borel set in K^. 

(Hence they are related to each other by a Radon-Nikodym derivative, bounded 
from above and below by positive constants). Let [/i] be the equivalence class of 
the above measures which are equivalent to /i. Obviously, \^{t) is the same for all 
measures of a given equivalence class. Is this also the case for \^{t) with t > 17 
(IfO < ^ < 1 then one has (3.27)). If not, then one may ask whether in a given 
equivalence class [/i] there is a (distinguished) tame representative. 

Closely related to these speculative considerations is the question whether 
for given ^ > 0 the Courant characteristic according to Definition 3.1(iii) 

is independent of fi. Based on (3.16), (3.17) one can strengthen this question as 
follows. 



Definition 3.15. A Radon measure fa with (3.8), (3.11) is called a Courant measure 
if 



uo^{t) = s^{t) -f 2 for all 0 < t < oo. (3.32) 

Remark 3.16. The restriction (3.11) is somewhat disturbing. We needed it in Def- 
inition 3.1(iii) to ensure that u is continuous. But it is not clear whether this 
additional assumption is necessary or natural. 

Problem 3.17. Characterise all Courant measures according to Definition 3.15. 



Next we describe a few examples. To simplify the presentation the following 
notation seems to be reasonable. 

Definition 3.18. A Radon measure /i in the plane with (3.8) is called distin- 
guished if it is simultaneously 

• a Weyl measure according to Definition 2.7(i), 

• a tame measure according to Definition 3.5, 

• a Courant measure according to Definition 3.15. 

Remark 3.19. By (3.19) and (3.32) a Weyl measure fi with (3.8) and (3.11) is 
distinguished according to the above definition if, and only if, 

(jj^(t^ = s^(t^ -j- 2 = A^(t) T 2t for all 0 ^ ^ oo. 
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Example 3.20. Let F be a compact d-set in with 0 < d < 2. Hence there is 
Radon measure p in R^ with F = supp p and 

ju(jB( 7 , r)) ~ 7 G F, 0 < r < 1, (3.33) 

where the equivalence constants are independent of 7 G F and r, and where 5 ( 7 , r) 
is the circle centred at 7 and of radius r. Then p 7i^\T where the latter is the 
restriction of the Hausdorff measure in R^ to F. All these measures p are 
distinguished measures according to Definition 3.18. We refer to [20], Remark 10, 
where we proved that p is tame and 

= (2 — d){t — 1), 0 < t < 00 . (3.34) 

By the same arguments it follows that p is Courant. The Weyl property for these 
measures is one of the central assertions at the beginning of this theory in [17], 
Section 30, in connection with fractal drums (or better drums with fractal mem- 
branes). 



Example 3.21. Let F = Fi U F 2 where Fi and F 2 are compact di-sets and d 2 -sets, 
respectively, with 0 < di < d 2 < 2 and Fi fl F 2 = 0. Let /i be a corresponding 
measure with supp p — and (3.33) with d\ on Fi and d 2 on F 2 . Then /i is a 
distinguished measure according to Definition 3.18 and 



l(2-di)(t-l) if0<f<l, 

^ 1 (2 “ d 2 ){t - 1) if 1 < t < 00 . 



(3.35) 



This follows essentially from Example 3.20. We refer again to [20], Remark 10, for 
details. 



Example 3.22. So far, s^{t) in (3.34) and (3.35) is either a straight line or a 
broken line, respectively. Now we construct a distinguished probability measure 
where s^{t) is a genuine bent curve. Let Q be the closed square in R^, centred at 
the origin and of side-length 1. Let ^ > 0 and let Tk be contractions in R^, where 
fc = 1, • • • , AT, with 2 < W G N, 

Tk : 3 x gx where x^ G R^, 

such that 

Q^=TkQcQ, Q^nQ^ = a if k^L 

Since Q is assumed to be closed and AT > 2 it follows that 0 < g < ^ and the 
squares have a positive distance from each other. Recall the standard procedure 
to create a self-similar fractal set F: 

N 

T(5 = (TQ)1= y (TQf = Q, 

k=l 

{TQy^T{{TQy-^)= U / G N, 

l<jr<N 
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Figure 1. 



and 

r = {TQ)^ = r\{TQy = liin {TQY. 

' ' 1^00 
leN 

By construction, F is disconnected, some type of dust. Let 

N 

W = {Wi,...,Wn), Wi>---Wn> 0, '^Wl = l, 

1=1 

be a probability. The unit mass in Q is distributed according to these probabilities 
and transforms. Then one gets a Radon measure ji with 

supp n = r, Tj,Q) = Wj, ■ ■ ■ Wj, , 

/r(E^) = 1 and |r| = 0. It comes out that /i is a distinguished measure according 
to Definition 3.18. Furthermore, 

s^(t) = 2(t-l) + j^ log^m; 



0 < t < oo 
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and 



5/^(0) — — 2 + 



|logt(^i| 
|log£>| ■ 



The curve s^(i) is shown in Figure 1. Let 



do 



|log«;i| 

log^l 



di = 



^WjllogWjl 

I log el 



do 



Then we have do < di < d 2 in case of ^ <wi <1 and 



logiV 

iiog^r 



5/i(0) — 2 + do? ~ 2 di, ^2 

if t — > 00 . In particular, 5^(t) is a bent curve. Proofs will be shifted to a later 
occasion. 



Example 3.23. Let p be an isotropic Radon measure with the generating function 
h according to (2.12), (2.4). Let 

3-^°° 3 j^oo j 

Then one gets by (3.12), (3.13) that 

j{l-t)h- if 0 < t < 1, 

\(l-t)h+ ift>l, 

and we have (3.14), (3.15) for s^{t). Furthermore, 

dimn T = h- and dimp V = (3.36) 

have a geometrical meaning as the Hausdorff dimension and the packing dimen- 
sion of r, respectively. Background assertions concerning the lesser known packing 
dimension may be found in [9], Section 5. Concerning (3.36) we refer to [2], [3], [4] 
and the literature mentioned there. If, in addition, 

h-=h^ = ho, (3.37) 

then it comes out that p is 8i tame measure and a Courant measure according to 
Definitions 3.5 and 3.15, respectively, and 

= (^ “ 1)(2 — ho) for all 0 < ^ < oo. 

This can be proved by the same arguments as in [20], Remark 10. According to 
[22], Definition 3.1(ii), the above isotropic measure p with the generating function 
h is called strongly isotropic if there is a natural number k such that 

h (2-^-^) <^h (2-^) for all j e Nq. (3.38) 

As proved in [22], Corollary 2, any strongly isotropic measure is a Weyl measure. 
Combining these results one gets the following assertion: 

Any strongly isotropic Radon measure with the generating function h according 
to (2.12), (2.4), (3.38), satisfying in addition (3.37), is a distinguished measure 
according to Definition 3.18. 
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Geometric Representations of Currents and 
Distributions 

Jenny Harrison 



Abstract. Currents are defined abstractly as dual spaces to differential forms 
and differential forms are defined abstractly as dual spaees to linear spaces of 
A:- vectors. This double duality makes it sometimes difficult to recognize a spe- 
cific example as a current or to give a current geometric meaning. Operators 
on currents are usually defined by dualizing analytic operators on differential 
forms. We give direct geometric definitions for a large class of currents and 
their operators. Chainlets are limits of polyhedral chains taken with respect 
to a norm. Integrals of differential forms over polyhedra have well defined 
limits to chainlets and a full exterior calculus has been established for chain- 
let domains. ([H2], [H3], [H4]) Every chainlet is thus a current. In this paper 
we specify which currents T correspond uniquely to chainlets, giving such T 
direct, geometric representation. 

Mathematics Subject Classification (2000). Primary 53C65; Secondary 28A75. 
Keywords. Currents, distributions, fractals, chainlets. 



1. Introduction 

De Rham’s theory of currents [deR] is a calculus of abstract linear functionals, 
based on a generalized Stokes’ theorem. The currents are functionals defined on a 
linear space of differential forms. Currents provide the most general expression for 
a domain of integration using integrands of smooth differential forms. Operations 
on currents are defined by duality via their effect on the differential forms. Using 
a family of norms defined on polyhedra there is a direct definition leading to a 
geometric interpretation of the currents and operations on them. Convergence is 
taken in the norm topology rather than the weak topology. Limits of polyhedra 
in these norms are called chainlets. In [H2] it is shown that every chainlet is a 
current. The geometric nature of chainlets makes it possible to identify currents 
that had heretofore been elusive including soap film surfaces [H5]. Many fractals are 
currents, including graphs of bounded measurable functions, the Smale horseshoe. 
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the Van Koch snowflake and the toral solenoid [H6]. It is therefore possible to treat 
such fractals essentially as manifolds, complete with their operations and integrals. 
In this paper we identify subspaces of currents that are isomorphic to r-natural 
chainlets. 

It follows from the representation theorem below that integrable currents 
can be approximated by a variety of geometric objects besides polyhedra, each 
choice giving a distinct flavor to the resulting exterior calculus. For example, self- 
similar fractals are dense in spaces of chainlets, and thus a fractal exterior calculus, 
equivalent to the smooth theory, can be developed based on self-similar fractals. 
(Related work may be seen in work such as in [K] and [L].) A major application of 
the representation theorem [H6] shows that point mass chains are dense in spaces 
of chainlets, leading to a theory of discrete exterior calculus. 

In §2 we deflne r-natural norms on fc-polyhedra leading to Banach spaces of 
chainlets and recall basic properties proved about them in [HI], [H2], [H3] 

and [H4j. In §2 we also define spaces of integrable currents (R). In §3 and §4 we 
define two geometric operators on chainlets: Lie derivative and components. We 
prove the following representation theorem for integrable currents T ^ (R) in 

§5. (See §2 for definitions used in the statement.) 

Theorem 1.1 (Geometric representation of currents). For each r > 0, fc > 0 there 
exists an isomorphism 

such that ifT = 6{A) then 

T[uj] = [ uj 

JA 

for all (jU e >C^(R). Furthermore, spt{A) = spt{T) and = \T\'^. 

2. Normed spaces of polyhedra 

The norms defined on polyhedra in this section are at the heart of chainlet geom- 
etry. Fortunately, they are easy to work with, both in proofs and in examples. It 
practice, it is rarely important to compute the precise norm of a polyhedron, but 
to find a reasonable upper bound. Good guesses usually work out. 

It is helpful to recall the definition of a differentiable function in this section 
since the definition of the norms is quite similar. They both rely on limits of 
divided differences. Higher order differentiability relies on higher order divided 
differences. In this section we introduce multicells to give a geometric version of 
divided differences of functions. 

A function f : U V defined on bounded, open subsets U C and 
V C R’^ satisfies a Lipschitz condition if there exists a constant C > 0 such 
that \f{x) — f{y)\ < C\x — y\ for all x,y e U. A function is of class if 

its r^^ order partial derivatives each satisfies some Lipschitz condition. The 
norm of a differential form a; is defined as the sum of the norms of the 

local coefficient functions of uj and is denoted by ||u;||r. We say uj is of class 
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if ||a;||r < 00 . Let denote the real linear space of fc-forms uo in of class B^. 

Denote the Frechet space B^{M) = ^ discussion relating r-Lipschitz 

constants of functions to derivatives is given in Whitney [W2]. His proofs easily 
generalize to the corresponding theorems for differential forms. 

Polyhedral chains 

For k > 1, a fc-dimensional cell in is defined to be the finite intersection of 
open half spaces. Examples of cells include simplexes and cubes. A fc-cell in 
is a subset of a A:-dimensional subspace H in that is a fc-cell in H. All fc-cells 
are assumed to be oriented. A 0-cell is a single point {x} in No orientation 
need be assigned to the 0-cell. A /c-cellular chain S = is a formal sum of 

fc-cells (Ji with coefficients in R. Formal sums are too specific and restrictive 
for our purposes. We do not want to have to be concerned which simplicial sub- 
division or triangulation we are using for a given domain. We also wish cells with 
opposite orientation and with the same coefficient to cancel wherever they over- 
lap. The standard way to treat this is to form equivalence classes of polyhedral 
chains P = [5] , saying that two formal sums are equivalent if integrals of smooth 
differential forms are the same over each of them. Let Vk(^) denote the linear 
space of polyhedral chains with coefficients in R. Let d denote the usual boundary 
operator on cells. For fc = 0 we set dP = 0. The sequence of polyhedral chains of 
arbitrary dimension together with the operator d form a chain complex V^{R). 

Mass of a polyhedral chain. For fc > 1, let M{a) denote fc-dimensional Hausdorff 
measure of a fc-dimensional cell a. Every 0-dimensional cell takes the form 
= {x} and we set M(cr^) = 1. The mass of P = is defined by 



m 

M(P) = ^|ai|M(crO 

i=l 

where the are non-overlapping. 

Mass is a norm on the linear space 'Pfc(R), but it does not lead to strong 
enough convergence to identify much of interest beyond polyhedral chains. We 
will make use of a family of finer norms, called r -natural norms defined on spaces 
of fc-polyhedra with coefficients in R for each r > 0. The 0-natural norm of a 
polyhedron is just its mass. (We sometimes refer to mass in this way for consistency 
of notation.) Each norm can be used to complete Vk{R) to obtain a Banach space 
AA^(R). The norms are monotone decreasing in r, that is, |P|^° > \P\^^ > \P\^^ > 
• • • so the Banach spaces obtained on completion are monotone increasing. That 
is, each is naturally included in and we can write J\f^ C J\f^ C Af^ C • • • . 
The boundary operator d : J\f^ -^k-i defined and since dd = 0 



m: 












is a chain complex for each r > 0. For G = R, the direct limit of the as r 

is a semi-normed space J\f^ dual to the Frechet space of forms . 



00 , 
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Multicellular chains 

If cr is a cell and v a vector let Tya denote the translation of a through v. 

A k-dimensional 1-multicell is a cellular chain of the form 

_1 _0 rp 0 

CT — (J J. (T 

where is a fc-cell and vi is a vector. We inductively define 2-^ -multicells. Given a 
vector Vj and a 2-^“^-multicell define the 2^ -multicell as the cellular chain 

ai = - Ty.a^-\ 

Thus is generated by vectors vi,. . . ,Vj, and a cell 

One can picture a 1-dimensional 2-^ -multicell as the sum T of parallel oriented 
edges of a (j + l)-dimensional sheared parallelepiped in 

A 2^ -multicellular chain in is a formal sum of 2-^ -multicells, = 
with coefficients G G. Since it is also a cellular chain, it makes sense to form 
equivalence classes, or 2-^ -multicellular polyhedra = [5-^]. 

Multicellular mass. Given a 2-^ -multicell cr^ generated by a cell cr^ and vectors 
vi,-- ,Vj, define ||o-°||o = Af(cr^), ||a^||i = M{a^)\vi\ and for j > 2, 

= M{a^)\vi\\v2\---\vj\. 

For define 

2 = 1 

Example. Consider first a constant function g{x) = c defined on [a,h]. The graph 
of g supports the oriented 1-cell with oriented vertices ~{a,c) and c). Now 
suppose / : [0, 1] ^ M is an function. Denote the norm of f by |/|£,i . Approx- 
imate / with step functions gk. The graph of each gk is naturally represented as a 
polyhedral chain Pk by orienting each step of the graph as above. The difference 
Pfc — Pj is a 1-multicell. 

Natural norms 

Let P G Vk{'^) a polyhedral fc-chain in and r G M“^. For r = 0 define 

= M{P). 

For r > 1 define the r -natural norm 

|Pr = inf|^||5^||, + |C'|^^-| (2.1) 

where the infimum is taken over all decompositions 

r 

p = ^[ 5 ^] + dC 

s=0 
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where is a 2^ multicellular fc-chain and C is a polyhedral (fc + l)-chain. It is 
clear | is a semi-norm. We shortly prove it is a norm. 

Integration of differential forms over chainlets 

The following basic integral inequality is proved in [H2]. 

Theorem 2.1. Let P he a k- dimensional polyhedron and uj G Then 




CoroUary2.2. |P|^- is a norm on the space of polyhedral chains Vk{^)- 

Proof Suppose P = Yj is nonoverlapping and nonzero. We may assume a = 
cFi ^0 and parallel to a coordinate plane. Choose a coordinate n-cube Q meeting 
(Ji and disjoint from each cr^, i > 1. There exists a differential form u supported in 
Q such that J^uj = M (a) ^ 0. Then 0 < fpcv < |P|^’'||a;||r implies |P|^^ >0. □ 

The linear space of polyhedral fc-chains PkW completed with the norm | 
is denoted The elements of are called k-dimensional chainlets of 

class N'^ with coefficients in R. It can be easily shown that that the r-natural 
norms satisfy the inequalities 

|P|^0 > |P|^1 > |p|b > ... 

for polyhedra P. 

LetAf^{R) = [jNf{R). 

The integral of a differential form uj G 6^(M) over a chainlet A G Mj^{R) is 
defined by taking limits over polyhedra A = lim^^oo Pj in the r-natural norm: 




The limit exists and is independent of the choice of Pj by Theorem 2.1. It 
follows that every chainlet is a current. 

Suppose P = '^giCFi where Pi e G and the {aj are nonoverlapping A;-cells. 
The mass of P is defined by M{P) = ^ \gi\M{ai) where the {< 7 ^} are nonoverlap- 
ping. 

The support of a chainlet 

The support spta of a cell a is merely the points contained in its closure. If P is a 
polyhedron it can be written P = where the ai are non-overlapping. The 

support of P is defined as |P| = Usptai. We say a closed set E supports a chainlet A 
if for every open set U containing E there is a sequence {Pj} of polyhedra tending 
to A such that each Pj lies in 17. If there is a smallest set E which supports A 
then E is called the support of A and denoted sptA. 
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Examples 

1. An function f is represented by a chainlet supported in the graph of f 
Continuing with the previous example, we can see 

IPk-Pjf*^ < \gk~9j\L^ 

by writing Pk~Pj as a 1-multicellular chain the norm of which is bounded by 
the area of the subgraph of gk~ 9 Therefore, the sequence {P^} is Cauchy in 
the 1-natural norm and thus converges to a 1-natural chainlet T f supported 
in the graph of /. This chainlet limit can be thought of as the oriented x- 
component of the graph of /. 

2. An function f is represented by a chainlet supported in the domain of f. 
We can also represent a positive function / : [a, 6] ^ R by a chainlet of class 
iV^ this time supported in [a,&]. Again, let gk f he a, monotone sequence 
of step functions converging to /. Let Qk denote the cellular chain defined 
by weighting each 1-simplex cr/c. of [a, b] over which gk is a constant Ck^ by 
the same constant. Thus Qk = Yh^kif^ki- We leave it to the reader to verify 
that Qk forms a Cauchy sequence in the 1-natural norm and thus converges 
to a chainlet Af G (See [H6], as well.) Furthermore, \f\r^ = 

3. Mass cells. Suppose r is a (fc - l)-cell in 0 < fc - 1 < n, and is a unit 
vector in orthogonal to r. Let r x 2~^v denote the oriented orbit of r 
through the time-t map of the vector field v{x) = v for 0 < t < 2“L (Here 
2~^v refers to scalar multiplication of a vector v by 2~L ) 

We show that the sequence of weighted cells 2^{r x 2~^v) is Cauchy in 
the 1-natural norm. 

Proof Note that 

r X 2~^v = {r X 2~^~^v) + (T 2 -j-i^r x 2~^~^v). 

Since 



T X 2 ^ V T X 2 ^ (T2~J ~ 1 ^ ^ ^ {'TX2 ^ v) 

2~3 2~^ 

_ T2-j_i^^(rx2--^~S)-(rx2-J-S) 
“ 2-0 

we have 



rx2 rX2 ^ 


tu 




2 ~o 2 ~o-'o 




2-0 




< 


\vW^\t\^° 2-^ /i. 



Thus 2^{t X 2 ^v) is Cauchy in the 1-natural norm. □ 

We denote the limit in the 1-natural norm by 
iy(r) = lim 2^ (r x 2~^v) 

j— »-oo 

and call this a mass cell a. It is /c-dimensional, but its support is r which has 
dimension k - 1. Mass cells were fundamental in [H5] where mathematical 
models of soap films were introduced. 
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Theorem 2.3. If P is a polyhedral k-chain then 



\P\^^ = sup 




a; 




This follows from Theorem 2.1 and Theorem 4.7 of [H3]. 

A current T eTjf (R) is a linear functional of fc- forms u G Bl{R). Define 

irr = sup{T[u] : u e ||o;||^ < 1}. 



3. Geometric Lie derivatives 

Let u) G Bl(R) and v a unit vector in R’^. Suppose U is an open subset of spt{uj). 

Definition The Lie derivative of lo at x E U in the direction v is the fc-covector 
defined by 



Zyu{x){l3) = lim < 

/i-^O I 



uo{x + hv){P) - (jo{x){(5) 
h 



for all fc-vectors (3. 

Note that uo is r-smooth in U if and only if for all unit vectors vi,. . . ,Vr G R’^, 
the differential form 

= Cy^ • -Cy^u{x) 

exists and satisfies a Lipschitz condition in U. We call an rth order Lie 

derivative of uj. 

The definition of a mass cell iy{a) was given in §2 for vectors v orthogonal 
to a, but it can easily be extended to define the interior product of cell a with 
respect to an arbitrary vector v eR'^^ and is also denoted iya. It follows from the 
definitions that J. iyuo for all Lipschitz differential forms uj. 

Define CyG = diyG iydG. This is a chainlet of class satisfying 



I LO / jC/yUJ 

JCyCr J a 



for all forms lo of class It follows from the definitions that 



CyG — lim 



ZLliyG G 

h * 



The following theorem is proved in [H6]. 

Theorem 3.1. Given a polyhedral k-chain P and v E 
chainlet CyP E such that 



\ there exists a unique 



/ (j0= CyUJ 

JCyP JP 



for all k-forms lo E Bl. Furthermore, 



\CyP\^^ < \P\^^-K 
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4. Components of chainlets 

We next define the components of a fc-simplex a depending on a given coordinate 
system. Given an indexing set I = {xi ^ , . . . , let 5/ denote the fc-dimensional 
plane of defined by I. Let n : ^ Sj denote orthogonal projection. Fix an 

oriented fc-simplex a C For each jf, cover a with n-cubes with vertices in the 
coordinate binary lattice and side length 2~^ . The projection tt sends this cover 
onto a binary cover Qi of 7r{a) in Sj. For each fc-cube Qi meeting 7r(cr) choose 
a fc-dimensional edge Ej. in one of the n-cubes in the preimage 7r~^{Qi). Orient 
each Ej. according to the orientation of a and define Aj = Ej . . 

We prove that the sequence Aj is Cauchy in the 1-natural norm and that 
its limit aj in the 1-natural norm depends only on a and 7. Each edge Ej^ either 
projects to a Qi contained entirely in 7r{a) or not. Those that do not project into 
7 r{a) have mass rrij tending to 0 as j ^ oo. Denote the chain of the Ej. that project 
into 7 r{a) by Pj. If j < £ then Pj - is a dipole with 1-natural norm bounded 
above by 2~^a\o, Since this bound tends to zero as j ^ oo, we conclude that Pj 
and therefore Aj forms a Cauchy sequence in the 1-natural norm. If diJBFerent edges 
Ej. are chosen we obtain the same limit since the error in the 1-natural norm is 
also bounded above by 

Lemma 4.1. Given an oriented simplex a and an indexing set I there exists 
a unique chainlet aj G such that 




for all uj G B\. 

Proof. By Theorem 2.1 




But J. u) = cu I which, in turn, limits to luj. The latter integral is the same 
as because the projections 7r{Aj) limit to 7r{a) and the supports of Aj tend 
to the support of cr. □ 

In [H3] (Corollary 5.4) it is shown that a chainlet is determined by the inte- 
grals of forms over the chain. That is 

Theorem 4.2. Let A and B be chainlets in . Then 




for all u G if and only if A — B. 

Given a simplicial chain S = define 5/ to be the chainlet Sj — 



Lemma 4.3. If S ^ T then Sj =Tj. 
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Proof. It suffices to show that co = for all cj E Bl hy Theorem 4.2. By 
Lemma 4.1 and since <5 T, we have 



Jsj Js Jt Jti 



□ 



We may now define the component of a polyhedral chain P by 



Pi = Si 



where S is any simplicial representative of P. 



Theorem 4.4. Given any polyhedral k-chain P and indexing set I, there exists a 
unique chainlet Pi E J\f^ such that 




LOl 



for all uj E Bl. Furthermore 



\Pl^\\r < 



Proof According to Theorems 2.3, 2.1 and Lemma 4.1 

\Pj\^- = sup UJ : \\w\\cr < l| 

= sup|/pW7 : ||o;/||c>- < 1} 

< sup {jpoo : ||ct;||c^ < 1} 

= □ 



As a consequence of this theorem we may now define the /-component oper- 
ator / : sending a chainlet A to its component Ai with 




ui 



for all UJ E 



5. Correspondence of currents and chainlets 

Let denote the space of all fc- vector valued functions on and 

let m denote n-dimensional Lebesgue measure in R^. 

Every function f E (R’^, determines a current Tf defined by 

Tf[uj]= [ uj{x]f{x))dm 
Jr^ 

for all UJ E B\. 

The flat norm of a fc-dimensional polyhedral chain is defined as 

|P|^ = inf{M(B) + M{C) :P = B-\-dC:BE Pfc(R),C G Vk+i{G} 

Flat fc-chains are naturally included in the space of chainlets J\f^ since \P\^^ < ipr 
for all polyhedra P. 
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Whitney [W] proved that Tf corresponds to a unique flat chain A j for every 

Theorem 5.1. For every / G there exists a unique flat k-chain Af 

such that l/l^i = |^/|o 

/ LU= uj{x] f{x))dm 

J A f Jr^ 

for all Lipschitz k-forms u defined on W^. 

The basic idea is similar to the example given earlier demonstrating that an 
function / : [a, 6] M is represented by a chainlet supported in [a, 6]. Given 
a fc- vector valued function / on there is a sequence of polyhedral fc-chains Pi 
in R’^ constructed by forming Riemann sums associated with /. Since / is an 
function, it follows that the sequence limits in the 1-norm to a unique chainlet 
Af e satisfying the integral equation in Theorem 5.1. 

If T is a linear form on continuous in the weak * topology then T is called 
an integrahle k- current of order < r. The subspace of all integrable fc-currents of 
order < r is denoted T^. Observe that Tf C {B’j^)*. 

Representations of integrable distributions 

The following theorem is due to Schwartz ([Sch], Theoreme XXV; see also [B-W] 
Theorem 1.26) 

Theorem 5.2. A distribution c is integrahle if and only if c = Yls<r some 

r, where each fs € L^. 

Proposition 5.3. If c is an integrable distribution there exists an integer r and a 
unique chainlet A G A/J such that 

c[(f>] = f (I) 

Ja 

for all (f G Bf. 

Proof Existence follows from Theorems 3.1, 5.1 and 5.2: Suppose that c = 
J2s<r-i f S' Then there exists a chainlet As G A/q such that 

c[<^l = E / D^(f>{x)fs{x)dm 

— E/dMs ^ 

= Ie d-a, 

Each D^As is an element of A/*o~^^ Therefore it is an element of A/J. Set A = 
ED^As. 

Uniqueness: Suppose = for all 0 G 5q. By Theorem 4.2 it follows 
that A = B. □ 
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We use components and Lie derivatives of chains to translate this into a result 
for currents. If c/ is a distribution defined for each indexing set I = {xi ^ , . . . 
then Yli cjdxi uniquely determines a current T defined by T[uj] = c/cj/ where 
uj = Y^jUJidxj. This correspondence is 1 — 1, that is, given a current T, and 
indexing set I define the distribution c/[0] = T[(j)dxi\. Then c/dxj determines 
T as above. The expression cjdxj is called a dijferential form with distributional 
coefficients with respect to Euclidean coordinates. Observe that T is integrable if 
each Cl is an integrable distribution. 



Theorem 5.4. Let r > 0. There exists an isomorphism 
such that ifT = 9{A) then 

T[cj] = [ LU 

Ja 

for all u G Furthermore, spt{A) = spt{T), and \A\'^^ = |T|^^. 

Proof Let A G Define the current 6{A)[lj] = We show 6 (A) is a linear 
form continuous in the weak * topology of Let Dxj be a sequence of fc- forms 
in Bl which converges to zero in the weak * topology of B^. Then Xj ^ 0 in the 
weak * topology of (A/*^)*. It follows that 6{A)[Dxj] = A-Xj^0asj^oo. 

We show 6 is onto. Let T . For each indexing set I = {xi^ , . . . , }, let 

X/ denote the unit fc- vector Xj^ A • • • A x^^ . 

Since T[uj] = '^Tj[uj] = write T = X^/C/[cc;] where each c/ 

is an integrable distribution defined by cj[uj] = T[cuj]. 

Define the fc- vector valued function fi by //(x) = c/[a;]x/. According to 
Theorem 5.1 there exist chainlets A/ G such that 

ci[uj\= / w{x, fi{x))dm = / ou. 

Jr^ JAi 

Let A = '^Aj. Then 

for all UJ ^ B^. It follows immediately that spt{A) = spt{T) and T ETf . 

By Theorem 2.1 and 2.3 

= sup |y* UJ : ||ct;||c^ < l| = sup{T[o;] : ||cj||c^ ^ 1} = l^r* ^ 

Nonreflexivity of the natural norms 

The natural norms are not reflexive since the spaces Af'l"' are separable, but their 
conjugate spaces are not ([H2]). The conjugate spaces of are isomorphic to 
spaces of differential forms of class B]^ ([H3]). We have 

- n c {BIT ^ 
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Operators on currents 

The following operators have been constructed geometrically for chainlets in ([H2], 
[H3], [H4], [H6]): boundary, star, coboundary, pushforward, contraction, Laplace, 
and Dirac. The isomorphism commutes with the analytic versions of these oper- 
ators defined for forms. Therefore the operators on currents are represented by 
geometrically defined operators on chainlets. 

References 

[deR] G. de Rham, Varietes differentiahles^ Herman, Paris, 1955. 

[Sch] L. Schwartz, Theorie des distributions, Hermann, 1966. 

[B-W] E. Beltrami and M.R. Wohlers, Distributions and the Boundary Values of Analytic 
Functions, Academic Press, New York and London, 1966. 

[HI] J. Harrison, Stokes’ theorem on nonsmooth chains, Bulletin AMS, October 1993. 
[H2] J. Harrison, Continuity of the integral as a function of the domain. Journal of 
Geometric Analysis 8 no. 5 (1998), 769-795. 

[H3] J. Harrison, Isomorphisms of differential forms and cochains. Journal of Geometric 
Analysis 8 no. 5 (1998), 797-807. 

[H4] J. Harrison, Geometric dual to the Hodge star operator with applications to the 
theorems of Gauss and Green, preprint 

[H5] J. Harrison, Cartan’s magic formula and soap film structures, to appear. Journal 
of Geometric Analysis, 2004. 

[H6] J. Harrison, Discrete exterior calculus, preprint in preparation. 

[K] J. Kigami, Harmonic calculus on p.c.f. self-similar sets, Trans. Amer. Math. Soc. 
335 (1993), 721-755. 

[L] M.L. Lapidus, Fractal drum, inverse spectral problems of elliptic operators and 
a partial resolution of the Weyl-Berry conjecture. Transactions of the American 
Mathematical Society 325 (1991), 465-529. 

[W] H. Whitney, Geometric integration theory, Princeton University Press, 1957. 

[W2] H. Whitney, Derivatives, difference quotients, and Taylor’s formula II, Annals of 

Mathematics 35 (1934), 476-481. 

Jenny Harrison 

Department of Mathematics 

University of California, Berkeley 

Berkeley, CA 

94705 

USA 

e-mail: harr isonOmath . berkeley . edu 




Progress in Probability, Vol. 57, 205-217 
© 2004 Birkhauser Verlag Basel/Switzerland 



Variational Principles and Transmission 
Conditions for Fractal Layers 

Maria Agostina Vivaldi 



Abstract. We review some recent results for second order transmission prob- 
lems with fractal layers. 
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1. Introduction 

The aim of this talk is to describe second order transmission problems involving 
a layer of fractal type, which is imbedded in an Euclidean domain. Boundary 
value problems, in which boundaries are ‘darge” and volumes are “small” emerge 
naturally in transmission problems of absorption or irrigation type, where surface 
eflFects are enhanced. In this context, fractal boundaries and fractal layers provide 
new interesting setting. Fractals are geometric objects with highly non-Euclidean 
characteristics: despite their tricky geometry, there are however large families of 
fractals which possess a very rich analytic structure. So we are able to study 
fractals both as intrinsic bodies, in which it is possible to give a suitable notion of 
Laplacian and as boundaries of Euclidean domains supporting traces of functions 
belonging to classic spaces like Sobolev spaces or possibly as bodies and boundaries 
at the same time, which is the situation we focus on in this presentation. 

We are particulary interested in the case of highly conductive fractal layers: 
these layers enjoy higher conductivity with respect to the surrounding space and, 
because of that, they absorb energy and convey intrinsic diffusion more efficiently. 
Prom the analytical point of view one deals with transmission conditions involving 
at the same time traces of functions from classic Sobolev spaces and intrinsic 
Laplacians within the layer. 
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Figure 1. Koch roof layer 

A broader definition of layer brings into the picture more general absorption 
models, in which a “thin” material inclusion acts as a spongy boundary that 
absorbs energy or heat from the surrounding space, the material inclusion is a 
subset with empty interior but positive capacity of an open Euclidean domain 
possibly, a fractal set, see for example the Sierpinski layer in Figure 2 



Q 




Figure 2. Sierpinski layer 

Let me note incidentally, that conductive layers, as those considered in this 
paper, have an interesting counterpart in the so-called insulating thin layers: “thin” 
material inclusions with vanishing conductivity that lead to other kind of layer 
conditions, see for example Mosco [27]. 

Boundary value problems with unusual boundary conditions can be traced 
back to the early work of Venttsel in the late fifties [35] . Second order transmission 
conditions have been considered in the early seventies in connection with various 
applications: we only mention here the early work of Cannon-Meyer [3] on the fiow 
of oil in a fractured medium, the contributions of Pham Huy-Sanchez Palencia [33] 
in electro-static and magneto-statics. Variety of applications leading to transmis- 
sion problems, not necessarily of second order, are described by Dautray-Lions in 

[4]. 
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Transmission problems with fractal^ or pre-fractal^ highly conductive layers 
are new: to our knowledge the first examples have been given by Lancia [19]. Let 
us once more stress the fact that these problems belong to the family of boundary 
value problems with large boundaries and they provide an interesting crossing of 
Euclidean and fractal concepts and techniques. 

The approach is based on suitable variational principles^ so we will first de- 
scribe the variational formulation. 



2. Variational formulations 

We describe the variational formulation of transmission problems with highly con- 
ductive layers, by considering examples both of pre-fractal and fractal layers S in 
a domain Q of By Q we denote a (bounded open) domain in R^; in our basic 
models Q denotes the cube Q =]0, 1[^ in and S denotes a layer in Q either of 
the type S = K x where I = [0, 1] and K is the von Koch curve in R^ or of the 
type S = Kh X I where Kh is one of the pre- fractal sets associated with K. We 
assume that S is located in a median position inside Q, as illustrated in Figure 3. 




Figure 3. Basic model 

We consider the total energy functional 

E = Eq + Es (2-1) 

which is the sum of a volume energy Eq and a layer energy Es- We define the 
volume energy Eq to be the Dirichlet integral 

Eq = Eq[u]= f \Vu\'^dQ, ueH^iQ) (2.2) 

JQ 

where dQ = dx\dx 2 dy is the volume element. 

Here Hq{Q) denotes the usual Sobolev space of functions of finite energy 
vanishing on the boundary dQ. Every function u G H^{Q) possesses a well defined 
quasi-everywhere trace u^s on S', in the sense of the iL^-capacity. 

In order to define layer energies, we give a point P G S the Cartesian coordinates 
P = (a:,y), where x = {xi,X 2 ) are the coordinates of the orthogonal projection of 
P on the plane containing K and y is the coordinate of the orthogonal projection 
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Figure 4. Layer coordinates 

of P on the y-line containing the interval I: P = (x,y) e S, x = (xi,X 2 ) G K, 
y E I. Similar coordinates we give to points belonging to the pre-fractal piece- 
wise affine layer S = Kh x /, h = 1,2, Kh is the piece-wise linear pre- fractal 
approximation of K at the step h, here occurring as the section of the pre-fractal 
layers 5, obtained by h iterations of the similarity mappings of with initial set 
Kq = segment[A, B]. By Vh we denote the discrete set obtained after h iterations 
of the similarity mappings of with initial set F = {A^B} (the set of essential 
fixed points of the family of similarities). 

We first construct the energy forms Es on the pre-fractal layers S = KhX I, 
h > 1. By £ we denote the natural arc-length coordinate on each edge of and 
we introduce the coordinates xi = xi{£), X 2 = X 2 {£), y = y on every affine “face” 
Sj of S. By d£ we denote the one-dimensional measure given by the arc-length £ 
and by dS the surface measure on each face Sj of 5, that is, dS = d£dy. We define 
Es on S = Kh X I hy setting 

Es = Es[u] = i<^h\Deu\'^ + al\Dyu\‘^) (2.3) 

where are positive constants that must be chosen conveniently. By Fubini 

theorem, we can write this functional in the form 

= ^hj^ (^ \Deufde^ dy + alj^ (^ \Dyu\^dyj dt (2.4) 

We now go back to the total energy £* in (2.1), where now we take Eq given 
by (2.2) and Es given by (2.4). The functional E is well defined on the domain 

Do{E) = {ue WoiQ) ■ u\s e H^{S)} (2.5) 

where Hq{S) denotes the Sobolev space of functions on the piece- wise affine set S 
vanishing on dS. This space is defined, for instance, according to Necas [31]. 

From now on, we denote by the same letter both the quadratic energy forms 
and the associated bilinear forms defined on the space of functions of finite energy. 

Theorem 2.1. In the previous notations the space Dq{E) defined in (2.5) is a 
Hilbert space under the norm || u ||= (£’[?/]) ^/^ and the form E with domain 
Dq{E) is a regular Dirichlet form in L‘^{Q). 
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This result is a direct consequence of trace and density results for Sobolev 
spaces in polyhedra-like domains, as in Grisvard [5], [6], Necas [31], Buffa-Ciarlet 
[2]. See [22] and [29] for details. 

At this stage, since h is fixed, the value of the constants in (2.4) does not 
play any significant role. A good choice of the constants and cr^, on the other 
hand, is essential in the asymptotic theory that sees the pre-fractals converging to 
the limit fractal. 

As a corollary of Theorem 2.1, for any choice of / in L‘^{Q) there exists a 
unique function Uh G Dq{E) that minimizes the total energy: 




This gives the variational solution of the transmission problem in Q with pre- 
fractal layer S — Kh x I and Dirichlet boundary conditions = 0 on dQ and 
Uh\s = 0 on dS. 

We now define the energy form Es on the fractal layer 5 = A" x / by setting 

Es{u,v) = I I Cx{u,v){dx)dy j j DyuDyvdyH^f (dx). (2.7) 

Jl JK JK Jl 

where a^and are positive constants. Here, Cx{’^’){dx) denotes the (measure- 
valued) Lagrangian of the energy form Ek of K with domain Dq{K), now acting 
on ii(x, y) and v{x^ y) as functions of x E if for a.e. y G /; (dx) is the Hausdorff 
measure acting on each section if of 5 for a.e. y G / with df = We note that 
the “volume measure” dS in S is the product measure dS = dH^f x dy. We recall 
that the energy form Ek is constructed on the Koch curve (and more generally, 
on the so-called nested fractals in the sense of [24]) taking limits of discrete energy 
functionals Eh on the discrete pre- fractal sets Vh- These discrete functionals can 
be written in terms of a graph gradient^ based on differential quotients with respect 
to a suitably re-normalized quasi- distance d of the kind d{P^P') = \P — P'\^ for 
vertices P, P' G Vh- Here 5 is = (a parameter greater than 1 on all nested 
fractals), and has the role of transforming the Euclidean distance into an intrinsic 
effective length within the fractal and, accordingly. Euclidean differential quotients 
into effective differential quotients, see [28]. 

For nested fractals the convergence of the sequence of energies Eh, obtained 
by similarity, is studied by Kusuoka in [18]. In the present (simpler) situation, the 
form Ek on the fractal if is the limit of the forms as ^ oo and the limit 
form Ek has the integral representation 

Ek[u] = I dC[u] (2.8) 

JK 

where the local energy £[•] is a {measure-valued) Lagrangian on if, see [27], [26] 
and [28]. Ek is a Dirichlet form in the Hilbert space LF‘{K,H^^ {dx)). The Laplace 
operator Ak on if, with Dirichlet boundary condition = 0 on F, is obtained 
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from the bilinear form 



taken with domain 



Ek{u,v)= I dC{u,v) (2.9) 

Jk 

Do{K):={ueL^{K,H’^f{dx)): [ < oo,U|r = 0} (2.10) 

Jk 



by the identity 

Ek{u,v)= ( -{AKu)vH^^{dx) . 

Jk 

The Laplacian Ak is a non-positive self-adjoint operator^ with a domain 
dense in and the previous identity holds for every u G every 

V G Dq{K). We shall denote by the same symbol the Laplace operator as 

variational operator from D^[K) {Do{K)Y defined by the identity 



Ek{u,v) = - < Aku,v >, u,v e Do{K) . (2-11) 



In the following we will also make use of the non homogeneous domain 

D{K) = {ueL\K,n^f{dx)): [ dC[u] < oo .} ( 2 . 12 ) 

Jk 

We then write the total energy E for the problem with the fractal layer S, as in 
(2.1), where the volume energy Eq is still given by (2. 2), while the layer energy Es 
is now given by (2.7). The functional E is well defined on the domain 

Do{E) = {ue H^iQ) : u\s e Do{S)}. (2.13) 

where Dq{S) is the closure in the intrinsic norm ||tt|| = {Es[u])i of the set 

Co(5) n L\I- Do{K)) n L\K)) (2.14) 

where L^{K) L^{K,n‘^f). 



Theorem 2.2. In the previous notations and assumptions the space Dq{E) in (2.13) 
is a Hilbert space under the intrinsic norm || “U ||= {E[u]y^‘^ and the form E with 
domain Dq{E) is a regular Dirichlet form in E^{Q). 



The proof makes use of the theory of Besov spaces on d-sets developed by 
Jonsson- Wallin [13], Triebel [34] and of the theory of the Besov spaces on closed 
sets (that are no d-sets) developed by Jonsson [10]. It is to be pointed out that 
interesting relations between Dirichlet forms and Brownian motion penetrating 
fractals have been addressed by Lindstrpm [25], Jonsson [12] and Kumagai [17]. 

As in the pre- fractal case, for every / G T^(Q) there exists a unique function 
u G Dq{E) that minimizes the total energy functional (2.6). This function provides 
the variational, or weak, solution to the transmission problem in Q, with fractal 
layer S and Dirichlet conditions u = 0 on dQ and U |5 = 0 on dS. 
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3. Transmission conditions 

The (closed) layer S divides the (open) domain Q into two adjacent (open) do- 
mains, and Q = Q^UQ‘^U{SnQ), (see Figure 3). In this case, the variational 
solution of the transmission problem in Q with layer 5, obtained in the previous 
section, satisfies a second order transmission condition^ which comes to light once 
we write the (weak) Euler equation satisfied by the variational minimum. This 
leads to the strong formulation of the transmission problem, obtained by integra- 
tion by parts through Green formulas in each domain Q\ As already mentioned, 
highly conductive layers are characterized with respect to the surrounding space 
for having a much greater conductivity, or permeability: heat or flow in the space 
is absorbed by the layer and starts diffusing within it much more efficiently than 
in the surrounding volume. The normal derivative from each side of the layer has 
a jump across the layer which acts as a source term for the Laplace operator gen- 
erating the layer diffusion. The resulting boundary transmission condition is thus 
of second order^ what is in some sense unusual for second order elliptic b.v.p.’s. 
Moreover, the condition has an implicit character, since the source term of the 
layer equation — the jump of normal derivatives — is not among the data of the 
problem, but depends on the solution itself. 



Formally, the equations in Q are 








-Au^ = 


f on 




(3.1) 


u = 


0 on 


dQ 


(3.2) 


= 


u‘^ on 


s, 


(3.3) 



where u'^ = u^Qifl = 1, 2, and these equations must be coupled with the equations 
on the layer S 

=0 on 55 (3.4) 

+ S (3.5) 

where denotes the (formal) exterior normal derivative to the boundary of 

and the Laplacian associated to the Dirichlet form Es- The rigorous 

definition of the operators and the spaces is one of the main technical difficulties 
of this kind of problems. 

We now summarize the main results for the pre-fractal transmission. 

Theorem 3.1. In the assumptions and notations of Theorem 2.1 we have that the 
variational solution Uh satisfies 



Uh e C{Q) 

u\ e uleHi-%Q^) 




L\S) 



i = l,2. 



(3.6) 

(3.7) 

(3.8) 
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Where u\ = and denote the exterior normal derivatives to the 

boundary of i = 1,2. Let us note that the norms of the functions u\ in the 
fractional Sobolev spaces (in (3.7)) depend on h. 

As a consequence the variational solution Uh is indeed the strong solution: 
equality (3.1) holds a.e. in Q\ equalities (3.2), (3.3) and (3.4) are satisfied point- 
wise and the transmission condition (3.5) holds in L^(S'). Here the Laplacian 
in (3.5) is the linear combination of the “piece-wise” second order tangential de- 
rivative along the sides of Kh and the “usual” second order partial derivative in y: 

“As” =alDl + alDl. (3.9) 

We point out that the regularity result of the preceding theorem is new even in the 
Euclidean case of flat or smooth layers of Pham Huy-Sanchez Palencia. Both in 
the Euclidean and in the fractal case, the difficulty in proving regularity properties 
of solutions stems from the implicit character of the volume equations in 
and of the Poisson equation within the layer. Actually we proved in the “flat” case 
that both the restrictions of the (variational) solution to belong to the Sobolev 
space see Theorem 3.2 in [22]. 

As to the different Sobolev regularity exponents for u\ and this discrep- 
ancy is due to the geometry of the polyhedra and which have different 
(largest) dihedral angles, (5/3)7t and (4/3)7T respectively. As it is known from the 
regularity theory, the regularity of the solutions improves if the opening of the 
inner dihedral angles becomes smaller. This effect holds on despite the implicit 
character of the equations and the dependence of the regularity exponent on the 
angle remains unperturbed. Just to present the main tools we sketch the proof of 
Theorem 3.1. 

• Step 1. Let us denote by w'^ the solution of the Dirichlet problem 

( Aw^ = 0 in 

\ w^ = u{ on dQ^ 

Then, according to the results of Jerison and Kenig (see [9]), we prove 

||^||l^(s)<c(MII/1Il^(Q). (3.10) 

On the other hand by using Kondrat’ev type results (see [16] and Theorem 
10.2.3 in [30]), we obtain the following weighted estimates for the second order 
derivatives of w'^ = u\ — Wi\ 

I < c(Ml)||/||i.(Q) (3.11) 

Y [ ^ 3 ^ 2 ) 

\ a \=2 "'‘ 5 ^ 

1 > M2.0-2 > ^ 



for any l>/ri,<Ti>-, 
5 



(3.13) 
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where p = p{x, y) denotes the distance of the point (x, y) from the nearest edge 
and r = r{x,y) the distance of the point (x,y) from the nearest vertex of the 
polyhedron. 

Now we choose = (Ti, pi 2 = ^2 and interpolation techniques, according to 
[8], allow us to show that belongs to usual (fractional) Sobolev spaces: more 
precisely, we have 

i = l,2. (3.14) 

Pi and p 2 as in (3.13) 

• Step 2. Starting from (3.10) and (3.14) and using trace results (see [5] and 
[2]) we obtain (3.8). Green formula and the use of suitable test functions allow 
us to prove that AsUh belongs to L‘^{S) and that Uh is continuous on S. Making 
use of extension theorems in polyhedra and the before mentioned Kondrat’ev type 
results we prove (3.7). Finally the Morrey-Sobolev embedding results and the fact 
the functions u\ have the same (continuous) trace on S allow us to show the 
continuity of Uh on the closure of Q and to conclude the proof of Theorem 3.1. 

Let us consider the fractal transmission 



Theorem 3.2. In the assumption and notation of Theorem 2.2 we have that the 
variational solution u satisfies: 



du^ du^ 

’ dv‘^ ^ 
where (B^’q(5))' is 

du^ du^ 
dv^ 



{BiiiS))' (3.15) 

the dual space of q (S) , P = df/2 

-Asu in the dual space {Do{S)YofDo{S). (3.16) 



Here u^ = i = 1^2 and As denotes the variational Laplace operator 
from Dq{S) to the dual {Do{S)Y associated with the Dirichlet forms Es as in 
(2.11). Hence formula (3.5) has to be intended in the sense of the natural dual 
space of the right hand side. 

The proof of Theorem 3.2 is delicate and makes use of complicated results 
from sophisticated subspaces of the Besov spaces on d-sets S and K. The space 
H^’^(5), is the space of functions on S for which is finite the norm 

II » iu.,«« + . ( 3 . 17 ) 

here d = 1 + dj, and /3 = d//2. Let us recall that the definition of Besov spaces 
on (d-sets) with smoothness index greater or equal to 1 is much more complicated 
than the previous one, see [13] and [34]. 

The space is a subspace of B^’^(5) and is the fractal analogue of the 

1 

Lions-Magenes space namely 

= {ue L^{S,dS) : 3w 6 = uonS} 
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taken with the norm 

II “ IIb^’o(S)"^ ^“^■fll ll^^oW)- ^ ■f^o(Q))^|s = uonS}. 

The space Dq{S) introduced in Section 2 (see (2.14)) turns out to be a subspace of 
the Besov space B^’q( 5), the proof can be done as in Remark 6.1 of [19] where the 
embedding of Dq{K) in B^’q(A') is shown. The Besov spaces on K: B^’^(X) and 
B^’q(X) are defined in an analogous way where now in (3.17) d is equal to df. An 
important role, in proving Theorem 3.2 is played by the characterization of the do- 
main D{K) (see Section 2 formula (2.12)) in terms of the “tricky” Lipschitz spaces 
Lip{', 2, oo, K), obtained in [21], Theorem 1. These Lipschitz spaces Lip(*, 2, oo, •) 
have been firstly introduced by Jonsson to characterize the domain of the Dirichlet 
form of the Brownian motion on the Sierpinski gasket (see [11]). Their “colloca- 
tion” in the “Besov scale” and several interesting properties are stated (see [11] 
and, for further application, [30] and [17]). 



4. Asymptotics 

An asymptotic “constructive” theory for the prefractal approximation is an im- 
portant step toward the numerical analysis of the problem. 

For sake of simplicity, we summarize the main results in the 2-dimensional 
case, the 3-dimensional case being more involved and requiring some additional 
work. So from now on Q denotes the unit square Q =]0, 1[^ in R^. The analogues of 
previous Theorems 2.1, 2.2, 3.1 and 3.2 hold and we address the question whether 
the pre-fractal solutions Uh do converge to the fractal solution u, as the pre-fractal 
layer S = Kh converges to the fractal layer S' = AT for h ^ oo. 




h — ^ +00 




Figure 5. Basic model 

As h increases the prefractal layers develop increasing length up to reach 
the infinite length of the limit fractal curve. The results of formula (3.7) hold 
with same smoothness exponents (see Theorem 2.2 of [22]) but the norm in the 
fractional Sobolev spaces (with smoothness index greater than 1) blows up as 
h + 00 . So we are forced to choose a different notion of convergence, actually 
an energy convergence. 

The Euclidean pre-fractal energies must be re-normalized in order to keep 
the energy finite in the limit. This amounts to choose the constant al in (2.4) 
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conveniently. We note that in the 2-dimensional case the layer energy functional 
is given by 

Es[u] = (tI [ \Deufd£. 

Jkh 



The good choice of the re-normalization factor is obtained by taking into 
account the effect of the ^/-dimensional length intrinsic to the fractal curve. 



Theorem 4.1. Let u be the variational solution of the fractal transmission problem 
in the domain Q ofH^, with layer S = K the fractal Koch curve. For every integer 
h > 1, let Uh be the variational solution of the transmission problems in Q with 
pre-fractal layer S = Kh- If we scale the energy functionals (2.4), where S = Kh, 
by taking cr\ = then as h ^ oo we find: 



Uh 



Jk, dp^ 



I / AK^Uh<t>d£ 

JKh 



u strongly in {Q) 
d'lF 

/3 = d//2, i = l,2 

cr^{AKU,(l))(^Do{K)y,Do{K) V(/) G Do{E). 



(4.1) 

(4.2) 

(4.3) 



where Ak^, is ihe piecewise second order tangential derivative Dj along the polyg- 
onal arc Kh and Ak the variational Laplacian defined by (2.11). 



A stronger result is indeed proved in [23]: the so-called M- convergence of the 
prefractal energies to the fractal energy. We recall that M-convergence implies the 
convergence of several objects as the strong convergence of resolvent operators and 
of semigroups and leads also to convergence of Brownian processes, spectra and 
spectral measures, see Mosco [27]. 

Remark 4.2. A quantitative estimate of the rate of convergence in (4.1) would be 
very useful for numerical solutions of the fractal problem. 



Remark 4.3. Prom the probabilistic point of view, Brownian motions penetrat- 
ing fractal sets - a probabilistic counterpart of the analytic variational approach 
adopted here - have been constructed by Lindstr0m [25] and Kumagai [17], how- 
ever without reference to transmission problems and related transmission condi- 
tions. 



Remark 4.4. We could also consider perturbations of the volume energy Eq in 
(2.2) caused by variable volume conductivities in Q, with a^^\x) some 

function on Q that becomes singular in small neighboring strips of size e around 
each pre- fractal layer Kh^ e depending on h and tending to 0 as h ^ oo. This 
would give perturbed volume energy functionals 

Eq\u\ = J I Vu\‘^a^^\x)dQ 



(4.4) 
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and we should study the convergence of Eq^ as £: — > 0. For Euclidean flat layers 
S', this problem has already been faced by Pham Huy-Sanchez Palencia, [33], who 
proved in this case the variational convergence of (4.4) to the singular energy 
functional (2.1), see also [27]. The theory described before should help to obtain 
(weak) convergence results for piecewise affine layers. 
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Abstract. We summarize recent work on function spaces and stochastic pro- 
cesses on fractals. We discuss relations between various non-local Dirichlet 
forms on fractals whose domains are Besov spaces. The corresponding sto- 
chastic processes are jump- type processes. Results on heat kernel estimates 
for the processes are introduced. We will also discuss how jump processes and 
diffusion processes are related by observing their function spaces. 
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1. Introduction 

In this article, we summarize recent work on function spaces and stochastic pro- 
cesses on fractals. Mathematical study of stochastic processes and the correspond- 
ing operators on fractals has its original motivation in physics to understand the 
heat transfer on such disordered media ([17]). Diffusion processes on fractals typ- 
ically have sub-Gaussian behaviour and detailed properties such as estimates of 
the heat kernels (fundamental solutions of the heat equations) are obtained for 
typical fractals (see, for instance, [2, 23, 24, 28, 33]). On the other hand, there 
has been deep study of Besov spaces (fractional extensions of Sobolev spaces) on 
the so called d-sets (see [22, 36, 37]). Recently, it is getting clear that the domains 
of Dirichlet forms (quadratic forms that determine stochastic processes and the 
corresponding operators) on fractals are Besov-Lipschitz spaces. This motivates 
further study of Besov-type function spaces using probability and potential the- 
ory. For instance, detailed estimates of heat kernels can be obtained for operators 
naturally defined from norms of Besov spaces ([8, 9]). The purpose of this article is 
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to make it clearer how the recent results on this direction are connected. Because 
of the limitation of pages, we do not give any proof except that of Theorem 3.2. 
The proof and further details are given in the references cited. 

The organization of the paper is as follows. In Section 2, we first review 
basic facts on the Dirichlet form theory which connect function spaces and sto- 
chastic processes. We will also give a definition of d-sets, the state space we work 
on. In Section 3, we discuss about function spaces appear as domains of local 
regular Dirichlet forms on fractals, whose corresponding generators are so called 
Laplacians on fractals. Characterization of the domains is possible through heat 
kernel estimates (3.1) of the Laplacians. In Section 4, we introduce other types of 
function spaces appear as domains of non-local Dirichlet forms on d-sets, whose 
corresponding processes are stable-like jump processes. Three natural jump-type 
processes are introduced on d-sets and the corresponding three forms are shown 
to be equivalent. It turns out that one of the forms (and the corresponding oper- 
ators) corresponds to the form (and the operator) studied by Triebel in [36, 37] 
and by Zahle in [39, 40, 16]. In Section 5, we will summarize results on heat ker- 
nel estimates for the stable-like jump processes. Finally in Section 6, we will give 
some sufficient conditions to construct diffusion processes on d-sets. The relation 
to stable-like jump processes is also discussed. 

Throughout the paper, we will mainly consider compact fractals, but most 
of the results hold for unbounded fractals with suitable modifications of the state- 
ments. 

For readers who are interested in the topics, we note that function spaces on 
fractals are also discussed in [14, 34]. Surveys and references on jump-type process 
on fractals may be found in [26, 38]. 



2. Dirichlet forms and d-sets 

In this section, we will briefly review the definition of Dirichlet forms and the 
correspondence to processes following [12]. We will also introduce d-sets. 

Let X be a locally compact separable metric space and i/ be a positive Radon 
measure on X whose support is X. Let 5 be a symmetric bilinear closed form on 
L^(X, z/) with domain is called a Dirichlet form if it is Markovian, i.e., 

for each u e T, v := {OW u) Al e and 8{v, v) < £{u, u). A Dirichlet form (f , T) 

is regular if there exists C C T Cq{X) such that C is dense in T under £i- 
norm and C is dense in Co{X) under the uniform norm, where Cq{X) is a space of 
continuous compact supported functions on X and £*i(-, •) = £(•, •) + 1| • |||^ 2 - (^, 
is local if for each u^v e T whose supports are disjoint compact sets, £{u,v) = 0. 
There is a one to one correspondence between a regular Dirichlet form on (X, z/) 
and a z/-symmetric Hunt process (i.e. a strong Markov process whose paths are 
right continuous and quasi-left continuous w.r.t. some filtration) on X except for 
some exceptional set of starting points. Further, if the regular Dirichlet form is 
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local, then the corresponding process is a diffusion process (i.e. Hunt process with 
continuous paths). 

We next introduce our state space. Let G be a compact d-set in {n > 
2,0 < d < n). That is, G CR'^ and there exist a positive Radon measure fi on G 
and C 2 .i,C 2.2 > 0 such that 



C 2 .ir^ < fi{B{x,r)) < € 2 . 2 ^^ for all a: G G, 0 < r < 1, (2.1) 

where B{x,r) is a ball centered at x and radius r w.r.t. the Euclidean metric. 
Thus d is the Hausdorff dimension of G and [jl the Hausdorff measure on G. We 
normalize the size of G so that the diameter of G is 1. 



3. Lipschitz spaces and domains of Dirichlet forms 

For several sub-classes of d-sets, diffusion processes, corresponding Laplace opera- 
tors and Dirichlet forms have been studied extensively (see [2, 23, 24, 28, 33] etc). 
The most typical example is the Sierpinski gasket which we will define later. In 
this section, we will consider a class of d-sets which has a fractional diffusion in the 
sense of Barlow [2] and show that the domain of the Dirichlet form is a Lipschitz 
space. We first give a definition of the fractional diffusion. 

Definition 3.1. Let (G, p) be a complete compact metric space. (G, p) is called a 
fractional metric space and {B^}t>o is called a fractional diffusion if the following 
holds. 

1) p has the midpoint property; for each x,y e G^ there exists z e G such that 
p{x,y) = p{x,z)l2 = p{z^y)/2. Further, there exists a Borel measure p which 
satisfies (2.1) w.r.t. p. 

2) {Bf}t>o is a )U-symmetric conservative Feller diffusion on G which has a sym- 
metric jointly continuous heat kernel (fundamental solution of the heat equation) 
Pt{x,y) {t > 0,x,y E G) satisfying the following estimate, 

<Pt{x,y) (3.1) 

< for all 0 < 1 < 1, a;,?/ e G, 

with some constants dg > 0, d^^ > 2. 

We note that in the original definition of the fractional diffusions in [2], G is 
not necessarily compact. For simplicity, we further assume that p(-, •) is equivalent 
to the Euclidean metric, i.e., 

C 3 . 5 \x -y\< p{x, y) < C 3 . 6 |x - y\ for all x,y eG. (3.2) 



In this case, dg/2 = d/d^ holds. 
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Example: Sierpinski gasket. Let Dn be a n-dimensional simplex whose vertices are 
,Pn}- Fori = ,n + l, let Fi{z) = {z-pi)/2 + Pi, z G R”. Then, 

there exists a unique non- void compact set G such that G = Fi{G). This G is 
called a {n- dimensional) Sierpinski gasket. It is known that the Sierpinski gasket 
has a fractional diffusion with d = log(n + 1)/ log 2, dg = 2 log(n + 1)/ log(n -h 3), 
dyj = log(n + 3)/ log 2. (Note that dg <2 for this example.) 

In general, (affine) nested fractals, (which is a class of finitely ramified fractals 
including Sierpinski gaskets) and Sierpinski carpets have fractional diffusions with 
ci\x — < p{x,y) < C 2 \x — y\^^ for some dc>l instead of (3.2). 

We now introduce Lipschitz spaces. For l<p<oo, l<g<oo, /3>0 and 
m G N U {0}, set 

am{l3,f) := f f \f{x)-f{ymx)dp{y)y/^, f € LP(G,/x), 

J J\x—y\<coL-^ 

where 1 < L < oo, 0 < cq < oo. Define a Lipschitz space Lip(^,p, q){G) as a set of 
/ G L^(G,/i) such that d{P,f) := {am(/J, /)}^^o ^ Lip(/3,p,g)(G) is a Banach 

space with the norm ||/||Lip := ||/|Il^ + 1|«(/?5 Note that the Lipschitz space 
is determined independently of the choice of L and cq as long as the former is 
greater than 1 and the latter is positive. 

Theorem 3.2. ([20, 25, 30, 15, 14, 27]) Let be a local regular Dirichlet form 

on G which corresponds to a fractional diffusion. Then^ the following holds. 

•^= •^*p(Y>2,oo)(G). 

Proof. We will follow the argument in [30]. We first prove T C Lip. For / G 
L^(G,p), let ■= if - Ft/, /)£ 2 /L where Ft is a semigroup corresponding 

to {8,F). Then, 

^tifj) = f f ifix)-fiy))^Ptix,y)pidx)p{dy) 

J JGxG 

- hf f (fix)- fiy)fptix,y)pidx)p{dy) 

J J \x—y\<cot^/^'^ 

> ^ / / t-^’^‘^if{x)- fiy)fp{dx)iJ.{dy), (3.3) 

J J \x—y\<cot^/^w 

where we use the lower bound of (3.1) in the last inequality. Taking t = 
and using the fact dg/2 = d/d^^ we see that (3.3) is equal to Ciam{dwl2, /)^. It is 
well known that St{f-,f) £{f^f) as t | 0 ([12], Lemma 1.3.4). We thus obtain 
sup^am(du;/2,/) < C 2 V^f(/, /) and the result holds. 
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We next prove T D Lip. Set 7 = l/{dw — 1). Since the diameter of G is 1, we 
have for each g G Lip, 

£t{9,9) = ^l I {9{x) - 9{y)fpt{x,y)n{dx)ii{dy) 

It J J x,yeG 

\x-y\<l 

- ^ X ] f f i9{x) - 9{y)ft^{dx)y{dy) 

rn=l J L-^<\x-y\<L-^+^ 

00 

m=l 

where we use the upper bound of (3.1) in the first inequality. For 0 < t and 
0 < X, let $t(x) = j^-x{dyj-\-d) ^ By elementary calculations, we see that 

$t(0) > 0, lima;_^oo ^t(^) = 0 and ^t{x)dx = Further, there exists 

Xt > 0 such that $t(x) is increasing for 0 < x < Xt, decreasing for Xt < x < 00 
and $t(xt) = Thus, Ylm=i ^t{m) < $t(x)dx + 2^t{xt) < 

Since (3.4) is less than or equal to we conclude 

that sup^>o ^t{g,9) = limt^o ^t{9,g) < ^slbllyp and the result holds. □ 

Remark 3.3. 1) The argument here can be extended to a class of diffusions wider 
than fractional diffusions. Indeed, by checking the proof of [30, 15] carefully, we 
see that the same results hold for diffusions whose heat kernels satisfy estimates 
similar to (3.1), but with different orders 0 < 71,72 < 00 on the shoulders of 
p{x^yy^t~^ (instead of l/(d^^ — 1)). If we weaken the condition in this way, then 
we can include all diffusions on p.c.f. self-similar sets (which roughly corresponds 
to finitely ramified fractals) as mentioned in [27]. 

2 ) In [14], characterization of domains of Dirichlet forms is given using heat kernel 
estimates under a more general and abstract setting. 



4. Dirichlet forms and jump type processes on d-sets 

In [26], three natural non-local regular Dirichlet forms are introduced, whose cor- 
responding processes are stable-like jump type processes on compact d-sets. Here 
we will survey them and give relations to other results. 

4.1. Jump process as a Besov space on a d-set 

We first introduce Besov spaces on G and their trace theory within the scope of 
our use (see [22, 36] etc. for details). 

For 0 < Q; < 1 , we introduce a Besov space B^’^(G) as follows, 

h\Bl’^{G)\\ = IkllL^G,^) + ( / y^+2} y{dx)y{dy)y/MA.l) 

— {u : u is measurable, ||u|B^’^(G)|| < 00 }. (4.2) 
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In [22], it is shown that for 0 < a < 1, = Lip(a,2,2)(G) and the two 

norms are equivalent (Chapter V, Proposition 3). 

For each / G and x G define 



Rf{x) = lim 



rio m{B{x,r)) Jb(x,t) 



I. 



f{y)dy, 



if the limit exists, where m is the Lebesgue measure in It is well-known that 
the limit exists quasi-everywhere (i.e. except a set of zero capacity) in with 
respect to the Newtonian capacity if n > 3 or logarithmic capacity if n = 2 and 
coincides with f{x) almost everywhere in R^. For each > 0, denote by 
the classical Besov space on R’^ (see Remark 4.2 below for its definition). The 
following trace theorem plays an important role in the study of Besov spaces on 
d-sets (see, for instance. Chapters V and VI in [22]). 



Proposition 4.1. For 0 < s < 1, the trace operator Trc ' f ^ Rf is a bounded 
linear surjection from ^ hounded linear 

right inverse operator Eq (which is called the extension operator in literature) so 
that Ttg o Eg is the identity map on Bg’^(G). 



Remark 4.2. Note that for /? > 0 with integer k < (3 < k + 1, the classical Besov 
space B^’^(R’^) is defined to be 



B 



2 , 2 / 



ueC^{R^): ||u||, 



0<\j\<k \j\=k 



W^hD^fU 

n |/^|n+2(/3-fc) 



dh 



1/2 
< oo 






where for j = ,jn) € Z”, |j| = ELiife ^nd 

is a difference operator so that for h e (Ahf){x) = f{x h) — /(x), and 
II • II 2 denotes the L^-norm in L^(R’^,m) (see, for instance, section 1.1.5 in [22]). 
It is known (cf. Section V.1.1 in [22]) that when 0 < /? < 1, the norm ||u||^ 2,2 is 



equivalent to 



u B^ ( 



is the same as the space defined by (4.1) with G = 



defined by (4.2) with G ■ 



and therefore 
\ Furthermore, the space 
B^'^{R^) coincides with the classical Bessel potential space on R’^ (also called the 
fractional Sobolev space or the Liouville space); see, for instance, p. 8 in Section 
1.1.5 of [22]. 



Now, for 0 < a < 1 and u,v e B^’^(G), define 

£y(o)(u,n) — y |a; — y{dx)fJ.{dy). 

By standard properties of Besov spaces, it is easy to check that (5y(«), B^’^(G)) 
is a regular Dirichlet space on L^(G,/x) (a detailed proof is given, for instance, in 
Theorem 3 of [32]). We denote the corresponding Hunt process on G. 
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We note that when G = this is a (2a)-stable process on R^. When G is an 
open n-set, it is the so called reflected (2a)-stable process on G proposed in [5]. 

4.2. Jump process as a subordination of a diffusion 

In this subsection, we assume that there exists a fractional diffusion {B^}t>o on 

G. 

For 0 < a < 1, let {6}t>o be the strictly a-stable subordinator, i.e., it is 
a one dimensional non-negative Levy process independent of {B^}t>o with the 
generating function E[exp(-it^t)] = exp{-tu^). Let {r]t{u) : t > 0,u > 0} he the 
distribution density of Using Pt{x,y) in (3.1), we define 

/'OO 

qt{x,y) = / pu{x,y)rjt{u)du for all t > 0, x,y £ G. 

Jo 

Then, by a general theory, qt{x, y) is a heat kernel of some Markov process which 
we denote by {X(“^}t>o, called the subordinate process (see [4, 31]). In our case, 
is a /i-symmetric Hunt process and we denote the corresponding Dirich- 
let form on as 

4.3. Jump process as a time change of a stable process on K" 

We first briefly give a result by Triebel. In [36], Triebel defines a Besov space on 
d-set G as follows. (In order to distinguish it from the previous one, we put •.) 

\\u\B^f{G)\\ = (4.3) 

Bl\G) = Trc (4.4) 

where a > 0. Here Ttg is the trace operator given in Proposition 4.1 and the norm 
of Siven in Remark 4.2. (To be precise, the definition of 

the trace operator in [36] is different from the one given here, but it turns out to 
be the same; see p 261 in [37].) In general, this Besov space is different from the 
one defined by Jonsson- Wallin ([22]), but it is known that for 0 < a < 1, the two 
spaces coincide and the two norms are equivalent. Let Ha be the corresponding 
self-adjoint operator on G so that 

||u|B2>2(Gf)||2^ Dojn ^ Bl^'^iG). (4.5) 

Theorem 4.3. ([36]; Theorem 25.2) Ha is a positive definite self-adjoint operator 
on L^(G, ju) with pure point spectrum. Let pk Us k-th eigenvalue {including 
multiplicities). Then there exist C4. 1,04.2 > 0 such that the following holds. 

< Pk ^ for all fc G N. 

We now give the third jump process on d-sets ([26]). It will be shown that the 
corresponding operator of the process is the one given by Triebel when 0 < a < 1. 

We construct a jump process though a time change of (2a)-stable process 
on R^. Let G be a d-set on R'^ with a Radon measure p which satisfies (2.1). 
Also, let (0 < a < 1) be a rotation invariant (2a)-stable process on R'^ 
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(when a = 1 it is a Brownian motion) and let be the corresponding 

Dirichlet form. (Note that when 0 < a < 1.) Then, it is proved 

in [26] that when 2a > n — d, then /i is a smooth measure w.r.t. i.e. fi 

charges no set of zero capacity w.r.t. the form corresponding to Thus, 

by a general theory (see [12]), there exists a unique positive continuous additive 
functional which is in Revuz correspondence with /i (thus, increases 

only when B^^^ G G). Set Tt = inf{s > 0 : > t} and define = B^\ 

Then, again by a general theory, {z[^^}t>{) is a /^-symmetric jump process and the 
corresponding regular Dirichlet form can be expressed as 

= {0 ^ L^(G,/x) \ (j) = u fi- a.e. for some u G H^{R^)}, 

£z{(I>A) = £^^\Hsu,Hsu), = 

Here <S is a quasi-support of fi (see pl68 of [12]), Hsu{x) = E^[u{B^^s)] where 
= inf{t > 0 : b[^^ G S] and H^{R^) is the extended Dirichlet space. See 
Theorem 6.2.1 in [12] for details. 

In subsection 2.3 of [26], it is proved that for 2a > n — d, 

p^(as=0) = l for all x G G, 

so Hsu{x) = u{x) for //-a.e. x G G. As /z is the smooth measure, we can prove 
TvgHsu = u, /z-a.e.. Since Hsu is harmonic outside G, we obtain 

e^°‘\Hsu,Hsu)^ mi N 52 . 2 (e«)||. 

Trog—u 

Therefore, Ez-, the trace of the Dirichlet form of the (2o;)-stable process on R^, 
is equal to || • corresponding operator is 

Ha,-{n-d )/2 given above. 

Remark 4.4. When A C is a bounded domain with smooth boundary dA, a 
similar time changed form (with exponential killing) is studied in [18], where the 
original form lies on A and the time changed form lies on dA. In [11], a similar 
problem is treated when A is a bounded (c, 5)-domain with boundary dA which is 
a d-set with n — 1 < d < n. 



There is an alternative analytic approach by Zahle using Riesz potentials 
([39, 40, 16]). For 0 < 2o; < d, define a Riesz potential of order 2a as follows 



Cn,2a+n-d 



f f{y)dn{y) 



V/gL2(G,m), 



where Cn,s ■= r((n — s)/2)/(2®7r"/^r(s/2)). In [39], it is proved that is in- 
vertible. Define := the domain of this operator is bI'^{G) ([40]). 

Let 






yf,9GBl’^{G). 
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It is proved in [40] that is a regular Dirichlet form on L^(G, //) for 

0 < a + (n — d)/2 < 1. In [16], it is shown that coincides with 

z{s)) where s = a + (n - d)/2. Thus, given in (4.5). 

4.4. Comparison of the forms and heat kernel bounds 

Define a = adyj/2 and a = a — {n - d)/2. We then have the following. 

Proposition 4.5. ([26, 32]) 

Let G be a d-set. For (n — d)/2 < a < 1 or a = 1, n — 2 < d < n, 

C4.3f y(4) (/, /) < (/, /) < C4.4^y(<s) (/, /) for all f € L^(G, n). (4.6) 

Assume further that there exists a fractional diffusion on G. For 0 < a < 1, 

C 4 . 5 £y(°)(/,/) < ^x(“)(/>/) < C4.6^y(5)(/,/) for all f G L^(G,/i). (4.7) 

In particular, under the conditions, 

Remark 4.6. 1) In [26], (4.7) is stated for 0 < a < 2/dyj. But the proof there shows 
that it actually holds for 0 < o; < 1. From this fact, we see that when G is a d-set 
on which there exists a fractional diffusion, (fy(a),B^’^(G)) is a regular Dirichlet 
form for 0 < a < d^/2. 

2) Note that in general the three-type Dirichlet forms introduced are different 
and the corresponding processes cannot be obtained by time changes of others by 
positive continuous additive functionals (see [26]). 



5. Heat kernel estimates for stable-like processes on rf-sets 

In [8], detailed estimates of heat kernels for are obtained. There exists a 

non-negative bounded heat kernel pt{x,y) on [t,x,y) G (0, oo) x G x G with 

f{x) = [ Pt{x,y)f{y)fj,{dy) for all a; e G, / G L^(G,/x), 

Jg 

(where is the heat semigroup w.r.t. 5y(c)), satisfying the following. 

Theorem 5.1. ([8]) For 0 < o; < 1, the following holds. 

1 ) There are constants C 5 . 1 , C 5.2 > 0 such that for all x^y E G, 0 < ^ < 1, 

|^_^^|d+2a ) ^ ^ C5.2(i-^ A ~y\ -d +2a )- 

2) There are constants C5.3 > 0 and /? > 0 such that for any 0 < t,s < 1 and 
(xi,yi) E G X G with i = 1,2, 

\Ps(xi,yi) - Pt{x 2 ,y 2 )\ < c 5 . 3 (tAs)~^ + |a:i - X 2 \ + \yi -y 2 |) • 

Theorem 5.2. ([8]) For every x £ F, the Hausdorff dimension of 

r[0, 1] := {Yt : 0 < i < 1} is d A (2a). 
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Note that above theorems hold under a wider framework, i.e. when the form 
is expressed as 

f f if{x)-f{y)fn{x,y)dfj.{x)dn{y), 

J JGxG 

where n{x, y), x, ?/ G G is a jointly measurable function such that n{x, y) = n{y^ x) 
for all X, y G G and satisfies 

1^ _ y\d+2a - - \x- y|^+2« ■ 

In [8], it is also proved that all the parabolic functions (two variable functions 
which satisfy the heat equation) satisfy the parabolic Harnack inequality. 

Remark 5.3. 1) When G is a global d-set (i.e. an unbounded closed d-set satisfying 
/x(B(x, r)) < cir^ for all x G G and r > 0), Theorem 5.1 holds for all 0 < t, s < oo 
([9]). Thus is transient if and only if d > 2a, it is point recurrent if and only 
if d < 2a. 

2) In [7, 6], similar heat kernel estimates for the subordinate process (0 < 

a < 1) of the fractional diffusion (see subsection 4.2) are obtained. There the 
original diffusion processes is assumed to satisfy the properties in Definition 3.1. 

3) In relation to Theorem 5.2, results on ranges of stochastic processes are surveyed 
in [38]. In [3], among others, Hausdorff dimensions of boundary traces of reflecting 
Brownian motions and stable-like processes are computed on various Euclidean 
domains including the von Koch snowflake domain. 

6. Prom jump-type processes to diffusion processes 

6.1. Construction of diffusion processes on fractals 

In [27], some sufficient conditions for constructing diffusion processes on metric 
measure spaces are given. In this subsection, we will briefly explain some of the 
results in the paper. (The results in the paper are more general, but we simplify 
to avoid complicated settings.) 

Let 

u) = 4a [ -f - u{y)f n{dy) n{dx) (6.1) 

’’ ^ JGJB{x,r) 

for all u G L^(G, /i). Here • • • ^(dy) Ia'” denotes the normal- 

ized integral. We fix a sequence (fn)n of positive numbers decreasing to 0 and 
put 

n— >oo 

:= {ueCo(G) : <oo}. 

p := sup{/3 : {u G L^(G, /i) : < 00 } is dense in L^(G, //).}. 



Let 
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In the following, we assume 

• {ix E L^(G, /x) : E^'*{u,u) = 0} is not dense in L^(G,/i), 

• {u e L^(G, //) : < 00 } is dense in L^(G,/i), 

and denote dyj = 2^. 

Theorem 6.1. ([27]) (i) Assume that is dense in Cq{G) . Then for a suitable 

subsequence (r^) of {vn) the T -limit 

:= r- lim 

n— >00 

exists, is dominated by £* on L^(G,//) and is the extension of a regular Dirichlet 
form onL^(G,/i) with coreC^^/^’*. 

Hence, there exists a ix-reversible strong Markov process associated with (£,T). 

(ii) Assume in addition the following. 

There exists 5 > 0 such that 

limmf£^^^^'^'^(un,Un) > S • ix) (6.2) 

n^oo 

for all u E L^(G, /x) and all {un)n C L^(G, /x) with Un ^ u in L^(G,/x). 

Let denote the diffusion part of E. Then = T flCo(G), 

gd^/2,* > f > s • 

on T and {E^^\T) is a strongly local regular Dirichlet form. 

Hence, there exists a diffusion process associated with (E^^\T). It is ji-reversible 
and strongly Markovian. 

Let 

Lip(^, 2, oo)(G) = |xx E L^(G,/x) : sup£^^^/^’^^(xx, xx) < oo| . 

If we assume the following instead of (6.2), 

liminf > d • supf (xx, xx), (6.3) 

n-^00 ^ 

then = Lip(d^t;/2, 2, oo)(G) fl Cq(G) holds. Note that when 

then Lip(d^i;/2,2,oo)(G) coincides with the Lipschitz space discussed in Section 
3. When there is a fractional diffusions on G, then the assumptions given in this 
section always hold. 

6.2. Jump- type processes for 1 < a < d^t;/2 

It is natural to ask whether the results in Section 5 can be extended to a > 1. The 
problem is that in this case Davies methods cannot be applied, likewise the case 
of diffusions on fractals. Let 

du, := sup{2o; : (fy(a), B^’^(G)) is regular in L^(G, /x)}. 

It is easy to show d^ <dyj. We do not know whether the equality holds in general 
or not (clearly the equality holds when there is a fractional diffusion on G). 
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We believe we can prove the theorems in Section 5 for all a < Ju;/2 when 
dyj > d, i.e. when the process is point recurrent ([9]). It is still currently under 
investigation whether or not these results hold in general for all a < d^/2 or not. 
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A Dirichlet Form on the Sierpinski Gasket, 
Related Function Spaces, and Traces 

Alf Jonsson 



Abstract. A trace result for the domain of a Dirichlet form on the Sierpinski 
gasket is given, and it is explained how the result relates to various results for 
for Sobolev, Besov, and Lipschitz spaces. 
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1. Introduction 

A Dirichlet form on the Sierpinski gasket has been constructed and studied in 
connection with the theory for Brownian motion on fractals, see e.g. [16] or [1] for 
an introduction to these topics. The domain V of this form is a function space, 
which can also be looked upon as a function space in the spirit of the theory of 
function spaces on closed sets developed in [9]. The purpose of this note is to 
describe this relation, with emphasis on trace results. In particular we present, in 
Section 6 , a new result on the trace to the sides of the gasket of functions in V. 
This result uses a characterization of V in terms of a piecewise harmonic basis 
given in Section 3. Possible applications are indicated in Section 6 . 



2. A Dirichlet form on the Sierpinski gasket. Harmonic functions 

Let A be the closed simplex in with vertices Pi = (0, 0), P 2 = (1,0), and P 3 = 
( 1 / 2 , \/3/2), and put % = {A}. Next, for z = 1 , 2 , 3, consider the simplices which 
have Pi as one vertex and the points {Pi + Pj)/‘^-> j 7 ^ z, as the others, and denote 
the set of these three simplices by T \ . Prom each simplex in Ti construct three new 
simplices in the same fashion, and denote the set of 9 simplices then obtained by 
7^, and so on. The intersection of the sets Fn = UAeT^A, rz > 0, is the Sierpinski 
gasket F. The set of vertices of a simplex A is denoted by P(A) and the set of all 
vertices on level n is denoted by Un, i.e. Un = {p ' p ^ ^(^) some A G 7^}, 
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and we let U-i = 0. For n > 0, put Vn = Un \Un-i- In other words, Vn is the set 
of new vertices added when one passes from Tn-i to 7^. 

In connection with the theory for Brownian motion on fractals, a Dirichlet 
form on the Sierpinski gasket F was introduced, see [2]. Our interest here is the 
domain V of this form, which is defined as follows. Let / be defined on F, and let 

S^UJ) = \{\rY. E (/(P) -/(«))' forn>0. 

AeTn p,qev (A) 

It can be shown that f) is non-decreasing in n. Let f (/, /) = limn->cx) f) 
and 

V = {f : f is continuous on F and f (/, /) < cx)}. 

As a norm in V we take + ^(/^ 

Another concept from the theory of analysis on fractals is harmonic functions. 
A continuous function / defined on F is harmonic if, for n > 0 and p eUn\Uo^ 
holds f{p) — (1/4) X] /(g) = 0, where the sum is taken over the four vertices q in 
Un with q ^ p such that q and p belong to a common simplex in 7^. Harmonic 
functions are determined by their value at the vertices in Uq, and the value at a 
point p G Vn, n > 0, satisfies 

f{p) = (2/5)/(pi) + (2/5 )/(p2) + (1/5)/(p3), 

where pi, P 2 , and ps, are the vertices of the simplex A G %i-i such that p G A, and 
P 3 is the vertex which is not in the face of A which contains p. For A G 7^^ , where 
no > 0, we say that a function / is harmonic m A if / is defined and harmonic in 
F n A, where the latter statement means that the above definition of a harmonic 
function holds when in the natural way adapted to a function defined on F fl A. 
The maximum and the minimum of a function defined and harmonic in a simplex 
A are both attained at a vertex of A. 

3. A basis in the domain of the Dirichlet form 

We shall now exhibit a basis in V (see also [12], Section 3.2) which will be a 
useful tool when studying traces in Section 6. Denote by Hn the set of piecewise 
harmonic functions on level n, i.e. / G Hn iff / is continuous on F and harmonic 
in each A G 7^. For ^ G Vn, where n > 0, we let -0^ denote the piecewise harmonic 
function in Hn which equals 1 at ^ and 0 at every other vertex of Un- 

Let / be continuous on F, for short / G C(F), and let Snf for n > 0 be the 
unique piecewise harmonic function in Hn which interpolates / at all points in Un, 
also, put S-if = 0. Then it is easy to see that Snf has the representation 

n 

i=0 ^GVi 

where for ^ G Vi, 0 < i < n, the constant is given, inductively, by 

= fiO - Si-ifiO- 
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It is also easy to show, using the above mentioned maximum and minimum prin- 
ciple for harmonic functions, that Snf tends to / uniformly on F as n ^ oo. Thus 
any / G C{F) has a unique representation in terms of the functions 

oo 

/ = 5 ] 1 ] • ( 1 ) 

1=0 ^eVi 

Theorem 3.1. Let F be the Sierpinski gasket. Then holds, if f E C{F) with the 
representation (1), 

oo 

f ev c|(5/3)* < 00. 

t=o 5eVi 

Moreover, the norm of f inV is equivalent to 

Moreover, if {c^} is any sequence satisfying ^ 

the sum converges uniformly to a function / which, consequently, 

is a continuous function which belongs to V. In other words, the theorem exhibits 
an equivalence between V and a certain sequence space. 

A proof of Theorem 3.1 can be found in [4]. The result should be compared 
with some results on bases in classical function spaces, see Remark 5.5 below. 

4. Besov spaces on closed subsets of MT. Traces 

Besov spaces were introduced in the 1950’s, although there were, of course, prede- 
cessors. For example, the Besov spaces coincide with ordinary Lipschitz 

spaces if a is noninteger and with Zygmund spaces if a is an integer. They have 
since then become a useful tool in many branches of mathematical analysis. There 
are many equivalent ways to define Besov spaces on and we recall here the 
one using differences. For an overview over Besov spaces and other function spaces 
on see e.g.[18]. Denote by f the derivatives of / in the distribution sense, 
where j is a nonnegative multiindex (ji, • • • ,jn) of length |j| = ji + j2 + • • • , jn, 
and by || • \\p the L^-norm in 

Definition 4.1. Let k < a < kFl, where k is a nonnegative integer. Ifk<a<k+1, 
a function f belongs to the Besov space iff the norm in given 

by 

E II^VIlp + E ( / I + t^)- fixWdxy^Pdh)^/'^ 

\j\<k \j\=k 

is finite. If a = k Fl, the first difference in the integrand shall be replaced by the 
second difference f{x -(- 2h) — 2D^ f{x + h) -h f{x). 

Besov spaces (F) of functions defined on closed subsets F of were 
studied in [9]. As we shall see below, they are defined in such a way that natural 
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generalizations of classical trace theorems hold, see also [19]. In [17] the approach 
is somewhat different, which gives other spaces for higher smoothness. 

Before defining these Besov spaces we define two classes of closed sets F 
which play an important role in the theory. Let 0 < d < n, and denote by B(x, r) 
the closed ball with center x and radius r. 

Definition 4.2. A closed set F is ad — set if there is a positive Borel measure 
fjL with support F such that, for some positive constants ci and C 2 , holds 

c\r^ < ii{B{x,r)) < C 2 r^,x G F, 0 < r < 1. (2) 

If F is a d-set, then the restriction to F of the d-dimensional Hausdorff 
measure satisfies (2), and we call it the d-measure fi on F; any measure on F 
satisfying (2) is equivalent to this measure /i. 

Examples. The closure of a Lipschitz domain in is an n-set. A domain in 
bounded by von Koch curves is a 2-set. A self-similar fractal F satisfying the open 
set condition is a d-set, with d equal to the Hausdorff dimension of the F. For our 
purpose, we add the condition that F is not a subset of an n — 1-dimensional affine 
subspace. In particular, the Sierpinski gasket is a d-set with d = In 3/ In 2. 

Denote by Vm the set of all polynomials in n variables of total degree less 
than or equal to m. 

Definition 4.3. A closed set F preserves Markov’s inequality if for every fixed 
positive integer m there exists a constant c, such that for all polynomials P G Vm 
and all balls B = F(xo,r),xo G F, 0 < r < 1, holds 

maxIVFI < -maxIFI, 

FnB r FOB 

where V denotes the gradient. 

There are geometric characterizations of sets preserving Markov’s inequality. 
One of them is that a set preserves Markov’s inequality if, for some e > 0, no set 
F n B{xQ,r), xo G F, 0 < r < 1, is contained in an n — 1-dimensional band of 
width er symmetric around xq, see [9], Theorem 2, p. 38. Intuitively, this means 
that a set preserves Markov’s inequality if the set is “nowhere flat” . 

Examples. The sets given above as examples of d-sets all preserve Markov’s in- 
equality. The union of the Sierpinski gasket, as described in Section 2, and the 
unit cube {{x,y) : 0 < x < 1,-1 < y < 0} preserves Markov’s inequality but 
is not a d-set. The unit circle in R^ is a d-set with d — 1, but does not preserve 
Markov’s inequality. 

We now return to the definition of Besov spaces on closed sets. If F is just 
a closed set, defining derivatives is a problem in the first place. Following a tech- 
nique introduced by H. Whitney in [20], we consider collections of functions to 
be elements in the Besov spaces in the following way. Let a be non-integer and 
k < a < /c+l, and let {f^^^\j\<k ^ family of functions defined /i-a.e. on F. Here 

j denotes an n-dimensional multi-index as above, and the functions f^^^ should 
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be thought of as a derivatives of although is in general not uniquely 
determined by Let Rj be formal Taylor remainders defined by 

|j+Z|<fe 

and let ||{aj/}||z, be the sequence space norm Different values of the 

positive constant cq in the definition below give rise to equivalent spaces. 

Definition 4.4. Let F be a d-set, 0 < d < n. The family {/^^^}|j|<fe of functions 
defined on F belongs to the Besov space Bf^^{F) iff f^^^ £ LP{fi),\j\ < k, and 
||{aji/}^olk - k, where aj„ is given by 

[ 2 '"^//' \Rj{x,y)\Pd^J.{x)d^^{y)\ = < k. 

\ J J\x-y\<co2-'^ J 

The norm off in BP'ffF) is T,\j\<ki\\f^^'*Wp,n + ll{ajv}||z,). 

These Besov spaces can be defined also for integer a but then the definition 
is more involved [9]. The definition looks less complicated if 0 < a < 1. Then there 
is just one sequence and if we denote it by {a,y}, the expression for is 

given by formula (4) in Section 5. 

Remark 4.1. The requirement that F is a d-set is less important and can be 
weakened considerably. For example, if a < 1 and ap > 1, then Besov spaces 
Fg’^(F) can be defined intrinsically on an arbitrary closed set F in such a way 
that the relevant trace theorem for traces to F of Besov spaces holds. See [7]. 

If F preserves Markov’s inequality, the situation simplifies. Then the functions 
are uniquely determined by if {f^^^}\j\<k ^ and so the family 

{f^^^}\j\<k can be identified with the function which we then denote by /. If 
F = then the Besov spaces defined above are equivalent to the classical Besov 
spaces on W^. 

Recall that a function / belongs to the Sobolev space W^{W^) iff the norm 
E|j|</C II^VlIp < OO. The introduction of Besov spaces was partially motivated 
by the need when studying traces of Sobolev spaces. Trace problems were also 
the motivation when Besov spaces on subsets of were introduced. We list here 
some basic well-known trace theorems. Since functions in the function spaces are 
in general defined only almost everywhere, and one takes the restriction to subsets 
of Lebesgue measure zero, one must explain what is meant with the restriction of 
a function. For / in define the strictly defined function / by 
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at every point where the limit exists. If F C we denote by /|F the point- 
wise restriction to F of /. The interpretation of e.g. the statement = 

in Theorem 4.2 below is as follows: denotes an m-dimensional sub- 

space of R’^. If / G W^(W^), then f\W^ exists a.e. on R"^ and belongs to 
and the restriction operator is continuous, and if / G F^’^(R’^), then there exists 
a function Ef G W^{W^) such that Ef\F = /, and the extension is given by a 
linear and continuous operator. 

Theorem 4.2. Let k be a positive integer, 1 < p < oo, 0 < m < n, and (3 = 
fc - (n — m)/p > 0. Then 

Theorem 4.3. Let 1 < p, ^ < oo, and ^ = o; — (n — m)/p > 0. Then 

These theorems are generalized in [9] so that one can take traces to more 
general sets. In the following theorems, the meaning of the statements is immediate 
only if F preserves Markov’s inequality, so that the functions in the Besov spaces on 
F can be identified with one function, see below for the general case. As indicated 
in Remark 4.1, the assumption that F is a d-set can be weakened. 

Theorem 4.4. Let F be d-set, 0 < d < n, 1 < p < oo, let k be a positive integer, 
and (3 = k — {n — d)/p > 0. Then 

W^,{R^\F = By{F). 

Theorem 4.5. Let F be a d-set, 0<d<n,l<p,q<oo, and (3 = a—{n—d)/p > 0. 
Then 

B^’^(R")|F = F^’^(F). (3) 

If F does not preserve Markov’s inequality, the interpretation of e.g. the 
statement (3) is as follows. IfA;</3<A: + l and {f^^^\j\<k ^ ^hen 

there is a function Ef G Fg’^(R’^) such that f\F = \j\ < k. Conversely, if 

/GFg’^(R-),then {FV|F}|,|<, G B^'^{F). Also, if F does not preserve Markov’s 
inequality, the linearity of the extension operator is lost if f3 is an integer. 

5. Lipschitz spaces and the domain of the Dirichlet form 

We next define the Lipschitz spaces on F. We do this for spaces not involving 
derivatives, since it is less clear what is the natural approach in the general case. 

Definition 5.1. Let F be a d-set, 0 < d < n, a > 0,1 < p,q < oo. A function f 
belongs to the Lipschitz space Lip(a,p, F) if f £ 
where 

= 2‘'<^ [ [ \f{x) - f{y)rdfi{x)df,{y))^/^. 

J J\x-y\<CQ2-^ 

The norm off in Lip{a,p,q;F) is ||/||p,^ + ||{ai.}||;,. 



(4) 
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Forp = 00 this means = ^^'Px,yeF,\x-y\<co 2 -'' l/(^)~/(2/)l* The space 

Lip(a, 00 , 00 ] F) can be identified with the Lipschitz space of continuous bounded 
functions satisfying \ f{x) - f{y)\ < M\x — y\^, x,y e F, c.f. [9], p 137. 

It is clear that if 0 < o < 1, then the spaces Lip(o;,p, F) and B'^^{F) 
coincide, but if a > 1, they are in general different. If o; > 1 and F = then the 
spaces Lip(o:, p, q] F) are trivial, in the sense that they consist of constant functions, 
only. In general this is not true. For example, if F = Fi U F 2 , where Fi and F 2 are 
disjoint compact sets, then Lip(a, 00 , 00 ; F) is clearly nontrivial for all a > 0, since 
the function which equals 1 on Fi and 0 on F 2 , will be in Lip(o:, 00 , 00 ; F). It was 
shown in [5] that if F is the Sierpinski gasket, then Lip(a, 2, q; F) is non-trivial iff 
a < In 5/ In 4 or a = In 5/ In 4 and q = 00 , and in [8] that if F is the von Koch 
curve, Lip(a, 00 , 00 ; F) is nontrivial iff a < In 4/ In 3. 

Although the Lipschitz spaces and the Besov spaces are different if a > 1, 
they are related. The following proposition is immediate from the definitions. 

Proposition 5.1. Let a be non-integer, and fc < a < fc + 1. Then f G Lip(a,p, g; F) 
iff the family {r^^\j\<k, given by = f and - 0 for 0 < \j\ < k, is in 
BP’0{F). 

If F preserves Markov’s inequality, so that the functions in the Besov space 
can be identified with the function / = this can be formulated as follows. 
The space Lip(a, p,g;F) is the subspace of Fg’^(F) consisting of functions whose 
’’derivatives” of orders j, 0 < |j| < fc are zero //-a.e. If a = fc + 1, it can be 
seen that Lip(a,p, g; F) is a subset of this subspace. 

Besov spaces and Lipschitz spaces on are also related to Sobolev spaces. It 
is known that W^{W^) = and, of special interest in the present context, 

that the following theorem holds, see [15], Ch. 5, Section 3.5. 

Theorem 5.2. Let k he a positive integer and 1 < p < oo. Then 

= Lip(l,p,oo;M^) 

with equivalent norms. 

In [5], the following result was proved, connecting the theory of function 
spaces on subsets of and Dirichlet forms on the Sierpinski gasket. Since T> 
plays, in the theory of Brownian motion on fractals, the same role as the Sobolev 
space IFf (R^) in the classical theory, the theorem can be seen as a generalization 
of Theorem 5.2 for p = 2. 

Theorem 5.3. Let F denote the Sierpinski gasket, and let /3 = In 5/ In 4. Then 

V — Lip(/?, 2, oo; F) 

with equivalent norms. 

This result has been generalized in [13] and [14] to treat not only the Sierpin- 
ski gasket, but the more general class of nested fractals. The result is then that the 
domain of the Dirichlet form on a nested fractal F is Lip(d^j/2, 2, oo; F), where 
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is the walk dimension of F. Theorem 5.3 can be combined with the theorems in 
the previous section to give information about the space V. For example we have 
the following corollary. 

Corollary 5.4. Let F and (3 he as in Theorem 5.3, and let a = f3 {2 — d)/2. 
Then every f ^ V can be extended to a function Ef € in such a way 

that Ef\F = f and D^{Ef)\F = 0, |j| = 1. Conversely, if f E with 

D^{Ef)\F = 0,\j\ = l, thenf\FeV. 

Proof By Proposition 5.1, and the comments given after it, a function f E T> = 
Lip(^, 2, oo; F) can be identified with a function in B‘^'^{F) with “derivatives” 
f(L = 0, |j| = 1. The corollary then follows from Theorem 4.5. □ 

Remark 5.5. There is an analogy between the space V and a Sobolev space also 
concerning bases. For z > 0, let Ui be the set of dyadic points on the interval [0, 1] 
given by Ui = {k2~\ k = 0,1, . , . 2^}, let /7_i = 0, and put Vi = Ui\ Ui-\. For 
i E Vi, let be the piecewise linear function defined on [0,1] which is equal to 1 
at the point and equal to 0 at the other points of Ui. Then it is not difficult to 
show, using integration of the Haar series of the derivative of /, that / E Wf[0, 1] 
iff / has a representation / = where 

Thus we have, in a similar way as in Theorem 3.1, a representation in terms of a 
piecewise harmonic basis. We also remark that a representation of Besov spaces 
Ba'^\F) with low smoothness {a < 1) on certain closed sets F cRT', including 
e.g. the Sierpinski gasket, in terms of a piecewise linear basis was given in [10]. 

6. Trace theorems 

Let a and /? be as in Corollary 5.4. If f eV, then the corollary gives that there is 
an extension Ef G and by Theorem 4.5, Ef restricted to the interval 

[0,1] on the x-axis is in B^’°°([0, 1]), where ^ = a - {2 - 1) /2 = 0 - {d - 1) /2, 
which means the restriction of a function f e V to the interval [0,1] ( a ’’side” 
of the gasket) is in B‘^'^{[0, 1]). We shall see below that this result is not quite 
sharp. Also, no similar argument gives a converse result. If we extend a function 
/ E B^’^([0, 1]) to a function Ef G using Theorem 4.5, and then restrict 

to F, we do not even come close to a correct result, the reason being that one can 
not expect that the derivatives of Ef are zero //-a.e. on F, as required if one wants 
to use Corollary 5.4 in order to restrict Ef to F. 

The following two theorems are proved in [4], using the characterization of 
the space V given in Theorem 3.1, the properties of harmonic functions on the 
gasket, and a discrete characterization of the Besov space J5g’^([0, 1], valid for 
1/p < a < 1, given in [11]. There is no place to give complete proofs here, but 
we give the extension operator explicitly which shows how Theorem 3.1 enters the 
picture. The proofs are different from the usual proofs of e.g. the Theorems 4.2- 
4.5, since new techniques seem to be required. The first theorem is a restriction 
theorem, the second an extension theorem. 
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Theorem 6.1. Let F be the Sierpinski gasket, let d = In3/hi2, (3 = In 5/ In 4, 
and 7 = /3 — {d — l)/2. Let Rf denote the pointwise restriction to [0,1] of a 
continuous function f defined on F. Then R is a bounded linear operator from 
P = Lip(/3,2,oo;F) to 

To state the extension theorem, we start by describing an extension operator 
from (7([0, 1]) to functions defined on Let Ui and Vi be the dyadic points in 
[0,1] defined in Remark 5.5, and let Ui and Vi denote the vertices of the Sierpinski 
gasket as in Section 2. We then have Ui C Ui and Vi C Vi. 

Let / G C([0, 1]). Denoting by Sq the vertex of A G 7^ not on the real axis, 
let the functions Enf be given by 

n 

Enf = 

4€Vi 

where Osq = (/(O) -f /(l))/2, and for 0 < i < n, the coefficients a^ are given 
inductively by 

a? = /(O - Ei-if{0, ^ e Vi, 

where we put E-if = 0. Then EnfiO = /(0> ^ and Enf belongs to Hn, in 

fact, Enf is harmonic in each A E. i < n such that A R [0, 1] = 0, and in each 
A € Tn- We define an operator E on C[0, 1] by 

OO 

Ef{x) = lim Enf{x) = y] y] + as„ifso{x),x eF\[0, 1], 

Tl— >00 ^ ‘ 

z=0 

and Ef{x) = f{x),x G [0, 1]. 

Theorem 6.2. Let d = In 3/ In 2, ^ — In 5/ In 4, and 7 = /3 — (d — l)/2. Then the 
operator E is a bounded linear operator from ^^’^([0,1]) to V = Lip(/3, 2, 00; F). 
In particular, E is an extension operator in the sense that the pointwise restriction 
to [0, 1] of the continuous function Ef eV is f. 

These two theorems could be summarized as 

P|[0,l] = Ff([0,l]). 

As the space V plays, in the theory of Dirichlet forms on fractals, the role of a 
Sobolev space in the classical case, the present theorem could perhaps be consid- 
ered as an analogy to the theorems 4.2 and 4.4 which characterize the trace of 
the Sobolev space Wf as a Besov space. Note that in all cases, the loss of 
smoothness when restricting is half of the difference between the dimensions of 
the underlying sets. 

Theorem 5.3 was (via Corollary 5.4) a useful tool in [6], and in a somewhat 
different way in [13], where it was shown that Brownian motion penetrating the 
Sierpinski gasket exists. Possibly more general trace theorems of the above type 
could be useful when studying Brownian motion moving between fractals as in [3]. 
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Spectral Zeta Function of Symmetric Fractals 

Alexander Teplyaev 

Abstract. This is an expository paper which includes several topics related to 
the spectral analysis on fractals. Such analysis on certain symmetric fractals 
can be completely described in terms of complex dynamics of a polynomial. 
The examples of such fractals include the Sierpihski gasket and an interval 
with a fractal measure. We discuss the spectral type of the Laplacian, complex 
spectral dimensions and spectral zeta function. The spectral zeta function has 
a product structure that involves a certain new zeta function of a polynomial 
and a “geometric” part. A similar product structure in the case of fractal 
strings was discovered by M. L. Lapidus. We give examples were the spec- 
trum is singularly continuous on one dimensional fractals but is pure point 
on the infinite Sierpihski gasket, with a complete set of compactly supported 
eigenfunctions. We describe the spectrum of the Laplacian (in terms of the 
complex dynamics of a polynomial) and all the eigenfunctions with compact 
support. 

Mathematics Subject Classification (2000). Primary 28A80; Secondary 05C25, 
31C25, 35P05, 37F10, 47A10, 47A75, 47B39, 58J50, 60G18, 81Q50, 82D30, 
90B10, 94C15. 

Keywords. Fractal, Sierpihski gasket, self-similar graph, Dirichlet form, Lapla- 
cian, spectrum, Julia set, zeta function. 



1. Introduction 

There has been considerable attention given to the study of fractally structured 
media. These media have special scaling properties and, in this respect, may bridge 
the gap between crystalline structures and purely disordered materials. For in- 
stance, fractals may represent percolation clusters, quasicrystals, fractal electrical 
networks and porous materials. Recently fractal antennas were successfully tested 
in communication devices such as a GPS installed in a cellular phone ([21]). The 
Laplacian on fractals and fractal graphs play an important role in physics (see, for 
instance, [2, 18, 47, 48, 61] and references therein). 
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Physical processes are often described through differential equations involving 
the Laplace operator, such as wave and heat equations in classical physics and the 
Schrodinger equation in quantum physics. There is extensive mathematical litera- 
ture devoted to fractals. However, the study of Laplacians on fractals started only 
a few years ago. First they were considered from the probabilistic point of view, 
and then an analytic approach was also developed (see, for example, an expository 
paper Analysis on fractals by R. Strichartz in the Notices of the AMS [63] and 
two recent books Fractal geometry and number theory by M. Lapidus and M. van 
Prankenhuysen [36] and Analysis on fractals by J. Kigami [30]). Fractal graphs and 
manifolds have found new geometric applications, such as in Manifolds and graphs 
with slow heat kernel decay by M. Barlow, T. Coulhon and A. Grigor’yan [3, 13], 
and groups with fractal spectrum were discovered by L. Bartholdi, R. Grigorchuk 
and A. Zuk [6, 7, 19]. 




Figure 1. Sierpihski gasket. 



The definition of a Dirichlet form on the Sierpinski gasket S uses a sequence 
of discrete approximations Vn to S that are defined inductively by 

3 

Vn=\J 

where Vq = {^i, ^2? ^ 3 } is the set of vertices of S and "^j{x) = ^{x + Vj) for x 6 
The Sierpinski gasket is a unique compact set S such that S = Uj=i The 

union of Vn is dense in the Sierpinski gasket S. 




Figure 2. Approximations Vn to the Sierpihski gasket. 
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The Dirichlet form £, which is local and regular by a result of J. Kigami 
[26, 27, 30], is defined on 5 by 

£(/,/)= lim (I)" 5] 

n— »’Oo 

yrsjx 

x,yeVrt, 

where ~ means that y and x are neighbors in the finite lattice Vn- Note that this 
limit is nondecreasing for any function /. A continuous function h is harmonic if 
it minimizes £(h, /i) given the three boundary values. If / is harmonic, then the 
sequence in the limit above is constant (does not depend on n). 

Laplacian on the Sierpinski gasket is a densely defined linear operator 
satisfying the Gauss-Green formula 

£(/,/) = -§ f f{p)dnf{p) 

S p€dS 

where /i is a normalized Hausdorff (Bernoulli) measure on the Sierpinski gasket, 
which is self-similar with weights | | | • 

i=l,2,3 

This Laplacian also can be defined as a pointwise limit of normalized graph Lapla- 
cians on the sequence discrete approximations If the discrete Laplacians on Vn 
are 

A„/(a;) = •^(2/) - f{x), xeVn\Vo, 

y^Vn 

then Laplacian on 5 is 

A^/(x) = lim 5”A„/(x) 

n— »-oo 

if the limit exists. 

It is important to note that these definitions, and the analysis based on 
them, do not depend on the particular embedding of the Sierpinski gasket into 
but can be formulated entirely in terms of its intrinsic topological structure (if the 
Sierpinski gasket is defined as a quotient of a shift space). In this project a number 
of different embeddings will play an important role, even though the energy form 
is the same. 

The spectral asymptotics of is given by 

0 < lim inf < lim sup < oo 

A-^oo \ds/2 \ds/2 

where p{\) is the eigenvalue coimting function of the Dirichlet or Neumann Lapla- 
cian and the spectral dimension is 

led - ^ < 2 

We have, by an elementary computation, that R{z) G cr{An) if and only 
if z e (j(An+i) where z ^ ~ z{5-\-4:z). Moreover, every 
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eigenvalue of has a form A = limn-^cx) where R~'^{zq) is a preim- 
age of zq = under the n-th iteration power of the polynomial R{z). The 

multiplicity of such an eigenvalue is CiS'^ + C 2 (see [14, 17, 47, 48, 57, 64]). 

These results inspired a number of papers on the spectral analysis on frac- 
tals. So called “spectral decimation” , first discovered by physicists in the case of 
Sierpihski gasket ([2, 47, 48, 61]), is studied in [17, 57, 33, 38, 55, 70]. In [43] an 
analog of power series expansions on the Sierpihski gasket is considered. The spec- 
trum of the Laplacian on the fractal pentagasket (a less symmetric analog of the 
Sierpihski gasket whose construction is based on a regular pentagon instead of a 
triangle) is studied in [1], and on an interval with positive measure in [54, 12, 67]. 
Note that the domain of the Laplacian can be very peculiar ([ 8 , 45, 62, 65]). Some 
recent results on the Dirichlet forms and Laplacians are included in [23, 34, 72]. 



2. Spectral zeta functions of a polynomial 

In the study of spectral zeta functions of the Sierpihski gasket and other fractals 
the first step is to define a new type of zeta function associated with a polynomial. 
Suppose that R{z) is a polynomial of degree N such that i?(0) = 0, c = i?'(0) > 1, 
and the Julia set 3r of R{z) lies in R+. Although this condition can be relaxed, in 
our case it will be automatically satisfied because the spectrum of a nonnegative 
self-adjoint operator is contained in R 4 -. Then the zeta function of the polynomial 
R{z) is 

C^o(s)= lim (c”.)-/2 

n— >-oo ' 

zER~'^{zq} 

for Re(s) > du = One of the reasons this new class of zeta functions is 

interesting is that the Riemann zeta function has a representation ((s) = Cr{^) 
where R{z) is a certain quadratic polynomial, which is associated with the Lapla- 
cian on an interval (considered as a p.c.f. self-similar set in the context of the 
analysis on fractals, see Section 4). 

Theorem 2.1. The zeta function C^{s) of the polynomial R{z) has a meromorphic 
continuation of the form 

where fi{s) is analytic in C and /|°(s) is analytic for Re{s) > 0. The set of poles 
of (^{s) is contained in : n G Z}, and there always is a pole at d^. 

If 3r is totally disconnected, then there exists e > 0 such that f^ (s) is analytic 
for Re{s) > -e. 

This theorem is proved in [67]. There are several open questions related to 
these zeta functions of polynomials. The first question is the existence of a mero- 
morphic continuation to the complex plane. There are three, possibly related, 
approaches that one may try to use in order to obtain such continuation. The first 
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Figure 3. Poles of the zeta function of a polynomial (left) and 
of the Mellin transform (right). 



approach is to find a functional equation which could be similar to the functional 
equation for the Riemann and some other zeta functions. Another approach is 
to find a relation of (r{s) with a dynamical zeta function with weights (without 
weights this clearly doesn’t work). The third approach is to try to relate the zeta 
function Cr{s) of a polynomial R{z) to the Mellin transform 



Mr{s)= lim 

n—*oo ' ^ 

z^R-^{zq] 




of a balanced invariant measure p supported on the Julia set 3r of R{z). This 
Mellin transform is known to have a meromorphic continuation to C (see [9, 10] 
and references therein). The results of [9, 10] are not immediately applicable in 
our case. If it exists, the relation between (^r{s) and Mr{s) must be nontrivial 
since Cr{s) has one positive real pole by Theorem 2.1, while the Mellin transform 
of a balanced invariant measure of R{z) has infinitely many poles on the positive 
real half line. For instance, in the case of the quadratic polynomial R{z) for which 
Cr(^) = C(^) is the Riemann zeta function, the Mellin transform is a ratio of two 
gamma functions. It seems plausible that there is a relationship between (r{s) and 
the Mellin transform of a different measure on 3 r- The measure most probably 
will be more complicated than the measures considered in [10] in that the density 
function involved is bounded neither above nor below. 
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3. Spectral zeta functions of the Sierpihski gasket 

The spectral zeta function of a (Dirichlet) Laplacian L is defined as 

where —Xj are the eigenvalues of L. The poles of (l called the complex spectral 
dimensions. Based on Theorem 2.1 the following formula is proved in [67] for the 
spectral zeta function of the Laplacian on the Sierpinski gasket. 

Theorem 3.1. If R{z) = z{b - Az) then 




Figure 4. Complex spectral dimensions of the Laplacian on the 
Sierpinski gasket. 

Here ds = is the spectral dimension of A^, and du = is the dimen- 
sion associated with the polynomial R{z). 

The representation of Ca^(^) Theorem 3.1 is reminiscent of the spectral 
zeta function of a self-similar fractal string in the book by M. Lapidus and M. van 
Prankenhuysen [36]. A product formula 

a(5) = c(^)a(^) 

for fractal strings was first obtained by M. Lapidus in [35]. Here ^(s) is the Riemann 
zeta function and Cu(s) = ^iyis the geometric zeta function of a fractal string L, 
a disjoint collection of intervals of lengths Ij. For example, if the fractal string JL is 
the complement of the middle third Cantor set in [0, 1], then Cl(s) = ({s )/ — 2). 
Hence it is natural to say that in Theorem 3.1 we have products of the zeta 
functions of the polynomial and “geometric” zeta functions. 
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An interesting feature of the product formula in Theorem 3.1 is that the 
poles of the zeta functions of the polynomial are canceled by the zeros of the 
“geometric” part. This cancelation to be a general fact which can be explained by 
the geometry of symmetric p.c.f. fractals. Namely, one can use the self-similarity of 
the eigenprojectors in order to establish a direct relation between the “geometric” 
part of (3.1), the rational function R{z), and the geometry of the self-similar 
structure that defines the fractal (see [64, 68]). 

It would be very interesting to find the spectral zeta function in so called 
non lattice cases and in cases that do not allow the use of the spectral decima- 
tion technique (see [1, 4, 20, 32, 54, 55]), where the poles are expected to be 
not in an arithmetic progression, but scattered “at random” over a certain strip. 
Such spectral zeta functions were studied in [36] for non lattice fractal strings, 
but the situation for the Laplacian on a fractal seems to be more difficult. The 
renewal theory developed in [31, 30] is expected to play an important role. An- 
other interesting and difficult question is to study spectral zeta function of the 
energy Laplacian Heuristically speaking, this Laplacian corresponds to a frac- 
tal which is self-affine but not self-similar (see [28, 41, 65, 66, 71] and related 
results in [24, 25, 44, 46, 49, 50, 51, 52, 58]). Therefore the spectral analysis of the 
Laplacian is likely to involve analysis in several complex variables, unlike the 
simpler and more symmetric case of the Laplacian A^. 





Figure 5. Sierpinski gasket in harmonic coordinates (left) and 
the residue set of the Apollonian packing (right). 



In [42] there is a description of all, not necessarily self-similar, Dirichlet forms 
on the Sierpinski gasket. A general theory of Laplacians for such situations is 
developed in [30], but the spectrum is to be studied. In particular, it is shown in 
[66] that there exists a Dirichlet form on the Sierpinski gasket such that the residue 
set of the Apollonian packing (see [39, 16]) is the Sierpinski gasket in harmonic 
coordinates with respect to this form. 
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4. Laplacian on an interval and Riemann zeta function 

We begin with defining the usual energy form of the unit interval by introducing a 
self-similar structure. In this way the interval can be considered as a p.c.f. fractal 
(see [27, 30]). Note that this construction is very similar to the one for the Sierpinski 
gasket, which is described in the Introduction. We define two contractions Fi, F 2 : 
with fixed points = 0, 1 by Fj{x) = ^x+^pj. Then the interval /=[0, 1] 
is a unique compact set such that I = Uj=i 2 discrete approximations 

to I are defined inductively by 

i=i,2 

where Vq = 5/ = {0, 1} is the boundary of /. The discrete Dirichlet (energy) form 
on Vn is 

£„(/) = 2"^ {f{y)-f{x)f 

x,yeVn 

yr^x 

and the Dirichlet (energy) form on / is 

£(/) = lim £„(/) = f \f'{x)\‘^dx. 

n-»oo Jq 

A function h is harmonic if it minimizes the energy given the boundary values. We 
have that £^_^i(/) ^ £n(/) and £^+i(/i) = £n(/i) = ^{h) for a harmonic h. This 
Dirichlet form on I is self-similar in the sense that 

£(/) = 2 ^ £(/of,.). 

j=l,2 

If we define the discrete Laplacians on Vn by 

A„/(x) = I ^ f{y)-f{x), a;€Ki\Fo 

y&Vn 

y^x 

then the Laplacian on I is A/(x) = lim A'^Anf{x) = f"{x). This Laplacian 

n—yoo 

satisfies the Gauss-Green (integration by parts) formula 



£(/) 



It has spectral asymptotics 




fAfdx + ff 



1 

0 ’ 



lim 

x—^00 



pW 

\ds/‘2 



1 

7T 



where p(A) is the eigenvalue counting function p(A) = #{j : \j < A} of the 
Dirichlet or Neumann Laplacian A and ds — 1 is the spectral dimension. The 
self-similarity of this consruction allows to describe the spectrum in terms of the 
iterations of a quadratic polynomial R{z) = 2z{2 — z). Then one can easily obtain 
the following result (see [67]). 
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Theorem 4.1. The Riemann zeta function ((s) has a representation 
C(s) = 7T® lim V = 7r*Cfi(s) 

n— >oo ' 

zeR~'^{o} 
z^O 

where Re{s) > (Ir = 1 and R{z) = 2z{2 - z). 



5. Fractal Laplacian on an interval and its zeta function 



We can modify the construction of the previous section to obtain a one parameter 
family of fractal Laplacians on the unit interval. We introduce a parameter 0 < p < 
1 and define q = 1 —p, which later will be shown to have a meaning of transitional 
probabilities of a random walk. Then we define contraction factors (or “resistance 
weights” ) 



ri = rs 



p + pq 

2+pq 



and r 2 



‘^q-pq 

2-^pq ’ 



and “measure weights” 



mi =1713 = T— and m 2 = t— — . 

1 l+q 

Note that up to a constant the resistance weights are reciprocals of the measure 
weights, and mi + m 2 + m 3 = ri + r 2 + rs = 1 . We define three contractions 
Fi, F 2 , F 3 : with fixed points pj = 0, 1 by Fj{x) = rjx + (1 - rj)pj. 

Then the interval /=[0, 1] is a unique compact set such that I = Uj=i 2 3 
The discrete approximations to I are defined inductively by 



j=l,2,3 



where Vq — dl = {0,1} is the boundary of I. The discrete Dirichlet (energy) form 
on Vn is defined inductively 

j=l,2,3 

with £o(/) = (/(I) ~ /(O))^? and the Dirichlet (energy) form on I is 

£(/) = lim £n(/)- 
n-^00 

A function h is harmonic if it minimizes the energy given the boundary values. 
We have that £n+i(/) ^ £n(/) and £n+i(/i) = ^n{h) = £(/i) for a harmonic h. 
The Dirichlet (energy) form on I is self-similar in the sense that 



£(/)= E 



i=l,2,3 

The /i-Laplacian is defined by the following Gauss-Green (integration by parts) 
formula 



£(/) = 




fAJdp + //' 



1 

O' 
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where /x is a unique probability self-similar measure with weights mi, m2, m3, 
that is 

n= 

i=l,2,3 

We also can define as a limit 



A^,f{x) - lira (l+^)”A„/(x) 

n-^oo^ 



where the discrete Laplacians 



^nf (^/c) 



' pf{xk-i) + qf{xk+i) - f{xk) 

< or 

^ qf{xk-i)+pf{xk+i) - f{xk) 



are defined as the generators of the nearest neighbor random walks on Vn with tran- 
sitional probabilities p and q assigned according to the weights of the corresponding 
intervals. Note that p = rn^m2 ’ ^ ~ m74^* transitional probabilities p and 
q can be assigned inductively as as shown on Figure 6. 
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Figure 6 . Random walks corresponding to the discrete Lapla- 
cians A^. 



The construction described above follows the lines of the general theory of 
p.c.f. fractals in [ 30 ]. Note that the standard Laplacian and Dirichlet form on 
/ = [0, 1], defined in the previous section, correspond to p = |. If p ^ | then we 
can make a change of variable on the unit interval / so that either the Dirichlet 
form becomes the standard one, or the measure becomes the Lebesgue measure, 
but not both. Thus for different values of p the p-Laplacians are different even up 
to a change of variable. By the result of Kigami and Lapidus [ 31 ], the Dirichlet or 
Neumann Laplacian A^ has the spectral asymptotics 

. 1 . . r pW P(A) 



where p(A) is the eigenvalue counting function. The spectral dimension is 




All the inequalities are strict if and only \ip ^ q. 
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Similarly to the case of the Sierpihski gasket, one can prove the following 
simple “spectral decimation” result (see [68]). If z ^ -l±p then R{z) G o-(An) 
if and only if z G where R{z) = z(z^ + 82: + 2 + pq)/pq. This implies, 

together with Theorem 2.1, the following theorem. 

Theorem 5.1. There are constants 01,02,2:1,2:2 that depend on the boundary con- 
ditions such that 

CAM = <^lQi^) + 4Qi^) 

and dR = dg. Ifp = q = ^ then Ca^{s) = 'Tr^C(^) dR = 1. Ifp ^ \ then dR <1 
and Ca^{s) has a meromorphic continuation to Re{s) > —e. If p or p 1 
then € ^ 2. 

6. Self-similarity and nature of the spectrum 

A good example of a fractal graph is a Sierpihski lattice which is an increas- 
ing union of copies of graphs Vn defined above. There are uncount ably many 
non isomorphic Sierpihski lattices with empty boundary, but essentially one with 
nonempty boundary (which consists of one “corner” point). The following theorem 
on the spectrum of the discrete Laplacian A on a Sierpihski latticeis proved in [64]. 

Theorem 6.1. The spectrum of A is cr(A) = 3 U D, where T) = is a set of isolated 
eigenvalues of infinite multiplicity accumulating to the Julia set d of the polynomial 
R{z) = z{5 -h z). This Julia set is a Cantor set of Lebesgue measure zero. The 
spectrum of A is pure point, eigenfunctions with compact support are complete. 
The set of eigenvalues is 

£ = {-ii U f U j)) U f U ■ 

\ m ==0 / \ m =:0 / 

It would be interesting to extend this result for non symmetric fractals and in 
the so called non lattice case. Existence and completeness of localized eigenfunc- 
tions is established in [5, 29, 37, 53, 64] in many situations when the boundary is 
empty. The completeness for the Neumann Laplacian on the Sierpihski lattice and 
infinite Sierpihski gasket is proved in [64]. Note, however, that if the Sierpihski 
lattice has nonempty boundary, then the compactly supported eigenfunctions of 
the Dirichlet Laplacian are not complete. 

The description of the spectrum as cr(A) = 3 U D where 3 is a Julia set of 
a rational function, and D is a set of isolated eigenvalues, is obtained in [38] for 
a large class of fractal graphs. However, one needs more information to establish 
the nature of the spectrum. 

Based on the fractal Laplacian on an interval one can obtain a simple one- 
dimensional discrete model with purely singular continuous spectrum ([69]). The 
Laplacian is a discrete probabilistic Laplacian corresponding to a nearest neighbor 
random walk on Z_^. For this walk, zero is a repulsive boundary, and the other 
transition probabilities assume two values p and q = 1 — p that are assigned in a 
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Figure 7. The complex dynamics of the polynomial R{z) and 
the spectrum of the Sierpihski lattice. 



self-similar fashion as shown on Figure 9. The spectrum can be analyzed in terms 
of the complex dynamics of the cubic polynomial R{z) = z{z‘^ + 3z -h 2 -h pq)/pq- 

Theorem 6.2. The spectrum of the Laplacian is the Julia set of R{z). Ifp = q = 
then the spectrum is an interval and is absolutely continuous. If p ^ q, then the 
spectrum is singularly continuous and is a Cantor set of Lebesgue measure zero. 

On Figure 10 we give a sketch that describes the complex dynamics of the 
family of cubic polynomials associated with the fractal Laplacians on the interval. 
The curved dotted line corresponds to the case when P = \ and the Julia set is the 
interval [—2, 0]. For any other value of p (we still assume 0 < p < 1), the graph of 
the polynomial R{z) behaves like the shown solid curved line. It is easy to see that 
then the Julia set of R{z) is a Cantor set of Lebesgue measure zero. Note that the 
change p\-^ \ — p does not change the polynomial R{z)^ although the Laplacians 
are different. 

The result in Theorem 6.2 is very sensitive since the nature of the spec- 
trum of the Dirichlet Laplacian is not known, even though the spectrum as a set 
is still the Julia set of R{z). The analysis of this model is related to results of 
J. Bellissard, D. Bessis, J. Geronimo, P. Moussa et al. on orthogonal polynomials 
(see, for instance, [10]) and of D. Damanik, S. Jitomirskaya, H. Schulz-Baldes, 
B. Simon, B. Solomyak et al. on spectral analysis of ergodic random and almost 
periodic Schrodinger operators (see [15, 22, 56, 59, 60] and other works). In fact, 
the difficulty in analyzing this one dimensional self-similar Dirichlet Laplacian is 
the same as for the Dirichlet Laplacian on the Sierpihski lattice. In particular, one 
can establish a certain nonlinear self-similarity property of the spectral measure. 
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Figure 8. Localized eigenfuctions of the Sierpihski lattice. 

0 13 6 9 



q p p q q p q p p q p q q p p q q p 



Figure 9. Transition probabilities of a self-similar random walk 



In the case of the fractal Laplacian on an interval this identity is 
d(z/oi?i 2,3) / X _ + 62: + 2 -f pg 

~ (2 + l)2-p2 

where are the branches of the polynomial R. Note that this density is iden- 
tically equal to 3 if p = ^ but otherwise is not bounded and is not separated 
from zero on 3 r- 

There exists a number of works of B. Simon et al. on the relation between pure 
point and singularly continuous spectra of self-adjoint operators (see, for instance, 
[59, 60] and references therein). It is often possible to prove that the spectrum is 
pure point or singular continuous “generically” in one sense or another, but it 
might be hard to give a definitive answer for a fixed perturbation. 
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Figure 10. Sketch of the cubic polynomial R{z) associated with 
the fractal Laplacians on the interval. 

An interesting question is the relation of the fractal graphs, like the ones we 
described here, with the graphs of fractal groups recently discovered by L. Bartholdi, 
R. Grigorchuk and A. Zuk (see [6, 7, 19]). 
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